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NTABA 1

YPABHEHUA JIBUKEHN A

§ 1. OGoOIIeHHBIE KOO IMHATHI

OgHUM 13 OCHOBHBIX TMOHATHUI MEXaHUKW SIBJISAETCS TOHATHAE M-
mepuarvroti mouku ). Ilog MaTepraabHON TOYKONH TOHUMAIOT TEJIO,
pa3mMepamMu KOTOPOTO IPH OMMCAHUN €0 JIBUXKEHUS MOXKHO IIpeHe-
6peub. Paszymeercs, BO3MOXKHOCTDL TAKOr'O IpPEeHEOPEKEHNsT 3aBUCUT
OT KOHKPETHBIX YCJIOBUI TOM mym nHO# 3amaun. Tak, mIaHeThl MOXK-
HO CYMTATh MATEPUAILHBIMU TOYKAMW TP M3YYEHUN WX IBUKEHUS
BOKpyT COJHIIA, HO, KOHEYHO, 3TOT0 JEeJaTh HEJIb3s MPU PACCMOT-
pPEHUN UX CYTOYHOTO BPAIEHUSI.

[Tomoxkenne MaTeprabHOM TOYKHM B IIPOCTPAHCTBE OIPEIEISIeT-
Csl ee PAJMyC-BEKTOPOM T, KOMIIOHEHTHI KOTOPOTO COBIIQJAIOT C €e
JIEKapTOBBIME KOOPAWHATAMU &, Y, 2. IIponsBogHas r Mo BpeMeHn t

'V = @
dt
Ha3bIBAETCS CKOPOCTHIO, a BTopas mpowssomnas d r/dt? — yckope-
HreMm Toukn. HuKe, Kak 3TO MPUHATO, MBI Oy1eM 4acTo 0003HaAYaATh
nuddepeHnnpoBatne M0 BpeMeH! TOYKOR Hall OYKBOMi: V = T.

st ompenesieHnst MOJIOXKeHUsT cucTeMbl u3 [N MaTepuaabHBIX
TOYEK B IMPOCTPAHCTBE HAJO 3aJaTh N paanyc-BeKTOpoB, T.e. 3N
KOODJIMHAT.

Boob1me unciio He3aBUCHUMBIX BEJIMYHUH, 3a/laHNe KOTOPBIX HEOD-
XOIUMO JIJIsT OJTHO3HAYHOTO OIpPEJIeJIeHUs IOJIOXKEHNST CHCTEMBbI,
Ha3BbIBAETCS UUCIIOM €e cmeneneti c60000v; B JTAHHOM CIydae 3TO
qncyo paBHO 3N. DTH BEIWUWHBI HE 00A3aTEIHHO JOIKHBI OBITH
JIEKapTOBBIMEU KOODJIMHATAMHU TOYEK, U B 3aBUCUMOCTU OT YCJIOBHi
3aJa9l MOYKET OKas3aThcd Ooiiee yIO0OHBIM BBEIOOD KaKHX-JIHOO IpY-
IUX KOOP/IWHAT.

JI10bwIe s BemunH q1, qo, - .., s, BIIOJHE XapaKTEPU3YIOIIUe T0-
JIO’KEHNE CHCTEMBI (C § CTEmeHsIMH CBOOOJBI), HA3BIBAIOT ee 0000-
WEHHBLMU KOOPOUHAMAMUY, & TIPOU3BOIHBIE G; — €€ 0000ULeHHBLMU
CKOPOCTAMU.

1) Bwmecro TE€PpMUHA <«MaTepuaJbHad TOYKa» MbI 6y,z[eM 9aCTO TOBOPUTH O
«YJaCTHUIax».
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3amanve 3HAYEHNH 000DIIEHABIX KOOPANHAT €IIe He OTIPeIeIsier,
O/IHAKO, «MEXaHUYECKOTO COCTOSIHUsI» CHUCTEMbI B JAHHBIT MOMEHT
BPEMEHU B TOM CMBICTE, YTO OHO He TO3BOJIAET MPEICKA3aTh IOJIO-
JKEeHUE CUCTEMBI B MOCTEIYIONINE MOMEHTRI BpeMenu. [1pu 3a7aHHbIX
3HAYEHUAX KOOPAWHAT CUCTEMA MOXKET 00J1aJaTh MPOU3BOJbHBIMU
CKOPOCTSIMH, & B 3aBUCUMOCTHU OT 3HAYEHUs MMOCIETHUX Oy/IeT pas-
JIMYHBIM ¥ TIOJIOYKEHNE CUCTEMBI B CJIE YOI MOMEHT BpeMeHH (T.e.
dyepe3 OECKOHEUHO MaJiblil BpeMEHHOI MHTepBaJ dt).

OpmHOBpEMEHHOE Ke 3a/[aHre BCeX KOOPAMHAT U CKOPOCTEN ToJI-
HOCTBIO OIPEJIEISIeT, KaK MOKA3bIBAET OIThIT, COCTOSHIE CUCTEMBI U
[03BOJISIET B IIPUHIIMAIIE TIpeJCcKa3aTh jajbHeiiee ee apuxkenue. C
MaTEeMaTUIECKON TOYKMU 3PEHUsI ITO 3HAYUUT, YTO 33[AHUEM BCEX KO-
OpPJIMHAT ¢ W CKOPOCTEN ¢ B HEKOTOPHIII MOMEHT BPEMEHU OJIHO3HAY-
HO ONpeseIsdeTca TaKyKe U 3HAYeHHe YCKOPEHUil § B 9TOT MOMEHT ').

CooTHOIIEHUsI, CBA3BIBAIOIINE YCKOPEHHMS C KOOPAMHATAMH U
CKOPOCTSIMU, HA3bIBAIOTCHA YpasHenuamy deustcenus. 1lo oTHOIIE-
Huo K dyHKuuaM ¢(t) 310 — auddepeHnuaabHble ypaBHEHNsT BTO-
pOTO TIOpsJIKA, WHTETPUPOBAHUE KOTOPBIX MO3BOJIAET B TPUHIIUIIE
OTpeIeINTh 3T (PYHKIUU, T.€. TPACKTOPUU JIBUKEHUS MeXaHUJIe-
CKOU CUCTEMBI.

§ 2. IIpuHIMI HaMMEHbBIIIETo JIeficTBUL

Haubomee obmas dpopmMyanpoBKa 3aKOHA JBUMKEHWS MeXaHUdIe-
CKIUX CHCTEM JAeTCsl TaK Ha3bIBAEMbBIM NPUHUUNOM HAUMEHDULE2O0
deticmeus (wmm npunyunom [amuasvmona). CormacHo 3TOMy NpPUH-
LAY KaXKJIasi MeXaHndecKasi CUCTeMa XapaKTepPU3yeTCsi Olpe Ie/IeH-
HOM (pyHKIIMEH

L(q1; q2, ..., (4s, (jla q2a qsa t)

um, B KpaTkoii 3amucu, L(q, ¢,t), npudeM IBUKEHUE CUCTEMBI Y0~
BJIETBOPSIET CJIEYIONIEMY YCJIOBHIO.

I[Iycte B MOMeHTHI BpeMeHu t = t1 u t = ty cucreMa 3aHHIMAa-
€T OlpeJieJIeHHBIE TOJIOXKEHNS, XapaKTepu3yeMble IBYyMs HabOpaMu
suauenuit koopauaar ¢\ u ¢(?). Torma Mex Ly STHMEI IOIOKEHTAME
CUCTeMa JBUKETCS TAaKUM 0OPa3oM, UTOOBI MHTErPAJI

1) Jlnst kparkocTH 0603HAYEHHH MBI GyJ€M 9acTO YCIOBHO IOHUMATH IO (
COBOKYTIHOCTD BCEX KOODJAMHAT (1, (2, ..., s (¥ O  AHAJIOTUIHO COBOKYTHOCTD
BCEX CKOPOCTEH.)
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t2

S = /L(q, g, 1) dt (2.1)

t1
uMes HauMeHbIlee BO3MOXKHOe 3HadeHnne ). Oyukiua L Ha3bIBaeT-
e pymnryueti Jlaepanotca nanuoit cucremsl, a naTerpas (2.1) — deti-
CMBUEM.

Tot daxT, uro dyuknusa Jlarpamka cogepkUT TOIBKO ¢ U ¢, HO
He 0oJiee BBICOKHE MPOU3BOJHBIE (, ¢, ..., ABJISIETCS BbIpaXKeHUEM
YKA3aHHOTO BBIIIE (aKTa, ITO MEXAHUIECKOE COCTOSHUE MOTHOCTHIO
OIIPeIessieTCs 3a/[aHueM KOODAUHAT W CKOPOCTEil.

[Tepeitmem K BbIBOIMY audbdepeHITnATLHBIX YPABHEHUI, PeIrao-
mux 3ajady o6 ompezeneHnn Makcumyma wHTerpanga (2.1). s
yIpoIleHus 3anucu (hOpMyJT TIPEINOJIOXKNAM CHaYaa, ITO CUCTEMA
obJiataeT BCErO OJHON CTEIMEHBI0 CBOOOMBI, TAK YTO JOJIXKHA OBITh
ompeiesieHa Bcero oaHa Gy g(t).

[Tycts ¢ = q(t) ecTb Kak pa3 Ta (GyHKIMs, 1JIs KOTOPOii S nmeer
MUHIMYM. DTO 3HAYAT, 9TO S Bo3pacraer npu 3amene ¢(t) Ha 106yT0

ymmmo Baza q(t) + 8q(2), (2.2)
rie 0q(t) — dbyukuums, Majgas BO BceM WHTepBaJje BpeMeHH! OT t 110
to (ee HasbIBaIOT Bapuayuet pyHKIMU ¢(t) ); TOCKOIBKY TIpH t = t;
u t = ty Bce cpaBHUBaeMble (DyHKIMU (2.2) IOMKHBI TPUHAMATH
onam u Te xe suaverns ¢V u ¢?), 1o momKHO GHITH:

dq(t1) = dq(t2) = 0. (2.3)

U3zmenenne S mpm 3amMerHe ¢ Ha ¢ + ¢ JaeTcst pa3HOCTHIO
to ta

/L(q + 8q,4 + 6q,t) dt — /L(q, q,t)dt.

t1 t1
Pasioxenne 31oii pasuoctu 110 crenersm 0g u 8¢ (B moJgbIHTErDAIb-
HOM BBIDAa’KEHNM ) HAYMHAETCS C YJIEHOB MePBOro mnopsaka. Heobxo-
JUMBIM YCJIOBAEM MUHUMAJbLHOCTH S 2) aBjisgeTca obpallleHue B HyJlb

1) Cnexyer, omHAKO, yKA3aTh, 9TO B TAKOil POPMYTIPOBKE IPUHIAI HAMMEHb-
ero 1efiCTBusA He BCera CIIPABE IJINE /1 BCell TPDAEKTOPHUH JBUKEHUA B IIEJIOM,
a JIUIIb I KaXKJ0T0 U3 JOCTATOYHO MAaJbIX €€ yUaCTKOB; /s BCeil JKe Tpaek-
TOPUH MOKET OKA3aThCsl, 9TO mHTEerpas (2.1) mmeer numb 9KCTpeMasbHOE, HE
00g3aTe/IbHO MUHIMAJILHOE 3HaYeHne. DTO 00CTOATE/IbCTBO, OJHAKO, COBEPIIEH-
HO He CYIIEeCTBEHHO TIPU BBIBOJIE YPABHEHUH IBUXKEHUs, WCTOJb3YIOIIEM JIUIITh
yCJIOBHE SKCTPEMAJILHOCTH.

2) Boobme — 9KCTPEMAJIHLHOCTH.
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COBOKYTTHOCTHM 3TUX YJIEHOB; €€ Ha3bIBAIOT MEPBOI Bapuanme (I/IJII/I
0OBIYHO TIpOCTO Bapwarnmeii) naTerpana. Takum obpa3oM, TPUHIIKT
HanMEHBIIIETO ,].IeﬁCTBHH MO2KHO 3aIlnCcaThb B BHUJIE

to

5S = 5/L(q, a,t)dt =0, (2.4)
t
WU, TPOU3BEAA Bapr/IpOBaHi/Ie:
to

/ (%5(1 + 2—2&1) dt = 0.

t1

. d .
3amedasi, 9T0 g = Eéq, MIPOUHTETPUPYEM BTOPOH UJIEH IO YACTAM:
to

ta AL daL)
= — —==)8qdt=0. 2.5
qt1+/(8q it ag ) °¢ (2.5)

t1

Ho B cuity ycioBuit (2.3) nepBblii 4ji€H B 95TOM BBIPaXKEHUU UCUE3AET.
Ocraercs mHTErpaJi, KOTOPbIN JI0JIZKEH ObITH PABEH HYJIIO IPU IPO-
U3BOJIBHBIX 3HAYEHUAX O¢. DTO BO3MONKHO TOJBKO B TOM CJIydae,
€Cc/Ii TOABIHTErPATBbHOE BBIPpAYKEeHNE TOXKIECTBEHHO 00OpAaIaeTcs B

Hyab. TakuM 00pa3zoM, MBI TTOJIyIaeM ypaBHEHUE

ddL OL
dtoqg  dq

[Tpu HaIMYMM HECKOJIBKUX CTETeHel CBOOO/IbI B IPUHITUIIE HAUMEHb-
Iero JAefiCTBUs JTOJIKHBI HE3aBUCUMO BapPbUPOBATHCSA S PA3IUIHBIX
dbynkumit g;(t). OueBumHO, 9TO TOrIA MBI IIOJYyYaEM S ypPaBHEHHUIL:
%gifgizo (i=1,2 ..., 5). (2.6)
9710 — nckombie nuddepeHImaababie yPaBHEHNST; OHU HA3BIBAIOTCS
B MexaHUKe ypasHeruamu Jlazpanoca ). Ecim dynkmmsa Jlarpan-
JKa JIAHHON MEXaHWYeCKO# CHCTeMbl M3BECTHA, TO ypasHeHus (2.6)
YCTAHABJIMBAIOT CBA3b MEXKJIY YCKOPEHUSIMU, CKOPOCTSIMY ¥ KOOPIU-
HaTaMU, T.e. TPEACTABISIOT COOOM ypaBHEHUSI JIBUYKEHUST CUCTEMBI.
C maremaTmueckoil TOYKM 3peHusi ypaBHeHus (2.6) cocraBiis-
0T CUCTEMY S YpaBHEHHUIl BTOPOTO TOPSAIKA I S HEU3BECTHBIX
dbyuximii ¢;(t). Obiee pernieHre TaKON CHCTEMBI COAEPKUT 28 MPO-

oL

) 24

1) B BapHAIIMOHHOM HCYMCIEHNH, PACCMATPHBAIOMEM (OPMAIBHYIO 3a4ady
06 ompesiesIeHNN SKCTPEMYMOB MHTETpayoB Buaa (2.1), oHE HA3BIBAIOTCA YPas-
Henuamu diaepa.
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M3BOJILHBIX TTOCTOSHHBIX. JlJIsT MX Ompemeennst U TeM CaMbIM TIOJ-
HOTO OTPEIeJIEHUsT IBUKEHUST MEXaHNIECKOW CUCTEMbI HEOOXOIMMO
3HAHUE HAYAJBHBIX YCJIOBUI, XapaKTePU3YIOIIUX COCTOSHUE CHUCTE-
Mbl B HEKOTODBIN 3a/[aHHBII MOMEHT BpEMEHU, HAIpUMep 3HaHWe
HAYaJbHBIX 3HAUYEHU! BCEX KOOPAWHAT U CKOPOCTEN.

IIycth MexaHWYecKas CHCTeMa COCTOUT U3 ABYyX 4dacreit A u B,
KaK/ias U3 KOTOPBIX, OyIydn 3aMKHYTOMH, nMejga Obl B KadecTBe
dbyuknun Jlarpanxka coorBercTBenHo dhyukiuu Ly nu Lp. Torna B
mpejieie, IpU pa3BeIeHNH JacTell HACTOIBKO J1aJeK0, ITOObI B3am-
MOZIEMCTBIUEM MEXKIy HUMHU MOYKHO OBILIO TTpeHebpedn, JarpaHkena,
dyHKIUS BCell CUCTEMBI CTPEMUTCS K IIPEIeTy

limL=Lj+ Lg. (2.7)
9TO CBOICTBO agauTWBHOCTHA (yHKIMN Jlarpanxka BhIpaskaeT Co-
60i1 TOT (pakT, ITO ypaBHEHWS ABMKEHUs KayKIOW M3 HEB3aMMOIETi-
CTBYIOIIUX YacTell He MOTYT COAEP>KATh BEJIMUNHBI, OTHOCAIINECT K
JPYTUM YaCTAM CHCTEMBI.

OdgeBuHO, 9TO yMHOXKeHUe DYHKIUN Jlarpanzka MeXaHUIeCKOit
CUCTEeMBI Ha TMPOU3BOJIBHYIO MOCTOSHHYIO caMoO 0o cebe He oTpa-
JKaeTcsd Ha ypaBHeHmsx apmkenns. OTcroga, Kasajaoch Obl, MOTJIa
BBITEKATh CYIIIECTBEHHAs HEOMPEIeJIeHHOCTh: PyHKImn Jlarpamxka
PA3IMYHBIX M30JNPOBAHHBIX MEXAHUIECKUX CUCTEM MOTJIN OBl yMHO-
JKaThCA Ha JIIOObIe pas3andHbie mocTosgHHbe. CBONWCTBO a1 UTHBHO-
CTH yCTpaHsSIeT 3Ty HEOMPEIeJIeHHOCTh, — OHO JOMyCKAaeT JIUIIb
OIHOBPEMEHHOE YMHOYKEHWE JIaTPAHKEBBHIX (DYHKIUIT BCEX CUCTEM
Ha OIMHAKOBYIO TIOCTOSHHYIO, UTO CBOIMWTCS TPOCTO K €CTECTBEH-
HOMY TIPOM3BOJIY B BBHIOOpPE €IWHWI] M3MEPEHUsT ITOi (pusmueckoit
BEJIMYUHBI; MBI BEPHEMCS €Ille K 3TOMY BOTMPOCY B § 4.

Heobxoanmo caenath erme ciemyroiee obinee 3amedanne. Pac-
cmorpum see dyuknuu L'(q, q,t) u L(q,q,t) , ormmuaiommecst apyr
OT JIpyTa Ha TOJHYIO TPOU3BOIHYIO IO BPEMEHH! OT KaKOM-11n00 PyHK-
num KoopauHaT u Bpemenn f(q,t):

L'(q,0,t) = L(g, &) + % £(,1): (2.8)

BbrunciienHble ¢ TOMOIIBIO 3TUX ABYX (DyHKIM wHTerpasnl (2.1)

CB4d3aHbI COOTHOIIIEHUEM
to to to

s'= [t [ Daata [ -
t1 t1 t1

=S+ f(g?,t2) — f(gM, 1),
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T.e. OTJINYAIOTCS IPYT OT APYTa JOTIOJHATETHHBIM UJIEHOM, NCIE3A0-
UM TIPU BapbUPOBAHWN JeicTBUsA, Tak uTo yciaosue 05’ = 0 cor-
magaer ¢ ycaoueMm 0S5 = 0, u BuJ ypaBHEHUIl JIBUXKEHUS OCTAETCS
HEU3MEHHBIM.

Takum obpazom, dpyaknna Jlarpanka ompeieseHa JUIb ¢ TOY-
HOCTBIO IO HpuOaBJEHUs K Hel IIOJHONH IPOM3BOLHON OT JIr00O0I
GYHKIMN KOOPAWHAT W BPEMEHM.

§ 3. IIpuanun orHocurenbHOCcTH Tammnes

Jlng m3ydeHnsa MeXaHUIeCKUX SBJEHUE HAJI0 BBIOpATh Ty WJIN
UHYIO cucmemy omcyema. B pa3zmudHBIX CHUCTEMaX OTCYeTa 3aKO-
HBI JBUKEHNS WMEIOT, BOOOIIE TOBOPsI, Pa3InyHbIi Bua. Hcin B3aTh
MPOM3BOIBHYIO CHCTEMY OTCYETa, TO MOYKET OKa3aThCsl, YTO 3aKO-
HBI JTazKe COBCEM IIPOCTBIX ABJIEHHUI OyIyT BHILIAIETH B HEil BechbMa
cn0xkHO. EcTecTBeHHO, BO3HHKAET 3a/1a49a OTHICKAHUS TaKOIl crcTe-
MBI OTCYETa, B KOTOPOIT 3aKOHBI MEXaHUKN BHITJIAIEIN OB Hanboee
TPOCTO.

IIo oTHOIIEHNIO K IPOU3BOILHON cCTEMe OTCUeTa IIPOCTPAHCTBO
ABJIIETCI HEOTHOPOIHLIM M HEM30TPOIHBIM. DTO 3HAUHUT, UTO €CJIN
KaKoe-Jubo TeJIo He B3anMOJefCTBYET HU C KAKUMU JIPYTUMU TeJIa-
MU, TO, TeM He MeHee, €ro pas/IndHbIe IOJI0XKEHNS B IPOCTPAHCTBE
1 ero pa3jndHble OPHEHTAIINN B MEXaHHYIECKOM OTHOIIEHUHN He K-
BUBaJeHTHBI. TO K€ camMoe OTHOCHTCS B OOINEM Caydae U KO Bpe-
MEeHH, KOTOpoe OyIeT HEeOIHOPOIHBIM, T.€. er0 pa3JIundHble MOMEHTHI
HEeIKBUBAJIEHTHBIMU. YCIOXKHEHNE, KOTOPOe BHOCUJIN ObI TAKHE CBO-
CTBa IIPOCTPAHCTBA U BPEMEHH B OIUCAHNE MeXaHNYeCKUX SIBJICHMUIL,
— oueBngHo. Kak, Hampumep, cBo6oHOE (T.€. HE MOJBEPraioIIeecs
BHEIITHUM BO3JEHCTBHUSIM) TEJIO HE MOTJIO Obl MOKOUTHCS: €CJIU CKO-
POCTH TeJla B HEKOTOPBLIA MOMEHT BPEMEHN M PaBHA HYJIIO, TO yiKe
B CJIEAYIONINN MOMEHT TeJI0 HAadajo Obl JIBUTAaThCA B HEKOTOPOM Ha-
[IPaBJIEHUMN,

OxkasbIiBaeTcs, OIHAKO, 9TO BCErJa MOXKHO HAWTH TaKyl CUCTe-
My OTCYeTa, TI0 OTHOIIEHWIO K KOTOPOi MPOCTPAHCTBO ABJISAETCS OJI-
HOPOJHBIM U H30TPOIHBLIM, a BpeMsl — OIHOPOIHBLIM. Takas cu-
cTeMa Ha3bIBAETCA UMEPUUavbHot. B Heilt, B gacTHOCTH, CBOOOTHOE
TEJIO, IOKOAIIEECs B HEKOTOPBIA MOMEHT BPEMEHU, OCTAETCs B IIOKOE
HEOIPAHUYEHHO HOJIIO.

Mpb1 MoOKeM Tereph cpaldy CaeaaTh HEKOTOPhIE 3aKII0UYEHUsT O BU-
e dysakimn Jlarpam:ka cBOOOIHO ABMKYINEcs MaTepruaabHON Toq-
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KU B WHEPINAIBHOI cructeme orcyera. OIHOPOIHOCTH TPOCTPAHCTRA
7 BpEMEHU 03HAUAET, UTO 3Ta PYHKIINSA HE MOYXKET COAePKaTh ABHBIM
o0pa3oM HE paJanyc-BEKTOpa I' TOYKU, HU BpeMeHn t, T.e. L saBisgeTcs
dyHKIMEN UL CKOPpOCTH V. B cuity ke M30Tponuu mpocTpaHCTBA
dyukiusa Jlarparka He MOXKET 3aBUCETh TaKKe W OT HAIPABJIECHUS
BEKTOpPA V, TaK 4TO ABJsAeTCs (PYHKIUEH JIUMIb OT €ro abCOTI0THOM

BEJIMYUHBI, T.€. OT KBaJpaTa V2 = ’U2§

L= L(v?). (3.1)
Beuny mesaBucumoctn dyuknum Jlarpamxka or r wumeem
OL/0r = 0, u moromy ypaBHeHus Jlarpanxka uMeroT Bu, ')

doL
dtov —
orkyga OL/0v = const. Ho nockonbky OL/Ov ssnsierca dynkumeii
TOJIbKO CKOPOCTH, TO OTCIOJ[A CJIE/LyeT, YTO U

v = const. (3.2)

Takum 06paszom, MBI TPUXOIUM K BBIBOY, YTO B WHEPIINAJIBHOMN
CHCTEME OTCYETa BCAKOE CBOOOIHOE IBUYKEHUE TTPOUCXOINT C MTOCTO-
SIHHOM 110 BEJIMYWHE W HAIIPABJIEHUIO CKOPOCTHIO. DTO YTBEPIKICHUE
COCTaBJIAET COJlePyKaHNe TaK HA3bIBAEMOI'O 3aAKOHA UHEPUUU.

Ecmm mapany ¢ nmeroreiics y Hac WHEPITUATBLHON CUCTEMOI OT-
cyeTa MBI BBEJEM JPYIYIO CUCTEMY, IBUXKYIIYIOCSI OTHOCHUTEJIBHO
IIepBOil IPAMOINHENHO U PAaBHOMEPHO, TO 3aKOHBI CBOOOIHOIO JIBH-
JKEeHUS TI0 OTHOIIEHUIO K ITOM HOBOH cUcTeMe OyIyT TeMU Ke, ITO
1 O OTHOIIEHUIO K IepBOHAYAJIBHOI: CBOOOAHOE IBHMKEHHE CHOBA
OyeT MPONCXOAUTh C TMTOCTOSHHONW CKOPOCTHIO.

OnwIT moKa3bIBaeT, OJHAKO, UTO HE TOJHKO 3aKOHBI CBOOOIHO-
IO JBUXKeHUs OYJIyT ONMHAKOBBIMHU B ITHUX CHCTEMAaX, HO UTO U BO
BCEX JIPYTUX MEXAHUIECKUX OTHOIIEHUAX OHU OYIyT TMOJTHOCTHIO K-
BUBaJICHTHBIME. TakmM oO6pas3oM, CyIIeCTBYeT He OmHa, a 6eCKOoHed-
HOEe MHOXKECTBO MHePIUAJbHBIX CUCTEM OTCYeTa, IBUXKYIIAXCA IPYT
OTHOCHUTEJILHO JIpyTa MPAMOJMHERHO U paBHOMePHO. Bo Bcex 3Tmx
CUCTeMax CBOICTBa ITPOCTPAHCTBA U BPEMEHU OJIMHAKOBBI M OJIMHA-
KOBBI BCE 3aKOHBI MEXaHUKU. JTO YTBEPKIEHUE COCTABJISIET COIEP-
JKaHme TaK HA3bIBAEMOTO NPUHUUNG omuocumenvrocmu Iarures —
OJTHOTO U3 BayKHEUINX TTPUHIIUIIOB MEXaHUKN.

1) Iox IIPOU3BOIHON CKAJIAPHON BEJWYUHBI IO BEKTOPY IOAPA3yMeEBAETCH
BEKTOP, KOMIIOHEHTBI KOTOPOT'O PaBHBI IPOU3BOAHBIM OT 3TOH BEJIEYUHBI 11O CO-
OTBETCTBYIOIINM KOMIOHEHTAM BEKTOPA.
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Bce ckazanHOe 10CTATOYHO SICHO CBUIETEIHCTBYET 00 MCKITIOUN-
TeJILHOCTU CBOMCTB MHEPpOUAJIbHBIX CUCTEM OTCYE€Ta, B CUJIy KOTO-
PBIX UMEHHO 9TH CUCTEMBI JOJI2KHBI, KaK MPABUJIO, UCIIOTH30BATHCS
Ipyu U3yYeHN! MeXaHUJdeCKuX sBjeHuil. Be3me B manpHeiineMm, e
obpaTHOEe HEe OrOBOPEHO 0c000, MBI OyJIeM pacCMaTpUBATH TOJIHKO
MHEepIHUAJbHBIE CHCTEMbBI OTCUETA.

[Tonunas MexaHmYIecKass SKBUBAJEHTHOCTb BCErO OECUUCTIEHHOTO
MHOKEeCTBa TAKUX CUCTEM ITOKA3BIBAET B TO YK€ BPEMsI, UTO He CyIIe-
CTBYET HUKAKOW OJIHOI «abCOMIOTHO» CUCTEMBI OTCUETA, KOTOPYIO
MOZKHO OBLIO OBbI IIPEIIOYECTh APYTUM CHCTEMAM.

KoopmuraTe! r 1 r’' 0IHOI U TOI Ke TOYKH B JBYX Pa3IHMYHBLIX
cucremax orcaera K m K', u3 KOTOpPBIX BTOpas JBUKETCA OTHOCH-
TEeJIbHO MEPBO#l CO CKOPOCTbIO V, CBI3aHBI APYT C JAPYTOM COOTHO-
IMeHneM ,

r=r + Vt. (3.3)
[Tpu sToM moapasymeBaeTCsi, ITO XOJ BPEMEHH OIUHAKOB B 00emX
CUCTEMAX:
t=t. (3.4)
[Ipeanonoxkenne 06 abCOTIOTHOCTH BPEMEHU JIEYKUT B CaMOii OCHOBE
IpeJICTABICHNI KIACCHYECKOR MeXaHUKH ).

®opmyner (3.3), (3.4) maswBaioT npeobpasosanuem larunres.
[Tpuunun oranocurenbHOCTH ['anmies MOXKHO cHOPMYIUPOBATH KaK
Tpe6OBaHI/Ie MHBAPUAHTHOCTU ypaBHeHI/Iﬁ ABUXKEHNA MEXaHUKN I10
OTHOTITIEHUIO K 3TOMY TTPeo0pPa30BaHUIO.

§ 4. ®ynknua Jlarpanxka cBo00HOI MaTEepPUAIBHOW TOYKU

[Tepexons x ompenenenuto Buga dyukmnun Jlarpanxka, paccMoT-
pUM cHadYaja TpPOCTEHIuil caydail — cBOOOIHOE IBUXKEHUWE MaTe-
PHANTBHONW TOYKU OTHOCUTETHLHO WHEPIIUAJIbLHON CUCTEMBI OTCUeTa.
Kax mb1 yxke Bumenu, dpyuknuga Jlarpam:ka B 3TOM cIydae MOXKeET
3aBUCETh JIUIIb OT KBaJIpaTa BEKTOPa CKOPOCTU. [l BBIICHEHUs
BHUJIA 9TOH 3aBUCUMOCTHU BOCTIOIB3YEMCSA TTPUHIIUTIOM OTHOCUTETHHO-
ctu lamuies. Ecin muepnmaibHas cucrtema orcuera K IBUXKeTCs
OTHOCUTEIHHO HMHEpIuaIbHON cucreMbl orcueta K’ ¢ GeCKOHEYIHO
MAaJIOii CKOpPOCTBIO €, TO V! = v + &. Tak Kak ypaBHEHUS IBHIKe-
HUS BO BCEX CUCTeMaX OTCYEeTa JIOKHBI UMETh OJINH W TOT K€ BUJI,
T0 byrkmmsa Jlarpamxka L(v?) momua mpu TakKOM Tpeobpa3oBaHu
nepeiiTn B dbynkmmio L', kKoTopasg ecam u ormmyaerca ot L(v?), To

1) Omno =e CIIpaBEeAJINBO B ME€XaHUKE TE€OpPpUU OTHOCUTEJIBHOCTU.
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JIVITITH Ha TIOJTHYIO MPOMU3BOIHYIO OT (DYHKIINN KOOPAWHAT 1 BPEMEHU
(cMm. kowerr § 2).
Nmveem
L' = L(v'*) = L(v® + 2ve + €2).
Pasznarast 5T0 BbIpaykeHHUe B Psiji TI0 CTEIEHsIM € U TpeHeGperas Oec-
KOHEYHO MAJIBIMU BBICIIINUX MOPSIIKOB, TIOJYYaeM

2 L
L(v'®) = L(v?) + = ove.
Bropoit usen mepBoit 4acTu 3TOr0 paBeHCTBa OyIeT MOJHON TIPO-
U3BOJHOU IO BpPEMEHHM TOJBKO B TOM CJIydae, €CIU OH 3aBUCHUT OT
ckopocTn v mmHeitHO. IlosTomy OL/Ov? oT cKOpocTH He 3aBHCHT,

T.e. pyHKINA JlarpaHxka B paccMaTpUBAEMOM CJydae TPIMO TIPO-
TTOPIIMOHABHA KBAAPATy CKOPOCTH:

L= %02, (4.1)
T7e M — TIOCTOSTHHAS.

N3 Toro uro dyukIims Jlarpanxka Takoro Bua yIOBIETBOPSET
MPUHITAITY OTHOCUTEIBHOCTH l'anuiies B ciydae O€CKOHEIHO MAJIOro
peobpa30BaHusd CKOPOCTH, HEIIOCPEICTBEHHO CJIeIyeT, ITO (DyHK-
nus Jlarpamka yJaoBI€TBOPSET 3TOMY IPUHITAIY U B CJIydae KOHEU-
Hoit ckopoctun V cucrembl orcdera K ornocurensro K'. [leiicTeu-

TEJIBHO,
L' = %0'2 = %(v +V)? = %vg + Q%VV + %V2
um / . S
L'=L+ 5220V + 2v24),

Bropoii umen gBisgeTcs mMOIHON IPON3BOMHON U MOYKET OBITH OIIYIIIEH.

Benuumna m Ha3bIBaeTca maccoti MaTepruaibHON TOUKHu. B cuity
cBolicTBa ajauTuBHOCTA DYHKIUN Jlarpanxka, /I CUCTEMbI HeB3a-
UMOJIEACTBYIOINUX TOYEK MMeeM )

2
L= Zm;”a. (4.2)
a

Craenyer MOAYepKHYTH, UTO JIUIIb MPH y9YeTe TOTO0 CBOHCTBA
JIAHHOE OIPeJIe/IEHne MacChl pUOOpeTaeT peasibHbI CMbICI. Kak
y2Ke ObLJI0 OTMEYEHO B § 2, Bcerjga MOXKHO yMHOXKUTH dyHKIuUO Jla-
rpaHkKa Ha JIIOOYIO TTOCTOAHHYIO; 3TO He OTpaKaeTcs Ha YpaBHEHU-

) B kauecTBe MHIEKCA, YKA3BIBAIOMIErO HOMED YACTHIBI, MbI GyIeM IOIb30-
BAaTbCA NMEPBLIMU OYyKBAaMU JIATUHCKOrO ajipaBUTA, & JJjis UHIEKCOB, HYMepPYIo-
IUX KOOPAMWHATHI, UCIOIb3yeM OYKBHI ¢, k, 1, . ..
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sx gevkenns. s dyskmum (4.2) Takoe yMHOMKEHWE CBOIWTCS K
M3MEHEHWIO eNHUIILI M3MEPEHUsT MACChl; OTHOTIIEHUS YKe MacC pa3-
JINYHBIX YaCTUIl, KOTOPBIE TOJIBKO U UMEIOT PEAbHBIH (hbu3mdecKnii
CMBICJI, OCTAIOTCS TIPU 9TOM TPe0OpPA30BAHUU HEM3MEHHBIMU.

Jlerko BHUEeTH, 9TO Macca HE MOXKeT OBbITh OTpuIATeSHhHON. B
CaMOM JeJjie, COTJIACHO MPWHIUITY HAMMEHBIIIero IefCTBUuA 11 Jei-
CTBUTEJILHOI'O JIBUKEHUS] MATEPUAJIbHON TOYKM U3 TOYKU [ 1pO-
CTPAHCTBA B TOYKY 2 WHTErpaJ

2
2
S:/m; dt
1

nMeeT MUHUMYM. Ecu 661 Macca ObLIa OTPUIIATEIBHOMN, TO I Tpa-
€KTOpHUii, TI0 KOTOPBIM YaCTHUIlA CHaYaJja OBICTPO yIaajsercs oT I, a
3aTeM OBICTPO MPHUOJIUKAETCS K 2, WHTerpas AeHCTBUS TPUHUMAJ
OBl CKOJIb YTOJHO OOJMBINNe IO abCOTIOTHON BEJIUYNHE OTPHUIIATEIh-
Hble 3HAYEHNd, T.€. He MMeJI Obl MUHUMyMa ).

[Tosesno 3amMeTnTH, YTO

2 A
v? = (a) s (4.3)
[Tosromy mist cocraBienus pyukmun Jlarpamsyka I0CTaTOYHO Haii-
TH KBaJpaT JJINHBI dJIeMeHTa Jyru dl B COOTBETCTBYIOIIEH CHUCTEME
KOOPIMHAT.

B zexapToBbIx KoOpamHATAX, Hanpumep, di? = dz? + dy® + dz?,
U, CJeJ0BaTeIbHO,

L=72(2" + 9" + %) (4.4)
B mumnaapudeckux di? = dr? + r2de? + dz% u
L= %(7'«2 +7r2¢? + 22); (4.5)
B ceprueckux dl? = dr? + r2d0? + r? sin? 0d? n
L= Z2(i* + 0% + r?sin® 09?). (4.6)

§ 5. ®ynkuua Jlarpasxka cucTreMbl MaT€pPHUAIbHBIX TOYEK

Paccvmorpum Teneps cucremMy MaTepuaabHBIX TOYEK, B3AaNMO/IEN-
CTBYIOIINX TOJIBKO APYT C JAPYTOM, T.€. HU C KAKNMHU ITOCTOPOHHUMU
TeJaMHU He B3aUMOJEHUCTBYIONINX; TAaKyIO CHUCTEMY HAa3bIBAIOT 3aM

1) Cnenannas B npuMedyaHuu Ha Cc. 11 OroBOpKa HE MeNIaeT 3TOMY BBIBOLY,
tak Kak npu m < 0 mHTErpas He MOr Obl UMETh MHUHUMYMAa HH JJIs KAKOrO
MaJIOro ydacTKa TPaeKTOPUH.
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knymot. OKasbiBaeTcst, 4TO B3aUMOJEHCTBUE MeXKIy MaTepuasb-
HBIMHW TOYKAMH MOYKET OBITh ONMHMCAHO MpuOaBeHneM K (DyHKIINN
Jlarpamxa HeB3amMoeiicTByomux Touek (4.2) ompenenenHoii (3a-
BUCSIIEH OT XapakTepa B3aMMOJEHCTBUs) (DYHKIMU KOODAWHAT ).
O6o3nauuB 3Ty DyHKINIO Yepe3 —U, HAHUIIIEM

2
L::E:ng%-—lﬂrhr%.“) (5.1)

(ro — paamyc-BeKTOp a-it TOUKHM). DTO ecTh obmuil Bux OyHKIUI
Jlarpam:ka 3aMKHYTON CHCTEMBI.

Cymmy 2
T — j :mava
2

Ha3BbIBAIOT KUHEMUYECKOT 3Hepeucé1'2, a dyaknuio U — nomenyuany-
HOT aHepzueli CUCTEMBI; CMBICST 9TUX HA3BAHUIl BBIACHUTCH B § 6.

Tot dakT, 9TO MOTEHIMATbHAS YHEPTHUSA 3aBUCUT TOIBKO OT pac-
TIOJIOJKEHUA BCeX MAaTepHAJbHBIX TOYEK B OJWH U TOT K€ MOMEHT
BpeMeHH, O3Ha4aeT, YTO U3MEHEeHNe MOJI0OXKeHNd OTHON U3 HUX MTHO-
BEHHO OTpakaeTcsd Ha BCeX OCTAJbHBIX; MOXKHO CKa3aTh, UTO B3aH-
MOJENCTBUS «PACTPOCTPAHAIOTCSA» MTHOBeHHO. HensbexxkHocTh Ta-
KOT0 XapakKTepa B3anMOIeUCTBUSA B KJIACCHYIECKONU MeXaHHUKe TeCHO
CBsI3aHA C OCHOBHBIMU IIPEIOCHIIKAMU IIOCJIEIHENl — abCOTIOTHO-
CTHIO BPEMEHU U MPUHIIUIIOM OTHOcuTe bHOCTH [ammies. Eciau 6b1
B3aNMOJEHCTBIE PACIPOCTPAHAIOCh He MTHOBEHHO, T.€. ¢ KOHEYHOHU
CKOPOCTBIO, TO 9Ta CKOPOCTH ObLIa ObI pAa3/IMIHA B PA3HBIX (JIBUXKY-
IUXCS IPYT OTHOCUTENBHO JIPYra) CHCTEMaX OTCYeTa, TaK Kak abco-
JIIOTHOCTH BPEMEHU aBTOMATUYECKU O3HAYAET MPUMEHUMOCTH OOBIY-
HOT'O TIpAaBUJIa CJIOXKEHUS CKOPOCTeil KO BceM gBieHnaM. Ho Torga
3aKOHBI JIBUZKEHUS B3aUMOJIENCTBYIOMNX TeJl OBIIN OBl Pa3IMIHBI
B Pa3HBIX (MHEPIUAIBHBIX) CHCTEMAX OTCYETA, YTO MPOTHBOPEUIIO
ObI TPUHITUITY OTHOCUTEIHLHOCTH.

B §3 wmbr roBopuiu TOIBKO 00 OJHOPOAHOCTU BpeMmeHU. Bun
dbyukuun Jlarpamxka (5.1) moka3bIBaeT, 9TO BpeMsi HE TOJBKO OJ-
HOPOJIHO, HO W M30TPOIHO, T.€. €r0 CBOICTBA OJIMHAKOBBI 110 000UM
HampasiaeHnsM. B camowm nete, 3amena t Ha —t ocTaBysieT OYHKIINIO
Jlarpanzka, a cjaeq0BaTeIbHO, U YPABHEHUS JIBUKEHUS HEM3MEHHBI-
mu. /Ipyrumm ciioBaMm, €ciu B CHCTEME BO3MOYKHO HEKOTODPOE JIBU-
JKeHHe, TO BCerJa BO3MOXKHO U 0OpaTHOe JABUKEHUE, T.e. TAKOe, IIPH

1 . .
) OTO yTBEpK/IEHHE OTHOCUTCH K U3JIaraeMoil B HACTOSAIIEH KHUrE KJIACCH-
9eCKOl — HepeJIATUBUCTCKOIl — MeXaHUKe.
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KOTOPOM CHUCTEeMa TTPOXOINT Te YKe COCTOSTHNS B 00paTHOM TIOPSIIKE.
B sTrom cMmbIcie Bce IBUKEHMS, TTPOUCXOISIIINE TI0 3aKOHAM KJIACCU-
JeCKOW MEeXaHWKHU, 0OPATUMBI.

Buasg dyuknmio Jlarparxka, MbI MOXKEM COCTABUTH ypaBHEHUS

JIBUKEHMUST d 0L _ oL 52)
dt Ov,  Or,’ '
[Moncrasus croma (5.1), momydanM
o __oU
G = o (5.3)

VpaBHeHUsT OBUMKEHWS B 9TOW (hopMe HA3BIBAIOTCA YPAGHEHUAMU
Hvtomona n ipenctaBisgioT cob0if OCHOBY MEXaHUKU CHCTEMbBI B3a-
UMOIefICTBYIOMNX JacTuil. BekTop

P, U

a—raa (54)
crosimmit B mpaBoii yactu ypasaennii (5.3), HazbBaeTcs cuaot, aei-
cTByMOIIEH Ha a-10 TOUKy. Bmecre ¢ U oHa 3aBUCUT OT KOOPAWHAT
BCEX YaCTHUI], HO HE OT UX CKOpocTeit. Ypapuenust (5.3) MOKa3bIBAIOT
MTO3TOMY, YTO W BEKTOPHI YCKOPEHUsT YACTHUIL ABIAIOTCS (DYHKITHASIMH
TOJILKO OT KOOPIWHAT.

[ToTentnuanbHasg SHEPTUS €CTh BeJIMUNHA, OTIPEIesieMast JIUIIb C
TOYHOCTBIO JI0 TPUOABIEHUS K Heil TPOU3BOIBHON TTOCTOSHHOM; Ta-
KOe TIprOaBJjIeHre He M3MEHUJIO Obl ypaBHEHWI 1BUKeHUs (YacTHBII
clydail yKa3aHHOW B KOHIlE § 2 HeomHOo3HawHOCTH (yHKInN Jla-
rpanzka). Haubosee ecrecTBeHHBI 1 OOBIYHO NPUHSITHIN CIIOCOO BbI-
60pa 3TOoi MOCTOAHHOW 3aKJII0YaeTCd B TOM, YTOOBI TOTEHITNATbHAS
SHEPTUs CTPEMUIACH K HYJIIO MPU YBEJTUYEHUN PACCTOAHUN MEXKITY
YaCTUIAMH.

EC.HI/I JJId OITUCaHUA ABUZKEHUA UCIIOJIb3YIOTCA HE JE€KAPTOBBI KO-
OpAMHATHI TOYEK, a [IPOU3BOJIbHBIE 0000IIEHHbIE KOOPIUHATEI ¢;, TO
JIJIsT TIOJTy9eHUs JTarPAHKeBOH (DYHKIIMU HAJI0 MPOU3BECTH COOTBET-
CTByOIIEE TIPeobpa3OBaHMe

: fa .
Ta = falar, @2, -+, Gs); Ta= Za—qqu H T
k
[TomcraBasist 9TM BRIpaKeHUsT B (PYHKITNIO
1 -2 -2 22
L= D) Zma(ma +ya + Za) - Ua
a

nojtyauM nckomyto dyukimio Jlarpanxka, Koropas OyaeT nmeTh BUL

L=3 Y an(@)aar - Ula), (5.5)
i,k
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re a;x — QYHKINNT TOJBKO OT KoopanHaT. KnHeTnwueckast SHEPTHs B
00O0OIIEHHBIX KOOPIMHATAX TIO-TIPEYKHEMY STBJISIETCS KBAIPATUIHON
dyHKIMEN CKOpOCTeil, HO MOYXKeT 3aBUCETh TAKXKe U OT KOOD/UHAT.

Jlo cmx mop MBI TOBOPHUJIN TOJIBKO O 3aMKHYTBIX crucTemax. Pac-
CMOTPHUM TeTeph HE3aMKHYTYIO cucteMy A, B3amMOJIEHCTBYIONIYIO C
Ipyroii cucteMoit B, coBepIaolieii 3aJaHHOe IBUXKeHMe. B Takom
cJlydae roBopsiT, 9To cucreMa A JIBUXKeTCs B 33/IJaHHOM BHEIITHEM T10-
se (cozpaBaemom cucremoii B). TlockonbKy ypaBHEHUsl JBUYKEHUS
TIOJTY9alOTCA U3 TMPUHINIA HANMEHBIIETO JefCTBUSA IIyTEeM HE3aBU-
CHMOTO BapbUPOBAaHUs KaXKJIOW M3 KOOpAUHAT (T.e. KaK ObI CUnTAst
OCTAJIbHBIE U3BECTHBIME), Mbl MOXKEM JjIsi HAXOXKJeHus (OyHKIUN
Jlarpanxka L4 cucrembl A BOCIONB30BATHCA JIarPaHKeBOM (hyHK-
nmeit L Bceit cuctembl A + B, 3aMeHUB B Hell KOODAWHATHI ¢p 3a-
JMaHHBIMU (DYHKITUSIMI BPEMEHN.

IMpeanonarast cucremy A + B 3aMKHYTOM, OyeM UMETH

L =Ta(qa,q4) +Tr(gB,q8) — U(qa,qB),
rje mepBble JBa UIeHa MPeACTaBIAIT cob0l KHHEeTHYeCKHe 3Hep-
run cucteM A n B, a TpeTnii 4jeH — UX COBMECTHYIO MOTEHIINAb-
HyI0 3Hepruio. [logcTaBuB BMECTO ¢p 3aJaHHbIe (DYHKIMA BPEMEHN
u onycrus unen 1'(qp(t), p(t)), 3aBucammit Tonbko or Bpemenu (u
TMO3TOMY ABJIAIOIMMUNACA TTOJTHOW NPOU3BOAHON OT HEKOTOPOW JIPyroi
dbyHKIMEN BpemeHu), nosyanm

L =Ta(qa,qa) —Ul(qa,q8(t)).

Takum 00pasoM, ABUKEHUE CUCTEMBI BO BHEIIIHEM II0JI€ OIIMChHI-
BaeTca pyuknueit Jlarparyka 00BIYHOTO THUTIA C TEM JIUIITH OTJIMYHU-
€M, 4YTO Tellephb IOTEHIUAJIbHAS SHEPIUsl MOXKET 3aBUCETh OT Bpe-
MEHHU SIBHO.

Tak, mig OBUKeHMS OJHOI YACTHUIGI BO BHEIIHEM IIOJIe OOIImii
Bun yuknun Jlarpamxa )

L= m; —Ul(r, ), (5.6)

u ypaBHEHUE [IBUKEHUA

oUu
e (5.7)

O0HopodHbim HAZBIBAIOT II0JIE, BO BCEX TOYKAX KOTOPOI'O HA da-
cTUIly JeficTByeT omHa W Ta ke cuia F. [ToTeHmanbHas SHeprus B
TAKOM II0JIe, OYEBHIHO, PaBHA

U = —Fr. (5.8)
B zakmiouenne sroro maparpada caenaem ere Ciegayolnee 3a-
MedvaHue TI0 MOBOJIy TPUMeEHeHUs ypaBHeHuit Jlarpan»ka K pasind-

mv = —



22 YPABHEHUA JIBUKEHNA IJI. 1

HBIM KOHKPETHRIM 3aadaM. JacTo MPUXOANTCA UMETH 10 C TaKHu-
MU MEeXaHWYEeCKUMW CHCTEMaMH, B KOTOPHIX B3aMMOIEHCTBIIE MEIK-
Iy Tesamu (MaTepuaIbHBIMI TOYKAME) UMEET, KAK TOBOPST, XapaK-
Tep ceA3eli, T.e. OTPAHUYEHUN, HAJAra€MbIX Ha B3aMMHOE PAacCIO-
JIOXKEeHWEe TeJ.

DaKTUYIECKN TaKMe CBA3W OCYINECTBIISIOTCS TTyTEM CKPETIeHVs
TeJT Pa3JUIHBIMU CTEPXKHAMU, HUTAMU, MAPHAPAMA U T.I. DTO 00-
CTOSATEILCTBO BHOCUT B JIBUKEHUE HOBBIN (DAKTOP — ABUKEHUE Tel
COTIPOBOK/IAETCS TPEHUEM B MECTaX UX COIMPUKOCHOBEHUS, B PE3YJIb-
TaTe Yero 3ajada BBIXOIHUT, BOOOIE NOBOPs, 3a PAMKU YUCTON Me-
xaunkn (cM. § 25).

O1HaKO BO MHOTHUX CJIy4YasiX TPEHUE B CHCTEME OKA3bIBAETCS Ha-
CTOJIBKO CJ1a0bIM, 9TO €ro BJINSIHUEM Ha JBUKEHHE MOYKHO TIOJIHO-
cThi0 TIpeHebpednh. Ecim kK ToMy Ke MOXKHO TpeHeOpedh MaccaMu
«CKPETIAIONINX JIEMEHTOB» CUCTEMBI, TO POJIb MOCIEIHUX CBEIET-
Csl TPOCTO K yMEHBINEHNIO YUC/Ia CTeTeHell cBOOOIbI cucTeMbl § (110
cpaBrennio ¢ auciaom 3N). [Ins onpegenenus ee IBUKEHUST MOXKHO
npu 3TOM CHOBa NOsb30BaThcs (yHKumedi Jlarpamxka suga (5.5) ¢
YHUCIOM HE3aBUCUMBIX OOODIIEHHBIX KOOPJIUHAT, OTBEYAIOMNX (hak-
TUYIECKOMY YHCJIy CTeleHei CBODO/IbI.

Bagmgaumn

Haiitu dyrknuo JlarpaHxka Caeayommx CUCTEM, HAXOAAINUXCA B OJ-
HOPOJIHOM TIOJIEe TS3KEeCTH (g — YCKOpPEeHMe CBOOOIHOTO MAeHNs).
1. JIsoitaoit nnockuii mastaUK (puc. 1).
Pemeunue B xauecrBe koopaunar Oepem
YIJIBL 1 B @2, KOTOPbIE HUTHU [1 u Iy 06pa3yior ¢ Bep-
TUKaJIbI0. Torma s TOYKU M UMeeM

Y

1 .
T = §m1lfcpf, U = —mgli cos @;.

YUT0o6h! HallTH KMHETUYECKYIO HEPTHI0 BTOPOI TOUYKH,
BBIDaXKaeM ee JeKapTOBbl KOODAWHATBI T2, Y2
(Hauamo KOOpAWHAT B TOYKE TOABECA, OCh Y — TIO BEp-
TUKaJIN BHU3) Yepe3 YIIbl @1, @a:

Puc. 1 To = l1sin @1 + l2sin @2, Y2 =l cos @1 + l2 cos Q3.
ITocne sroro nonmyuaem
msa .2

. m . . L.
T = 7(:52 +93) = Tz[lfcp% + 13¢5 + 20115 cos(@1 — @2) P1¢al.
OKOHYATEJIBHO:

mi1+m . m . ..
L= =BT+ 5 303 + malib 1 cos(@r — @2)+

+ (m1 + ma)gli cos @1 + magls cos @a.
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2. Tlnockuit MagTHUK C MAcCoii Ma, TOYKA TOABECA KOTOPOTO (C Maccoii my
B Hell) MOXKET COBEpIIATH ABUXKEHWE MO FOPU30HTAJIb- |
HOIt ipsimoii (puc. 2). Jlr@iiml
P emenue Bpous koopauaary r TOYKH mi U |
YIOJI (0 MEXKJy HUTHIO MAsITHUKA U BEPTUKAJBIO, TTOJIY- '
qaeM
L= wgbz + %(lzcb2 4212 ¢ cos @) +magl cos @.

3. ILmockuit MagTHUK, TOYKA MOABECA KOTOPOTO:

a) PABHOMEPHO [IBHZKETCS II0 BEPTUKAJIBHON OKPY K-
HOCTHU C TOCTOSIHHOM 9acTOTOM Y (pnc. 3);

6) coBepIlaeT TOPU30HTAJILHBIE KOJIEOaHNs 110 3aKOHY a COS Y;

B)COBEDIIAET BEPTUKAJIBHBIE KOJEOAHUS MO 3aKOHY

a cosyt. A
Pemewnue. T
a) Koopauaarer Toukm m: "
x =acosyt+Isingp, y= —asinyt-+lcos. 7
Oyukuuga Jlarpamxka
2
ml*® | .
L= - > + mlay®sin(@ — yt) + mgl cos @; y m
3€eCh OHyLueHbI YJIEHBI, 3aBUCAIINE TOJIBKO OT BpPEMe- PHC' 3
HU, U UCKJIIOYEHA IOJIHAS MPOU3BOLHAS 110 BPEMEHU OT
maly cos(p — vt).
6) KoopauaaTer Toukn m: A
= acosyt+lsingp, y=Icosqo.
QOynknua Jlarpamnxka (mOCIe WCKITIOUEHWS TTOJHBIX a O\ 4
IIPOU3BOJHBIX )
ml2 .2 2 .
L= 5 + mlay” cosytsin ¢ + mgl cos @. mi mi
B) AHasOru4HBIM 06pa30M
2 a a
ml .2 2
L= 5 + mlay” cosytcos @ + mglcos @.
4. Cucrema, n3obpazkeHHasa Ha puc. 4; To4Ka Mo ma
JBUKETCA TI0 BEPTUKAJILHON OCH, & BCA CHCTEMa Bpa-
IIAETCS C TOCTOSHHON YIJIOBOM CKOPOCTBIO {2 BOKpPYT Puc. 4

9TOH OCH.
Pemenue Bpogum yromn 0 wmexay orpes-
KOM @ ¥ BEPTUKAJIBIO U YTOJI MTOBOPOTa (P BCEil CHCTEMBI BOKPYT OCH BpAIIEHMUS;
© = Q. [nga ka0l U3 TOUEK mi SJIEMEHT HNepeMeleHni
dlf = a?d* + asin’ 0 d(pz.
Jlna Toukm me paccTosHuE OT TOYKHM nojseca A pasuo 2a cos 0, m moromy

dly = —2asin 0 d0.
®yukmuga Jlarpanxa

L= mlaz(é2 + Q% sin? 0) + 2mqa’ sin® 0 02 + 2ga(mi + ms) cos 0.
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§ 6. DHeprug

IIpn OBUXKEHUW MeEXaHWYECKOW CUCTEMBI 2§ BEJWYUH ¢; U (;
(i = 1,2, ..., s), OUPENENIAIONIAX €e COCTOSHUE, U3MEHSIOTCS CO
BpemeneM. CyIIecTBYIOT, OZHAKO, TakKue (DYHKIIUUA ITUX BEJIUUNH,
KOTOPbIE COXPAHAIOT MPU JIBUKEHUU TOCTOSHHbIE 3HAYEHUS, 3aBU-
CAIIFe TOJIBKO OT HAYAJIBHBIX YCIOBU. DT (DYHKINM HA3BIBAIOT
UHME2PANAMU 0BUHCEHUA.

Yucmo He3aBUCUMBIX WHTETPAJIOB JBUKEHU 711 3aMKHYTOT Me-
XaHUYECKON CUCTEMBI C § CTEleHsMU CBOOOABI paBHO 25 — 1. DTO
OYEBWIHO W3 CIEAYIOMINX MPOCTHIX coobpaskennii. ObIee perrenme
VPaBHEHUI IBUXKEHUS COIEPKUT 28§ TPOU3BOJBHBIX TOCTOTHHBIX
(cMm. c. 12). TlockoabKy ypaBHEHWSs JIBUKEHUsI 3aMKHYTOW CHCTe-
MBI HE COJIEpKAT BPEMEHU sIBHO, TO BBIOOD HadYaja OTCYETA BPEMEHU
COBEPIIIEHHO MMPOW3BOJIEH, U OJHA U3 MPOUI3BOJIBHBIX MOCTOAHHBIX B
pellleHnn ypaBHEHHUH BCeria MOXKeT OBbITh BBIOpaHa B BUJIE A/ INTUB-
HOIl IIOCTOSHHOM ty BO BpeMeHu. Vckiiouus t + tg u3 2s GpyHKIIMiA

¢ = qi(t + to, C1,Ca, ..., Cas 1),

(..Zi - Ql(t + tOJ Clu 027 R 028—1)7
MBI BbIpasum 28 — 1 mpou3BosbHbIX TOCTOAHHBIX C, Oy, ..., Cos 1
B Bre (DYHKIMWH OT ¢ W ¢, KOTOPhIe W OyayT WHTErpajJaMy JIBUKEHUS.

OpHako JajleKO He BCe WHTErpaJsibl JIBUYKEHUs] WTPAIOT OJWHA-
KOBO BayKHYIO poyib B MexaHuke. Cpeam HUX eCTh HECKOJbKO, I10-
CTOSTHCTBO KOTOPBIX MMEET BEChMa, TIYOOKOE TTPOUCXOXKIEHWE, CBsi-
3aHHOE C OCHOBHBIMU CBOWCTBAMW TIPOCTPAHCTBA W BPEMEHU — WX
OIHOPOJHOCTHIO M m30Tporueii. Bce 3T, Kak TOBOPAT, COXPAHSIIO-
IIecss BEJIMYNHBI MMEIOT BaskHOE 00Iee CBOMCTBO aIJUTUBHOCTH —
WX 3HAYEHWE I CUCTEMBI, COCTOAIIEN N3 JacTel, B3anMOIeCTBIEM
KOTOPBIX MOYKHO TIpeHeOpedh, PABHO CyMMe 3HAYEHWH I KaryK 10t
u3 yacTell B OTIEJIbHOCTH.

NmenHO CBOMCTBO AIIUTUBHOCTU TPUIAET COOTBETCTBYIOIINM
BeJIMIUHAM OCOOEHHO BayXKHYIO0 MEXaHUIECKYIO POIh. [Ipeamonoxnm,
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HaIIpUMeEp, 9TO JIBa Tesia B3aMMOJEHCTBYIOT B Te€YEeHNE HEKOTOPOTO
BpeMenu. [TockombKy Kak 10, TaK MW TIOC/Ie B3aWMOJEHCTBUS KaryK-
OBl M3 aJIUTUBHBIX WHTETPAJIOB BCEHl CUCTEMBI PABEH CYMMeE WX
3HAYEHUI /T 000UX TeJ B OTAEJbHOCTH, TO 3aKOHBI COXPAHEHUS
3TUX BEJIWYWH CPa3y Jal0T BO3MOXKHOCTH C/IeJaTh PAJ, 3aKITI0UeHUH
O COCTOSHWU TeJI TIOCJIe B3aMMO/IEHICTBUS, €CIN UX COCTOIHUA JI0 B3a-
UMOJENCTBUA N3BECTHBI.

Haunem ¢ 3akoHA cOXpaHEeHUsI, BOSHUKAIOIIETO B CBI3U C 00HO-
POOHOCTNDIO BPEMEHU.

B cuny sToit ogHOpoaHOCTH JarpaHKeBa (MYHKINS 3aMKHYTOMN
CUCTEMBI HE 3aBUCUT ABHO OT BpeMeHU. [[03ToMy monHas mpou3BOI-
Hasg dynknun JlarpaH:ka Mo BpeMeHM MOXKeT ObITh 3alncaHa Ciie-

JYIOMNIM 00pa30M:
dL oL
D Z 55 i
(2

(ecm 6b1 L 3aBucesa siBHO OT BpeMeHI/I, K [PaBOil 4acTu paBeH-
crBa mobaBuics Obl wien OL/0t). Samensas npoussogusie 0L/0g;,

COTJIACHO ypaBHeHUsAM Jlarpanka, Ha , TIOJTYIUM

dt 8g;

ALy, 4 0L ~d (oL
@ = 2% 0 +Z 6= (5 )
Z 1
d . oL _
a(zqa 1) =0
1

Orcroga BUAHO, 9TO BEJIUYNHA,
. 0L
E_qua—qi—L (6.1)
1

OCTaeTCs HEM3MEeHHOU TIPU ABUYKEHUU 3aMKHYTOI CUCTEMBI, T.e. SB-
JIA€TCAd OJHUM U3 €€ MHTErpaJioB JIBUXKEHNA. 9Ta BE€/JINYMNHA HAa3bIBa-
eTcst aHepauet CuCTeMbl. A INTHBHOCTD SHEPTUN HETIOCPEICTBEHHO
cieyer u3 aJauTuBHOCTH (pyHKIMHU Jlarpamika, 1epe3 KOTOpyIo OHA
BhIpaykaercsi, coracHo (6.1), auHeHHBIM 06pa30M.

BaKOH COXPaHEHUd SHEePTUn CpaBeIJINB HE TOJIBKO IAJId 3aMKHY-
ThIX CUCTEM, HO U JJId CUCTEM, HAXOAAIINXCA B TOCTOAHHOM (T.e. HE
3aBUCAIIEM OT BPEMEHH) BHENTHEM II0JIe; eIMHCTBEHHOE MCIIOIb30-
BaHHOE B IPHUBEIEHHOM BBIBOJE CBOICTBO dyHKIUM Jlarpamyka —
OTCyTCTBUE SIBHO 3aBUCUMOCTHU OT BpEMEHU — MMEeeTCdA U B 3TOM
ciaydae. Mexanndeckne CHUCTEMbI, SHEPTUs KOTOPBIX COXPAHSAETCH,
MHOT/Ia Ha3BIBAIOT KOHCEPBATNUSHBIMU.

nJjm
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Kak mbr Bugesm B § 5, marpankesa (yHKIMS 3aMKHYTOH (vym
HAXOJISIIENCS B IOCTOSTHHOM TIOJI€) CHCTEMbI IMEeT BUJL

rae T — kBagpartuyHad dyHKnuga ckopocteil. [lpumensas k neit uz-
BECTHYIO TeopeMy Jiijiepa 00 OTHOPOIHBIX (PYHKIUSX, TIOTYIUM

. OL . 0T
Z(ha—qi = . qla_(]i = 2T.
1 ¥

[loxcraBnsis sTo 3Hauenue B (6.1), Haiigem

E=T(q,q) + Ul(q); (6.2)
B IE€KapPTOBLIX KOOpAMHATAX
2
E:Zm‘;”“ + U(ry,ra,...). (6.3)

Takum 06pa3oM, IHEPTHUSA CUCTEMBI MOYKET OBITH TTPEACTABICHA B
BUJIE CYMMBI JIBYX CYIIIECTBEHHO PA3JIMYHBIX UJIEHOB: KWHETUYIECKO
SHEPI'UH, 3aBUCAIIECH OT CKOPOCTEN, W MOTEeHINAJIbHON HEpruu, 3a-
BUCHIIEH TOJHKO OT KOOPJAWHAT YACTHII.

§ 7. Immynsc

Jlpyroit 3aKOH COXpaHEHUsT BOSHUKAET B CBSI3U C 00HOPOIHOCTNGIO
nPOCMParcmea.

B cuny 3Toit oIHOPOIHOCTH MeXaHUYeCKHe CBONCTBA 3aMKHYTOM
CUCTEMBI HE MEHSIIOTCsI TIPU JIFOOOM MMapaJiieIbHOM TTEPEHOCE CUCTe-
MbI KaK IEJIOT'O B IIPDOCTPaHCTBE. B COOTBETCTBUU C 3TUM PaCCMOT-
puM 6ECKOHEYHO MaJIblil IEPEHOC Ha OTPE30K € 1 moTpebyeM, ITOObI
dyukusa Jlarpamxka ocrajgach HEM3MEHHOIA.

[TapaJutenbbBI TEpEHOC O3HAa4YaeT npeobpas3oBaHue, MPU KOTO-
POM BCE TOYKU CUCTEMbI CMEIIAIOTCA Ha OJUH U TOT 2KE TTOCTOAHHBIN
BEKTOD €, T.€. X PAJMYC-BEKTOPHI Iy — Ty + €. I3Menenne pyHK-
mun L B pesybraTe 6ECKOHEYHO MAJIOTO U3MEHEHUsI KOOPINHAT TIPU
HEUSMEHHBIX CKOPOCTAX YaCTUIl €CTh
OLg. _ N OL
or, or,’

a
r7e CyMMHUPOBaHME MPOU3BOAUTCS II0 BCEM MATEPUAIBHBIM TOYKAM
cucrtembl. BBuay mpousponbHOCTH € TpeboBanume dL = ( sKBUBA-
JIEHTHO TPeOOBAHUIIO
OL _ (7.1)

or,
a
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B cuny ypasnennit Jlarpanska (5.2) nomydaem oTcrona
d oL _ dN~OL _
dt v, dt v, ’
a a
Takum 06pa3oM, Mbl IPUXOIUM K BBIBOJY, UTO B 3aMKHYTOU Me-
XaHUYIeCKOW CHCTeEMe BEKTOPHAS BEJINYNHA

L
P=)" . (7.2)
a
oCTaeTcsa HEeM3MEHHOI npu ApmxkeHnu. Bekrtop P HasbiBaerca um-
nyavcom ) cucremsr. luddepennupys dbyskmuo Jlarpanxka (5.1),

HaIeM, 9T0 UMITYJIbC CJIeLYIONUM 00pa30M BBIPAXKAETCs YePe3 CKO-
pOCTU TOYEK:

P =Y mgv,. (7.3)

A,Z[,ZLI/ITI/IBHOCTI) UMITyJIbCa O9€BUIHA. Boiee TOTrO, B OTJIM49HUE OT
QHEPIruu UMITYJIBC CUCTEMBI paBE€H CyMMe UMITYJIbCOB

Pa = MaVa
OT/IEJIbHBIX YaCTHI] BHE 3aBUCUMOCTH OT BO3MOXKHOCTH ITpeHeOperKe-
HUS B3aMMOJEHCTBIEM MeXKIy HUMHU.

3akoH COXpaHEHWs BCEX TPEX KOMIIOHEHT BEKTOpa UMITYJIbCa
UMeeT MECTO JIUIb B OTCYTCTBHE BHerrHero mojs. OJHAKO OTaesTh-
Hble KOMIIOHEHTBI UMIIYJIbCA MOTYT COXPAHATHCS W TPU HAJIUIUU
[0JIsl, €CJIM MOTEHIUAIbHASL HEPIMs B HEM He 3aBUCUT OT KaKOIi-
aub0 W3 JEeKapTOBBIX KOOpAWHAT. lIpm mepeHoce BIOTIL COOTBET-
CTBYIOIEH KOODIWHATHOW OCH MeXaHWYeCKWe CBOWCTBA CUCTEMBI,
OYEBU/IHO, HE MEHSAIOTCs, U TEM K€ CIOCODOM MbI HaiijeMm, 94To mpo-
eI UMITYJIbCA Ha Ty OCh COXPAHAETCHA. 1aK, B OJHOPOIHOM IOJIe,
HAIPABJIEHHOM BJIOJIb OCU Z, COXPAHSIOTCS KOMIIOHEHTHI UMITYJIbCA
BJIOJIb OCell o U Y.

Ucxoanoe pasenctso (7.1) umeer mpocToit pusnaeckuii CMbIC.
[Mpouseognass 0L/0r, = —0U/0r, ectb cuna F,, peiicTByromast
Ha a-10 dacruily. Takum obpasom, paseHcTBo (7.1) o3nagaer, 4To
CyMMa CWJ, OeHWCTBYIOIINX HA BCE YACTUIBI 3aMKHYTOW CUCTEMBI,

paBHA HYJIIO:
M F,=0. (7.4)

B gacTHOCTH, B Cllyyae cMCTEMBI, COCTOAIIEH BCETO M3 JBYX MaTe-
puanbubix Touek, Fi; + Fo = 0: cunma, geficTByromas Ha TEPBYIO

1) YCTapeBmee Ha3BaHUE — KOJIMYECTBO IBUXKEHUA.
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YaCTHUILy CO CTOPOHBI BTOPOi, paBHA MO BEJIWYNHE, HO TPOTUBOIO-
JIOYKHA TI0 HATPABJIEHWIO CUJie, AEHCTBYIOMEH Ha BTOPYIO YACTHILY
CO CTOPOHBI MEPBOH. DTO yTBEPXKIEHNE W3BECTHO TOJ Ha3BaHUEM
3aKOHA PAaBEHCTBA JEUCTBUA U MPOTUBOIAENICTBUSI.

Ecnu nBukenne onuchkiBaeTcs 0OOOIEHHBIMI KOODANHATAMU ¢,
TO IPOU3BOIHBIE JIArPAHXKEBON (DYHKIINU IO OOOOIIEHHBIM CKOPO-
CTAM

0L
Pi = 3 (7.5)
Ha3BIBAIOTCA 0000ULEHHDLMU UMNYALCAMU, & TPOU3BOIHBIE
oL
F =22 .
1 8Qi (7 6)

Ha3BIBAIOTCA 0000WeHHbIMU cusamu. B 3Tnx 0O603HAUEHUAX YpaBHe-
Hug Jlarpam:ka mMeOT BUI
pi = F;. (7.7)
B mekapToBbIx KoOpauHaTaX 0000IIEeHHBIE NMITYIHCHI COBIIAIAI0T
C KOMIIOHEHTAMU BEKTOPOB Pg. B 00111eM 3Ke cilydae BeJINInHbBI P; sB-
JIAIOTCA JTUHEAHBIMIA OJHOPOIHBIMU (PYHKINAMEA OOODIIEHHBIX CKO-
pocTeii ¢;, OTHIOAb HE CBOAAIIMMUCS K TPOU3BEIEHUAM MAacCChl Ha
CKOPOCTb.

Bagaua

YHacruua ¢ Maccoit m, JBUXKYyIIAsiCsi CO CKOPOCTHIO Vi, EPEXOIUT U3 MTOIY-
IIPOCTPAHCTBA, B KOTOPOM €€ IOTeHIuajbHasd dHEPrud IIOCTOodHHA u paBHa Ut,
B IIOJIyTPOCTPAHCTBO, TJI€ 9Ta YHEPrUsi TOXKE MOCTosiHHA, HO paBHa Usz. Onpene-
JIUTh U3MEHEHUE HAMPABJIEHUS JIBUKEHUS YACTUIBI.

Pemenue IlorennuanbHaas sHeprusa He 3aBUCUT OT KOODPAUHAT BIIOJIb
oceif, mapaJjIeIbHbIX MJIOCKOCTH pa3jiesia MeX Iy Mmoayrnpocrpancreamu. [1osro-
MY COXpaHSeTCd MPOEKIUs MUMITYJIbCa YaCTUIBI Ha 3Ty TI0CKOCTh. Obo3Hauast
gepe3 01 u Oz yribl MexK/y HOPMAJIBIO K IJIOCKOCTH PAa3/Jesia U CKOPOCTSMU Vi
¥ Vg YaCTHUIbI JI0 U TOCJIE TePexoa, MoaydnM: vy sin 01 = vg sin 8. Ca3b ke
MEXKy v1 U U2 JAETCSI 3aKOHOM COXPAHEHUs SHEPTUU, U B PE3YJIbTATE HAXOIUM

sin 91 _ 2

1+

(U — Ua).

sin 0, muv?

§ 8. IlenTp nHEpHUNI

NMmysibe 3aMKHY TOM MEXaHUYIeCKON CHCTEMBI UMEET Pa3TNIHbIE
3HAYEHUS M0 OTHOIIEHNIO K PA3JUIHBIM (MHEPIMATBLHBIM ) CHCTEMAM
orcyera. Eciu cucrema orcueta K' IBUKeTCss OTHOCUTENHLHO CUCTE-
MB1 oTcdera K co ckopocThio V, TO CKOPOCTH V., M Vg GaCTHIL 110
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OTHOIIIEHWIO K TUM CHCTEMAM CBSI3aHBI COOTHOIIIEHNEM V, = Vi, + V.
[TosTomy cBa3b Mexkay sHadenusvu P u P/ ummynbca B atux cu-
creMax Jgaercd popmyIoi

P =Y m.ve =Y muv, + VY mg,
— a a a

P=P + VY ma. (8.1)

B wactHOCTH, Bcerma CyliecTByeT Takas cuctema orcdera K', B
KOTOPO#i MOJIHBINA MMITYJIbC OOpamaercs B Hysb. [lonoxus B (8.1)
P’ = 0, naiizem, 4TO CKOPOCTH 3TOI CUCTEMbI OTCYETa PABHA

YXma  Xma

Fcan monsbrit nMIyJIbC MEXaAHUYIECKOW CUCTEMBI PABEH HYJIIO, TO
TOBOPSIT, YTO OHA TOKOUTCSI OTHOCUTETBHO COOTBETCTBYIOIIEH CH-
CTEeMBbI OTCYETa. STO ABJIAE€TCA BIIOJTHE €CTECTBEHHBIM O606H_IGHI/I6M
IIOHATUA TTIOKOA OTrILeJIbHOIL/‘I MaTepHaﬂbHOﬁ TOYKMU. COOTBeTCTBeHHO
ckopoctb V, maBaemasi dbopmyioit (8.2), mpuobperaerT CMBICT CKO-
POCTH «JIBUKEHUsI KaK IEOTO» MEXaHUIeCKOW CHCTEMBI C OTJIHY-
HBIM OT HYJIsT UMITyJIbCOM. MBI BUANM, TakKnM 0Opa30M, 9TO 3aKOH
COXPaHeHUs UMITYJIbCa TIO3BOJISIET eCTECTBEHHBIM 00pa3oM chopmy-
JINPOBATH TIOHATULA TTOKOA 1M CKOPOCTU MEXaHUYECKON CUCTEMBI KaK
IIEJIOTO0.

®opmyia (8.2) mOKa3bIBAET, U9TO CBA3b MEXKIY UMIYJbCOM P u
CKOpPOCTHIO V CHUCTEeMBI KaK IEJI0T0 TaKas Ke, Kakas ObLTa Obl MeK-
Oy UMITyJIBCOM U CKOPOCTBIO OJTHON MATEPUAJIbHOW TOYKHU C MACCOU
W = Y ,m,, PaBHOI CyMMe Macc BCeX 9aCTHI[ B CACTeME. DTO 06-
CTOSATEIHCTBO MOKHO COPMYJIMPOBATH KaK yTBEpKIeHnEe 00 addu-
MUBHOCTIU MACCHL.

V _ P _ ZmaVa (82)

[Tpasast wactb dopmysb (8.2) MoxkeT ObITH TpeACTaBIEHA KAK
MOJTHAS. TPOM3BOHASA 110 BPEMEHH OT BBbIPAYKEHUS
R = Xlere. (8.3)
> Ma
MozKHO cKa3aTh, 9TO CKOPOCTh CHCTEMBI KaK IEJIOT0 €CTh CKOPOCTh
nepeMeIeHns B IPOCTPAHCTBE TOYKH, PaJlyC-BEKTOP KOTOPOil Ja-
erca dopmyioii (8.3). Takyio TOUKY HA3BIBAIOT UEHMPOM UHEPUUL
CHUCTEMBI.
3aKoH COXpaHEeHWNsT NMITYJIhCa 3aMKHYTOI CHCTEMBI MOYKHO C(HOP-
MyJINPOBATh KaK yTBEP’KIEHUE O TOM, 9TO €€ IEeHTD WHEePIUU JIBW-
JKeTCsl TPSMOJIMHETHO 1 paBHOMEPHO. B Takom Bujie 3T0 ecTh 0000-
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[IeHVe 3aKOHa WHEPIINW, KOTOPHIH ObLI BhIBeIEH B § 3 HjIst OmgHOM
CBODOIHOM MaTepHaJIbHOW TOYKM, «IEHTP WHEPIIUU» KOTOPOI COB-
najaeT ¢ Heit caMoii.

IIpn m3ydeHUN MeXaHUIECKUX CBONCTB 3aMKHYTON CUCTEMBI
€CTECTBEHHO MOJIb30BAThCA TOW CHUCTEMOI OTCUeTa, B KOTOPOU ee
IIEHTD UHEPIUN TTOKOUTCS. TeM caMbIM UCKJIIOYAETCT U3 PACCMOTpe-
HUS paBHOMEpPHOe U IIPAMOJIMHEHOe [IBU2KEeHWE CUCTEMBI KakK
LIeJIOTO.

DHEPTUIO TTOKOAIIEHCS KaK I1eJI0€ MEXaHNIECKOW CUCTEMBI OOBIU-
HO Ha3BIBAIOT ee shympennet snepaueti Fyy. Ona Baodaer B ceds
KMHETNYECKYI0 SHEPTUIO OTHOCUTEJTBHOTO IBUXKEHWs YacCTUIl B CU-
cTeMe U TIOTEHINAJIBLHYIO SHEPTHUIO uX B3auMogelicTus. [lomHas ke
SHEPTUS CUCTEMBI, IBUKYIIENHC KaK IIEJ0e CO CKOPOCThIO V', MOXKeT
OBITH TTpEICTAaBIEHA B BUJIE

Xorsa sTa hopMyaa JOBOJBHO OYEBUIHA, JAJMM €€ TPSIMOI BBIBOI.
Oueprun E n E' MexaHW4decKoii CHCTeMBI B IByX CHCTeMaxX OTCYeTa
K u K' cBg3aHbBI COOTHOIIIEHTEM

1 1
E=3Y mavz+U =5y ma(vi+ V)’ +U =

_ HVZ / maU,’J,Z
= T—i—VZmava—l—ZT—i—U
nJjnm ¢ ¢
2
E=FE + VP + 14 (8.5)

DToit hopMmyJI0ii OIIpeIesIsieTCsi 3aKOH 11Peodpa3oBaHus SHEPIUU TPU
nepexosie OT OJHOM CHCTeMBI OTcueTa K JPYroif, MoJo6HO TOMY KaK
TSt IMITYJThCA ITOT 3aKOH gaercs popmyioii (8.1). Eciu B cucreme
K' nentp muepmun nokoutcd, To P = 0, E' = Egy, u MBI Bo3Bpa-
mraemcst K dpopmyie (8.4).

agaua

Haiitu 3akon npeobpa3oBanus aeficTBUS MPU NEPexXoAe OT OAHON WHEepIu-
aJIbHOM cuCTEMBbI OTCYETa K JAPYTOi.

Pemenue ODyukmua Jlarpamxka, paBHasg pa3HOCTH KUHETUYECKON U 110-
TEHIMAJbHOW YHEPruil, OYEeBUIHO, MPeodpasyercsi corjacHo opmyJie, aHaJO-
ruaroi (8.5):

L=L+VP + %uv?
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Murerpupyst 970 paBEHCTBO 10 BPEMEHU, HaIEM NCKOMBIH 3aKOH MPeodbpa3oBa-
HUSA nefcTBUA:

S=58+uVR' + %w%,

rme R’ — paamyc-BexTop meHTpa mHepnun B cucteme K'.

§ 9. MomeHT UMIIyJabCa

[TepeiimemM K BBIBOY 3aKOHA COXPAHEHUs, BOSHUKHOBEHNE KOTO-
pPOTO CBSI3aHO C U30MPONUEL NPOCMPAHCMEAQ.

DTa M30TPOTNs 03HAYAELT, YTO MEXaHWUIECKNe CBONCTBA 3aMKHY-
TOM CUCTEMBI HE MEHAIOTCS npu JIIO6OM TTOBOPOTE CUCTEMBI KaK IIe-
JIOTO B IPOCTPAHCTBE. B COOTBETCTBUU C 9THM PACCMOTPUM OGECKO-
HEYHO MAJIbIl IIOBOPOT CHCTEMBI M IMOTpebyeM, 4TOObI ee (DYHKITISI
Jlarpam:ka mpu 9TOM He U3MEHUJIACH.

Bsemem BekTOp 0@ GECKOHEYHO MAJIOrO IIOBOPOTA, abCOTIOTHAS
BeJINYMHA KOTOPOr0 paBHA yIiIy O MOBOpPOTA, & HAIPABJIEHWE COB-
najiaeT ¢ 0Chl0 MOBOPOTA (MIPUYEM TaK, 9TO HANPABJIEHUE TIOBOPOTA
OTBE€YAET MPAaBUJIy BUHTA MO OTHOMIEHUIO K HAITPaBJIEHUIO 6([))

Haiinem, npexkie Bcero, 4emy paBHO IPU TAKOM MOBOPOTE TIPU-
paleHne pajuyc-BeKTOpPa, IMPOBEIEHHOrO U3 OOIEero Hadaja Koop-
JquHAT (PACTIOIOKEHHOTO Ha OCH BPAIIEHNsT ) K Ka-
KOM-IMO0 M3 MaTephuaJbHBIX TOYEK MMOBOPAUMBA-
eMoii cucrembl. JIuHelHOE mepeMeleHre KOHIA d¢ or
paanyc-BeKTOPa CBA3aHO C YIJIOM COOTHOIIEHUEM

Adp

|or| = rsin® - 0@

(puc. 5). HanpaBiieHnue e BeKTOpa MEPIIEH/UKY-
JIIPHO K IUIOCKOCTH, TPOXOJIAIIEH depe3 T U 0 @.
ITosromy siCHO, 9TO

or = [6¢@ - r]. (9.1) o
ITpu TOBOPOTE CHCTEMBI MEHSIETCsl HAlPABJICHIEe
He TOJIbKO PaINyC-BeKTOPOB, HO U CKOPOCTEl BCexX
YaCTHI[, IPAYEM BCe BEKTODBI IPe0OPa3yIoTCs 10 OJUHAKOBOMY 3a-
koHy. [109TOMy IpHpAaIeHIe CKOPOCTH OTHOCHTEIBHO HEMOABUKHOMN
CHUCTeMbI KOODUHAT

Puc. 5

v =[d@ - v]. (9.2)
[ToacTtaBuB 3T BhIpaYkeHUsI B yCIOBUE HEM3MEHSIEMOCTH (PyHK-
nuu Jlarpanrka npu moBOpoTe

B oL oL B
SL=Y" (8—1'aéra 4 méva) =0
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" 3aMeHWB mpon3BoaHble 0L /0v, = pa, OL/0r, = Pg, TOIyInM

Z(pa[é(p . ra] + pa[é(p . VaD = 05

a
i, Tponu3BOAA MUKJINYIECKYIO MEPECTAHOBKY MHOXKHUTeJIEN U BBIHO-

cd 6([) 3a 3HaK CYMMBbI, UM€eM

5@ Y ([FaPa] + [VapPal) = 80 43" [r4pa] = 0.

a
BBI/I,I];y IIPOU3BOJIBHOCTHA 6({) OTCIOJa CﬂeﬂyeT, qTo
d
dt [rapa} =0,

a
T.e. MBI IPUXOJNM K BBIBOJLY, YTO TIPU JBUKEHUN 3aMKHYTOU CHUCTe-

MBI COXpaHsgeTCs BeKTOpHas BeJUIHHA
M =) [rapal, (9.3)
a

Ha3bIBAEMAA MOMEHMOM UMNYALCG (MM TPOCTO MOMEHMOM) CU-
crembl ). AJIMTUBHOCTD 3TO BEIMYMHBI OYEBUIHA, IIPUYEM, KaK U
Y UMIIYJbCA, OHA HE 3aBUCUT OT HAJUYUNA UJIU OTCYTCTBUS B3aUMO-
JefiCTBUA MeXKAY YacTUIIAMMU.

ODTUM UCYEPIBIBAIOTCS aIUTUBHBIE WHTErPaJIbl IABUKeHus . Ta-
KM 00pa3oM, BCIKasd 3aMKHYTasd CUCTEMa MMeeT BCero CEMb TaKUX
UHTEerpaJsioB: 3HEPrusd U II0 TPU KOMIIOHEHTHI BEKTOPOB UMITYJIbCA U
MOMEHTA.

IlockonbKy B ompeesieHHEe MOMEHTa BXOOAT PaUlyC-BEKTOPBI
YaCTUIl, TO €ro 3HadeHne, BOOOIIe rOBOPs, 3aBUCUT OT BbIOOpa Ha-
9ajia KOOpAWHAT. Pajnyc-BeKTOPHI Ty U T, OJHON W TON Ke TOYKM
O OTHOINEHUWIO K HadajJaM KOOPJIWHAT, CMEIeHHBIM Ha BEKTOp a,
CBSI3aHBI COOTHOIIEHNEM T, = r) + a. [losromy nmeem

M = [rps] = ) [rhpa] + [aEpa],

M =M’ + [aP]. (9.4)
N3 310i#t hopMyIbl BUIHO, 9TO TOJBKO B TOM CJIydae, KOrJa CUCTEMA,
Kak 1esioe mokourcs (T.e. P = 0), ee MOMEHT He 3aBUCUT OT BBIOODA
Havyaja KoopamHaT. Ha 3akoHe coxXpaHeHUss MOMEHTa 3Ta Heolpe-
JEeJIEHHOCTD €T0 3HAUYEHUd, PA3yMeeTcd, He CKA3bIBAETCs, TaK KaK y
3aMKHYTOH CHCTEMBI UMITYJIbC TOYXKE COXPAHAETCH.

N

1 o o
) yHOTpe6JIHeTCﬂ TAK2K€ HA3BAHUA 6PAULAMENADHOIU MOMEHIM UJIU Y2A080U
MOMEHM.
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Brisegem Takike (HOpMyILy, CBS3BIBAIOIIYIO 3HAUEHWS] MOMEHTA
UMITyJIbCa B JIBYX PA3JIMYHBIX WHEPIMAIBHBIX CHCTeMax oTcuera K
u K', u3 KOTOpBIX BTOpasi JABUZKETCS OTHOCUTEBHO IIEPBOI CO CKO-
pocthio V. ByneMm cunTtaTh, 9TO HavaJa KOOpPAUHAT B cucreMax K u
K' B nanHbIi MOMEHT BpeMeHHU cOBHAAAIOT. Torga paamyc-BeKTOpbI
JaCTHIL B 00€NX CHCTeMaX OJUHAKOBBI, CKOPOCTH K€ CBA3aHBI BBIPa-
xkenueM v, = v, + V. Tlostomy nmeem

M = > ma[rava] = Y maravh] + 3 mafr. V]
a a a

[TepBasi cyMMa B IpaBOi 9acTH paBeHCTBa ecTh MoMeHT M’ B cucre-
me K'; BBeZish BO BTOPYIO CyMMY DaJUyCc-BEKTOD LEHTDA WHEPIUH,
corsacuo (8.3), momyIaem

M =M+ u[RV]. (9.5)
Ota dopMyIa ompemesaeT 3aKOH IPeoOPa30BAHUA MOMEHTA IMITYJIBCA
IIPH IIepexofie OT OJHOU CHCTeMBI OTCUeTa K JIPYTOi, MOJOOHO TOMY,
KaK JIJI UMITyJIbCa U SHEPIUU aHAJOTMYHBIE 3aKOHBI JaloTcda (hop-
mynamu (8.1) u (8.5).

Ecsm cucrema orcaera K/ ecth Ta, B KOTOPOIT JaHHAS MEXAHIIEC
Kasl CUCTeMa IIOKOUTCsI KaK I1eJ1oe, TO V eCTh CKOPOCTb LIEHTPA UHEP-
uuu nocsieanedi, a pV — ee nosubiii umnyasc P (orrocuresnsho K).

Torma

M =M + [RP]. (9.6)

Jpyrumu cmoBamu, MOMEHT WMITyJIbca M MexaHWYecKoi CHCTeMbl
CKJIQ/IBIBAETCS U3 €e «COOCTBEHHOI'O MOMEHTa» OTHOCHTEIHHO CH-
CTeMBbI OTCUETa, B KOTOPOil oHa TokouTcsi, n MmomenTa [RP], ceazan-
HOT'O C €€ ABUXKEHNEM Kak IIeJIoro.

XoTs 3aKOH COXpaHEHUsI BCEX TPEX KOMIIOHEHT MOMEHTa (OTHO-
CUTEJIBHO ITPOM3BOIBHOTO HAYAJA KOODIMHAT) UMEET MECTO TOJBKO
JLI 3AMKHYTOI CHCTeMbl, B O0Jiee OrPAaHUYE€HHOM BUJIE 3TOT 3aKOH
MOZKeT IMeTh MECTO U JJId CUCTEM, HAXOAAIINXCA BO BHEIITHEM IIOJIE.
3 nmpuBe1eHHOTO BBIIIE BBIBO/IA OUYE€BUIHO, ITO BCETA COXPAHAETCS
IPOEKIIUA MOMEHTa Ha TaKyI OCb, OTHOCUTEJIbHO KOTOPOI JaHHOe
IoJie CMMMETPUYHO, U ITIOTOMY MeXaHUYeCKue CBOUCTBa CUCTEMBI He
MEHAIOTCS TP JIF0OOM TOBOPOTE BOKPYT 3TOI OCH; IPU 3TOM, KOHEU-
HO, MOMEHT JOJI?KeH OBbITh OIpeJieJieH OTHOCUTEHHO KaKOW-HUOYIb
TOUKY (HaYaJa KOODIWHAT), JIeXKaIleil Ha 9TON XKe OCH.

Hawunbosiee BaKHBIM CIydaeM TaKOr'O POJia SABJISIETCS TOJIE C IeH-
TPaJIbHOU CHMMeETpHUeH, T.e. IIoJIe, B KOTOPOM HNOTeHIUAJIbHAA dHEP-
s 3aBUCUT TOJIBKO OT PACCTOAHUSA JO HEKOTOPOUW OmnpelieeHHON
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Touku (1meHTpa) B npocrpancTse. OYeBUIHO, YTO MPH JBUXKEHUU B
TAKOM TI0JIE COXPAHSIETCS MPOEKIINsT MOMEHTa Ha JIFOOYI0 OCh, MPO-
XOJIAMIY 0 depe3 1meHTp. JIpyrumu cioBamu, coxpansiercss BeKTop M
MOMEHTa, HO OIIPEIeIEHHOTO He OTHOCUTETLHO ITPOU3BOIBHON TOUKM
IIPOCTPAHCTBA, & OTHOCUTEIbHO IEHTPA TIOJIs.

Jlpyroit mpuMep: OZHOPOIHOE TIOJIE BJIOJb OCU Z, B KOTOPOM CO-
XpaHsieTcs mpoekmus M, MoMeHTa, MpuYeM HadaJI0 KOOPAUHAT MO-
KeT OBITh BRIOPAHO TTPOU3BOJIHLHBIM 00PA30M.

OTmeruM, 9TO MPOEKINs MOMEHTa Ha KaKyo-Jub0 OCh (Ha30-
BeM ee z) MOXeT ObITh HaiizeHa muddepenmmpoBarnem GyHKIN
Jlarpamxa o dhopmyte

, (9.7)

rIe KOOpAMHATa (P eCTh yrojl TMOBOPOTa BOKPYT OCH 2. DTO SICHO
y2Ke U3 XapaKTepa M3J0KEHHOTO BBIIE BHIBOJIA 3aKOHA COXPAHEHUH
MOMEHTA, HO B TOM K€ MOXKHO YOEJIUThCA U TTPIMBIM BBIYUCIECHAEM.
B muimHaprndecknx KoOpAMHATAX T, @, z UMeeM (MOACTABIIAS Tq =

=TqCOS Qq, Yq = TqSin (pa):
M, = Zma(acaya — Yalq) = Zmargcba. (9.8)
a a

C mpyroit croponsl, pyHKINA Jlarpanka B 3TUX MMEPEMEHHBIX TMEET
BUJL

_1 ) 2.2 | .2
L= EZmG(TG—i_Ta(pa_i_za) -U
a

u ee mojcTraHoBKa B (opMyity (9.7) IpEBOAUT K TOMY K€ BBIpaKe-
uuio (9.8).

3agaumn

1. HaiiTu BbIpazkeHus [Jis J€KaPTOBBIX KOMIOHEHT U aBGCOMIOTHON BeIUdH-
HBI MOMEHTa UMITYJIbCa YaCTUIIH B MIJIMHIPUYECKUX KOOPAWHATAX T, @, 2.

OrBer:

M, = msin @(rz — 2) — mrz@ cos @,

M, = mcos @(z1 — %) — mrz@ sin @,

2 -
M, =mr°o,
2 2.2.2, 2 2 2, 12

M =m"r ¢°(r" +2°) + m°(rz — zr)".
2. To ke B cepuyecknx KoopamHaTax 1,0, @.
OrBerT:

2,4 .
M, = —mr~(0sin @ + ¢ sin 6 cos 0 cos @),

M, = mr2(é cos @ — @ sin B cos O sin @),
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M, = mr’sin®0 - ¢,
M?* = m?r*(6% 4+ sin® 0 - ¢2).

3. Kakne kommnonenTsl ummnyinbca P u momenra M coxpaHsioTcsi Ipu ABU-
JKEHUU B CJIEIYIONINX TOJISX:

a) noJie 6eCKOHEYHON OJHOPOIHON IJIOCKOCTH.

Orser: P, P, M, (6eckoneqHASA TLIIOCKOCTH — MJIOCKOCTD TY).

6) IMTone GecKOHEUHOTO OAHOPOIHOTO IUIWHIDA.

OrseT: M, P, (ocb nmnmmEIpa — OCB 2).

B) [Tone GeckoHETHOW OAHOPOIHON TTPU3MBI.

OrBertr: P, (pebpa npu3mbl HapajjeibHbl OCH Z).

r) Ilone nByx TOUEK.

OTBeT M, (TOuKN HAXOAATCA HA OCH Z2).

1) IMosne 6eckoHEUHON OMHOPOAHOM TOIYTLIIOCKOCTH.

O rBeT: P, (6eckoHEUHAs TOMYMJIOCKOCTh — YACTh IJIOCKOCTH TY, OrPa-
HUYEHHAA OChIO ).

e) TTone omHOpPOAHOTO KOHYCA.

OrBer M, (ocb KOHYCA — OCb 2).

) Ilose OMHOPOAHOTO KPYTOBOTO TOPA.

Oreer M, (och TOpa — OCBb 2).

3) Tlosie 6ecKOHEYHON OMHOPOMHON IUIUHAPUYECKONW BUHTOBON JIMHUM.

P emenwne O@Dynkuusa Jlarpanrka He MeHsIETCsI IPU TOBOPOTE BOKPYT OCH
BuHTA (OCh 2) HA yroJ 8¢ W OZHOBPEMEHHOM MEPEHOCE BAOJIb 3TON OCHM Ha pac-

crosuue o 8¢ ( h — mar BunTa). [TosTomy

oL oL - h .
8L =—3 200 = (P~ + M, |dp =0,
0z 2t 1oJ0) @ < 27 + > ¢ =0

OTKYy/1a

h
M, + — P, = const.
27

§ 10. Mexaan4eckoe momodme

Yuuoxenne ¢yukmun Jlarpanxka Ha J11000# TOCTOAHHBIA MHO-
JKUTEb OYE€BUIHBIM 00pa30M HE MEHsieT YPpaBHEHUN JBUKEHUSI. DTO
00CTOATETHLCTBO (OTMEUYEHHOE Y3Ke B § 2) JaeT BO3MOKHOCTH B PSJIE
BaXXHBIX CJIYyY9a€B CIAEJIaTh HEKOTOPHIE CYIIIECTBEHHBIE 3aKJJIIOYEHUA O
CBOMCTBAaX JIBUZKEHNS, HE IPOU3BO/AdA KOHKPETHOI'O NHTEIPUPOBAHUA
YPAaBHEHUI NBUKCHUS.

Croma oTHOCATCS CIydaun, KOrJa MOTEeHINAIbHAS SHEPTUs SABJIs-
eTcs OTHOPOIHOI (PYyHKINEH KOOPAUHAT, T.e. PYHKIINEH, yI0BIeTBO-
pAOIIeil yCIOBUIO

k
U(ary, ary,...,oar,) = «"U(ry,ro,...,Ty), (10.1)
rge oo — mgrobad TMOCTOSAHHAdA, & YUCIO K — CTeNeHb OJHOPOIHOCTH
dyHKIIN.
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ITpomseenem mpeobpasoBanue, TPU KOTOPOM HAPAILY C M3MEHe-
HUEM BCEX KOODIWHAT B X Pa3 OJHOBPEMEHHO m3MeHsiercst (B [3 pas)
BpEMSI:

r, = ary, t— pt.

Bce ckopoctu v, = dr,/dt uamenstorcs mpu 3ToM B &/ pas, a
KIUHeTHYecKas SHeprus — B &2/ B2 pas. ToTeHIMAaIbHAS YKe SHEPTHsT
yMHOMKaeTcst Ha of. Ecm cBsi3aTh & 1  yciIoBHeM

2
[0 8 _
E =ak, 1e Pp=al k/2
ﬁz ’ )

TO B pe3yJbTaTe TaKOro mpeobpa3oBanus ¢yHKIusa Jlarpanxa ie-
JIUKOM YMHOXKUTCH Ha MOCTOSHHBI MHOXKUTEb ock, T.e. YpaBHEHUS
JBUKEHNS OCTAHYTCS HEUM3MEHHBIMU.

N3menenne Bcex KOODAMHAT YACTUI[ B OJWHAKOBOE HYHUCJIO Pa3
O3HaYaeT Mepexo/l OT OJHUX TPAEKTOPUH K JIPYyTIUM, reOMEeTPUIECKU
MOMOOHBIM TIEPBBIM U OTJINYAIONINMCST OT HUX JIMIIH CBOUMU JIMHET-
HBIMI pa3Mmepamu. Takum o0pa30oM, MBI TPUXOANM K 3aKJIOYEHUIO,
9TO €CJIU MOTEeHINAJbHAS JHEPIUS CUCTEMBI IBJISETCI OTHOPOMTHON
dbynkumeii k-it crenenn or koopauHaT (J€KaPTOBBIX), TO ypaBHEHUSs
JBVKEHUS JOMYyCKAIOT TEOMETPUIECKH TTOJ00HBIE TPACKTOPUH, TIPH-
9YeM BCe BPEMEHa JBUZKEeHUs (MeXKJy COOTBETCTBEHHBIMU TOYKAMMU
TPaeKTOpHii) OTHOCATCS, KaK

(o) 0

rae I'/l — oTHOMmIEHME JMHEHHBIX Pa3MEpPOB JIByX TPAEKTOPHIA.
BmecTe ¢ BpemMeHaMu ONpeJie/IeHHbIMU CTeneHsMu oTHomernst /]
SIBJSIOTCS TaKyKe 3HAYEHUs JIIOOBIX MEXaHWYEeCKUX BEJUYUH B CO-
OTBETCTBEHHBIX TOYKAX TPAEKTOPWIl B COOTBETCTBEHHBIE MOMEHTHI
Bpemenn. Tak, Jjist CKOPOCTE(l, SHEPIUM U MOMEHTa MMeeM

o B I k/2 E B Ik k M B I 1+k/2
=@ 520 w0y

[TpuBeseM it MILIIOCTPAIUE HECKOJIBKO IIPHMEDPOB.

Kak Mbl yBuguM Jjajee, B Caydae TaK HA3bIBAEMbIX MaJIbIX KOJIE-
OaHMit TOTEeHIINAIbHAS JHEPTUS ABIAETCA KBAIPATUIHON PyHKIIMEH
koopamHar (k = 2). U3 (10.2) maxomnm, 910 mepuof Takux Kojeba-
HUI HE 3aBUCHUT OT WX AMILIUTY/IbL.

B onHOpOAHOM CHIOBOM IIOJI€ IOTEHI[MAIbHAS SHEPIUs — JINHEH-
Has dbyHKIusa KoopauHat (cM. (5.8)), T.e. k= 1. 13 (10.2) umeem

t 3

t 1



§ 10 MEXAHUYECKOE ITOJOBUE 37

Orcrona criemyer, HATpUMep, 9ITO TP TIAJEHNN B TIOJIe TSXKECTH KBA/I-
paThl BpEMEH TaJEHUA TEJI OTHOCATCA, KaK UX Ha4daJIbHBIE€ BBICOTHI.
[Tpr HBEIOTOHOBCKOM TPUTSKEHUU JIBYX MacC UJIH KYJOHOBCKOM
B3aMMOJEHCTBUN ABYX 3apsJ/IOB TOTEHIINAJbHAS SHEPTUT OOPATHO
MPOTIOPITUOHATBHA PACCTOTHUAIO MEXKIY YACTUIAMU, T.€. ABJIAETCS
OJTHOPOJIHOM (byHKIMel cTenern k = —1. B aTtux cinyvaax

+ I 3/2

= (1)
U MBI MOYKEM yTBEPIKIATh, HAIPUMED, 9TO KBaJAPaThl BPEMEH 00-
parenusi Mo opouTaM IPOMOPIMOHAILHBI KyDaM X pa3mMepos (Tak
Ha3bIBaeMbIil mpemut 3axon Kenaepa).

EC.TH/I JABU2KEHNE CHUCTEMBDI, IIOTEHI[NaJIbHad SHEPIrud KOTOpOfI AB-
JITeTCsl OTHOPOMHON (DYHKIMEH KOOPAWHAT, MPOUCXOIUT B OIDAHU-
JeHHO 00JacTH IPOCTPAHCTBA, TO CYIIECTBYET BeCbMa IIPOCTOE
COOTHOIIIEHNE MeXKYy CPEIJHUMU 110 BPEMEHU 3HAYEHUAMU KUHETU-
JeCcKOo 1 HOTeHHHaJIbHOﬁ QHEPIUU; 3TO COOTHOIIIEHNE U3BECTHO IIO
Ha3BaHUEM GUp'LLa./Lb'H,Oﬁ meopemalt.

HOCKO.HI)Ky KHNHETUYIECKaA dHEePrud T ABJIAETCA KBaﬂpaTHqHOf/‘I
dyHKIMEN CKOpocTeil, To o Teopeme Ditaepa 06 OJTHOPOIHBIX DYHK-
UAX

oT
v,

vy = 2T,

a

um, BBOAs uMIyabebl 0T /OV, = Pg, TOTydaem

2T = Zpava = %(Zpara) — Zrapa. (10.4)
a a a

Yepeaanum 310 paeHCTBO 10 Bpemenn. CpeHuM 3HAYeHHeM Ka-
KO¥i-m60 yHkmu Bpemenn f(t) Ha3bIBaeTCS BEJIMIMHA

T
- . 1
F=tm i [ioa
0

Jlerko Buzers, uro ecnn f(t) ABisieTcs MPOU3BOTHON 110 BPEMEHH
f(t) = dF(t)/dt or orpanmuenHoit (T.e. He IPUHUMAIOIIEH GECKOHEY-
HBIX 3HadeHnit) Gynkunn F(t), To ee cpemnee 3HadeHne obpamaercs
B HyJib. JlelicTBUTEIBHO,

T

7= lim l/d_th: lim PO =F0) _
T—00 T dt T—00 T
0
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ITpeanonaoKumM, 9TO CHCTEMa COBEPINAeT JIBUYKEHNe B KOHEIHOI
06J1aCTH TIPOCTPAHCTBA W CO CKOPOCTSIMW, HE OOPAIIAIONIMUCT B
GeckorewHocTh. Torma BenwdawHA Y ryP, OTPAHWYEHA, W CPEIHEe
3HAYEHNe IepPBOro 4jaeHa B npasoil dactu paserctsa (10.4) obpa-
maeTcs B HyJ1b. BO BTOPOM 2Ke 3aMeHSEM Pg, COIVIACHO yPABHEHMAM
Heiorona, na —0U/0r, u nony4daem ')

= ou
2T:Zraa—ra. (10.5)

Ecnm norennmaibaas sHEPTUs ABJISIETCA OAHOPOTHON dyHKIMeH k-t
CTEIeHU OT BCEX PaJUyC-BEKTOPOB I'y, TO, COIJIACHO Teopeme Jiijie-
pa, paserctso (10.5) mepexoauT B HCKOMOE COOTHOIIEHUE
2T = kU. (10.6)
[Mockonbky T+ U = E = E, coornomenue (10.6) mMoxxHO mpe-
CTaBUTH B 9KBUBAJEHTHBIX (hopMax
= 2 =k
U=--""_FE, T=_—F 10.7
E+27 E+277 ( )
BhIpaxkatomux U u T depes MOJHYIO SHEPTUIO CUCTEMBI.
B wacrrocTn, g manbix kosmebanuii (k = 2) umeem

T-T,
T.. CpeJHUE 3HAYEeHWd KWUHETUYECKOU W MOTEHIUAJILHOU 3JHEPrui
coBnagaror. /s HBIOTOHOBCKOrO B3amMmozeiicteus (k = —1)
2T = -U.
IIpu stom E = —T B COOTBETCTBUE C TeM, UTO IIPH TAKOM B3aH-

MOEICTBUN JIBUKEHNE MPOUCXOIUT B KOHEYHOM 001aCTH TPOCTPAH-
CTBa JINIIb TIPU OTPUIATEIBHON mOMHOM sHeprun (cm. § 15).

3agaumn

1. Kak oTHOCATCA BpeMeHa JBUKEHU 110 OJUHAKOBLIM TPAEKTOPUAM TOYEK
C Pa3IUYHBLIMU MaCcCaMU TIPU OJAWHAKOBOI TOTEHIWAIbHON 3HEpTrun?
OTrserT: Y ;
m

t m

2. Kak n3mensmorcs BpeMEHa ABUXKEHUA 1O OAUHAKOBBIM TPACKTOPUAM IIPU
N3MEHEHUN HOTeHHI/IaJII)HOﬁ JHEPruu Ha MOCTOAHHBII MHOXKUTEJIL?

Orsem: t'_\/ﬁ
t VU

1 .
) Boipaxkenue B npasoii acru pasencrsa (10.5) HHONIA HA3BIBAIOT BUPUG-
AOM CUCTEMBI.




FTABA 1II

NHTETPUPOBAHNE YPABHEHUM JIBNKEHU S

§ 11. OgaOMepHOE ABUMXKEHWE

O0dromepHviM HASHIBAIOT JBUKEHIE CUCTEMBI C OJHON CTEIICHBIO
cBoboawl. Hambosee obmnmit Bu larpan»kKeBoit (pyHKIMM TaKOi Cu-
CTEMBI, HaXO,[LHH_IGI‘/JICH B ITIOCTOAHHBIX BHEIIHUX YCJ'IOBI/IHX, eCThb

1 .
L= 3 a(@)d* - Ula), (11.1)
rae a(q) — Hekoropas (yHkums 0000meHHON KoOpauHaTHL ¢. B
YACTHOCTH, €CJTM ¢ €CTh JIEKAPTOBa KOOpJAMHATA (HA30BEM €€ T ), TO
.2
L= % —U(z). (11.2)

CooTBeTCTBYIOIITE ITUM JIATPAHKEBBIM (DYHKINSM yDaBHEHUA
JIBUZKEHUsS] WHTErPUPYIOTCA B obmieM Buze. Ilpm sTOoM HeT gaxke
HeOOXOMMOCTH BBIUCHIBATH CAMO YPABHEHIE ABUKEHNUS, & CIeyeT
HCXOIUTH CPa3y W3 ero [MepBOro MHTErpajia — ypaBHEHHsI, BEIparka-
IOIET0 3aKOH coXpaHeHus sHepruu. Tak, nasa dbyuxmun Jlarpanka
(11.2) umeem

-2
=+ U(z) = B
910 ecTh auddepeHnnaIbHOe YpaBHEHNE TIEPBOTO TOPSIIKA, UHTE-
TpUPYIOIIeecd MyTeM pa3jeieHnsd MepeMeHHbIX. VMeeMm

de 2 _
% \m [E—Ul(z)],
OTKY/Ia

_/m dz
t = \/;/ ﬁ + const. (113)

POJIB JABYX MPOU3BOJIBHBIX TTOCTOAHHBIX B PEIIEHUN YPaBHEHUA
ABUKEHUA UTPDAOT 34€Ch IIOJIHAd SHEPTrud En IIOCTOAHHAA HWHTE-
rpupoBaHuda const.
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TToCKOIbKY KWHETHYECKasi SHEPTUsl — BEJWYNHA CyIIEeCTBEHHO
MOJIOKUTETRHAS, TO TIPW JIBUKEHUY TIOJTHAS SHEPTUS BCeraa 60IbIe
[OTEHIUAIBHOM, T.e. IBUXKEHHE MOXKET IIPOUCXOJUTH TOJIHKO B TEX
obmactax mpocrpancTsa, rae U(z) < E.

[TycTs, nanpumep, 3aBucumoctb U () mmMeer Bui, M300paskeH-
BT Ha puc. 6. [IpoBegs ma 3Tom ke TpadrKe TOPU3OHTAIBHYIO
NPAMYI0, COOTBETCTBYIONLYIO 3aJaHHOMY 3HAYEHMIO IOJHON 3IHep-
'K, MbI CPa3y 7K€ BBICHUM BO3MOXKHBIE 00JIACTH JBUKEHHdA. Tak
B N300parkeHHOM Ha pHC. 6 cIydae IBUYKEHHE MOXKET IMPOUCXOIUTH
sk B obsractu AB nnn B obnactu cupasa or C.

Touku, B KOTOPHIX MOTEHINAIbLHAS SHEPTUA PaBHA MOJJIHOMN

U(z) =E, (11.4)
OTIPEIEJIAIOT TPAHUIIBT ABWKeHNsA. OHN ABIAIOTCA MOYKAMU OCMG-
U HO6KU, IIOCKOJIbBKY B HUX CKOPOCTH

obpamaerca B Hyab. Ecim obmacts
NBUKEHUsT OTpPaHWYeHa BYMsS Ta-
KAMU TOYKaAMU, TO JIBUKEHUE TPOUC-
XOIUT B OrpaHWYEHHOW objacTu
MPOCTPAHCTBA; OHO HABJIAETCS, KaK
rOBOPAT, urumusim. Ecim ke 06-
JIACTH JBUYKEHUS He OrpaHuYeHa UIn
OorpaHUYeHa JIUIIb C OIHON CTOPO-
HBI, — JIBUXKEHUE UHPUHUMHO, TACTUIA YXOIUT Ha OECKOHETHOCTD.

OpromepHOe (PUHUTHOE NBUKEHNE SBJISETCS KOIebATeThHBIM —
JacTHUIA COBEPIIAET TIEPUOAUUECKN TIOBTOPSIOIIEECT IBUYKEHTE
MeXKJy JAByMs rpanunavu (Ha puc. 6 B nomenyuaavhot ame AB
MeXKJy TOYKaMH X1 W X2). IIpm 3TOM coryiacHO obmmemy CBOHCTBY
obparumoctu (c. 19) Bpems ABMIKEHUST OT T1 JI0 T2 PABHO BPEMEHU
00paTHOTO JABWKEHUS OT X2 M0 1. llodTomy mepnoa komebanms T,
T.e. BpeMsi, 32 KOTOPO€e TOYKa MPOHIeT OT 1 JI0 X2 W 0OpaTHO, pa-
BEeH yJIBOEHHOMY BPEMEHU TPOXOXKIEHWS OTPEe3Ka T1X2 WU COTJIAC-
Ho (11.3)

Puc. 6

z2(E)
. dx
T(E) = V2m / it (11.5)
z1(E)

npUYeM NpeJesibl L1 U L9 ABJISIOTCA KOpHaMu ypaBraerus (11.4) npu
nmanHOM 3HaveHnn E. Dra dopmysia onpejesisier mepuol IBUKEHIS
B 3aBUCHUMOCTHU OT TIOJIHOW SHEPIUU YACTUIII.
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agaumn

1. OnpenesnuTs mepuos KojaebaHusd IJIOCKOIO MAaTEMATHYECKOIO MaATHHUKA
(Touka m Ha KOHIE HWTW IJIMHOW | B TOJNE TAXKECTW) B 3aBUCHMOCTH OT WX
AMITUTYIBI.

Pemewnue DHeprus masgTHUKA

5o le(bQ

— mgl cos ¢ = —mgl cos @o,

rae @ — yroj OTKJIOHEHWUsl HUTU OT BEPTHKAJIN; (P — MAKCUMAJBbHBINA YyTOJ OT-
KJIOHeHUs. Brlumcigas mepuos Kak ydeTBEePEHHOE BPeMs IPOXOXKIEHUS HHTEP-
BaJla YIJIOB OT HYJIS JI0 (0, HAXOIUM

i p l ©o p
:/“:4,/—/—‘p =2 —/ Ll :
2g0 V/€OS @ — €Os Qg go V/sin?(@o/2) — sin?(@/2)

IMoxcranosxkoit sin(@/2)/sin(@o/2) = sin & sroT nHTErpas NIPpUBOAUTCH K BULY

T—4\/gK(sin%>,

rae 7.[/2
K(k) = / __ 4
] 1—k2sin? &

— TaK HA3bIBAEMbIN IOJHBIH JUIMITHYECKOW WHTErpaJ mepBoro pozga. Ilpum
sin(@o/2) & @o/2 < 1 (Manble Kosebanus) pasnoxenue byukuun K (k) naer

l 1,
T =2 —|1 — U
ﬂﬁ@ww )

TlepBbrit 4steH 9TOrO pa3sIOKeHNs OTBEYAET U3BECTHON d1eMeHTapHOl (hopMmyite.
2. OnpenenuTsb mepuos Kojebanuit B 3aBUCUMOCTH OT SHEPTUU IPU JIBUKE-
HHUU YaCTHUIBl MacCChl M B NONAX C NOTEHIHAJIBHON SHEepPrHUeii:
a) U= Alz|".

OrserT:

(B/A)/™

1
1/n—1/2
T —92vam / dx :2\/2mE / dy .
VE — Ax™ At/n Vv1i—y»
0 0

TloxcranoBkoit y” = u MHTErpaJj MPUBOAUTCI K TaK HA3BIBAEMOMY B-UHTErpaJry
Ditsiepa, KOTOPHIil BbIpazkaercs yepe3d [-dyHKumum

2v/2mtm (1 /n) pl/n-1/2
nAY"T(1/n+1/2) '
Basucumocts T ot E coorBercTBYeT 3aKOHY MexaHmaeckoro nomobms (10.2),(10.3).

6)U = *Uo/Chz ax, —Uy < E <O0.
OrserT:
T =71v2m/a\/|E|.

T =

B) U = Uy tg® az.
OrserT:

T = nv/2m/vVE + Us.
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§ 12. Onpeienenne MOTEHIMAIHLHOM IHEPTUY TI0 MIEPUO/TY KoJiebaHmit

PaccmoTpuM Bompoc 0 TOM, B KaKOii CTemeHH MOXKHO BOCCTaHO-
BUTH BUJI IOTEHIMAIBHON 3Heprun U (Z) 1oss, B KOTOPOM YacTHIA
coBepmaeTr KojgebareabpHOe JIBUYKEHUE, M0 U3BECTHON 3aBUCHMOCTHU
nepuoga 3roro asuxkennd T or sneprun E. C maremaTnyeckoii To4-
KM 3DEHUs PEYb MJET O PElIeHUN UHTEerpajbHOro ypasaenus (11.5),
B kortopom U (z) paccmarpusaercs kak Hem3BecTHas, a T'(F) — kak
n3BecTHAs (DYHKIINMN.

ITpu sToM MBI Gy1eM 3apaHee TIPenoaaraTh, 9T0 ncKoMas (PyHK-
mus U(z) umeer B paccMaTpuBaeMoii 06JIaCTH IPOCTPAHCTBA JIUIIb

OJIMH MUHUMYM, OCTaBJIigsl B CTOPOHE

BOITPOC O BO3MOYKHOCTH CYIIECTBOBA-

HUS peNIeHnii MHTerpaJbHOr0 ypaB-

U—F HeHHsd, He YJIOBJIETBOPSIOIMINX ITOMY

ycaoputo. Jlms ymobeTBa BBIOEpEM

HAYaJI0 KOOPIUHAT B IIOJOKEHNN MU-

x HUMYyMa, TIOTEHIAILHON SHEpruu, a

3HaYEeHNe TOoCeJHeit B 3TONW TOUYKe
IOJIOXKUM PaBHBIM HYJIO (puc. 7).

ITpeobpasyem mnarerpan (11.5), paccmarpuBasi B HeM KOOpAWHA-
Ty = Kak pynkumo U. Oyukuns z(U) qBy3HaYHa — KaykJ10€ 3HAUe-
HUe IOTeHINAIbHON SHEPIUH OCYIIECTBIAETCS IIPU ABYX Pa3/IMYHbBIX
suadennsx x. CoorsercrBenno 3romy unTerpaa (11.5), B koropom

Puc. 7

dzx .
MBI 3aMeHdeM dr Ha de , IEPERJIeT B CYMMY JIBYX MHTETIDAJIOB:

orxz=x100x=0muorz=0 10z = xo; OyAeM IuCATh 3aBUCHU-
MOCTh 0T U B 9THX ABYX 00J1aCTsAX co0TBeTCTBeHHO Kak & = 1 (U)
nzx=2x(U).

[Tpemenamu naTerpupoBanunsa mno dU OymyT, odeBumno, F u 0,
TaK YTO TIOJyIaeM

E
T(E)_”Qm/ Ve o VM / iU VE U
0

\/— dzz _%) au
U ) VE U

Pazmennm 06e wacTu 3TOr0 paBeHcTBa Ha v/ x — F, Tae o« — ma-
pamerp, u npouHTerpupyem o F or mysid 10 o
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Va—E dU («— E)(E-U)’

njim, MEHAA IIOPAJOK I/IHTerI/IpOBaHHHI

T = / dU/

x F
T(E)dE \/%// dac2 d:m(U)) dU dE
0

04

V(o — E)(E U)

I/IHTerpaJI 110 d F/ BBIUmCISieTCst SJIeMeHTapHO W OKa3bIBAETCS PaB-
veIM 7T [locse aToro maTerpupoBanme 1Mo dU CTAHOBUTCS TPUBUAJIH-
HBIM U JAeT

DAL — mv/2mla (@) - a1 (o)

(mpu aTOM queHO, qr0 22(0) = 21(0) = 0). 3amenus Teneps OyK-
By « Ha U, HAXOIUM OKOHYATEIHHO:

U
23(U) — 21(U) = j_ % (12.1)

Takum oO6pa3oM, IO M3BECTHOM (byHKLu/H/I T(E) onpenensiercs
pasuocts x2(U) — z1(U). Camu xe dynkunn x2(U) u x1(U) ocra-
J0TCA HEOIpPeeJIeHHBIMA., DTO 3HAYUT, UYTO CYIIECTBYeT He OJHA, a
GecuncienHoe MHOXKeCTBO KpuBbix U = U(z), npuBoasmux K 3a-
JAHHOM 3aBUCHMOCTH IIEPUOA OT SHEPIUH U OTIMIAIOIINUXCS JIPYT OT
JIpyTa TaKuMHU JedopMaIusaMu, KOTOpble He MEHSIOT PA3HOCTH JIBYX
3HAYEHUH X, COOTBETCTBYIOIIUX OJHOMY U TOMY ¥Ke 3HadeHuio U.

MHOro3HaYHOCTh PeIIeHns NCYE3aeT, eCId MOTPe00BaTh, YTOOLI
kpuBas U = U(z) 6buta ciMMeTpUYHA OTHOCUTEIBHO OCH ODMHAT,
T.€. 4TOOBI OBLIO:

z22(U) = —21(U) = z(U).
B takom ciygae dopmyna (12.1) maer ana x(U) ogHo3HAUHOE BBI-
pakeHne

U

1 T(E)dE
2(U) = —— | S (12.2)
0
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§ 13. IIpuBenennaa macca

[TostHOE pemienne B 00IIEM BHIE JOMYCKAET YPe3BbIYAHO BaxK-
Has 327294 O JBUXKEHUHU CHCTEMBI, COCTOAIIEH BCEro M3 JBYX B3anl-
MozeiicTBytonux dactut (3adava deyr mean).

B kagecTBe mpeaBapuUTEILHOTO IMara K perieHuio 3TOi 3aJadn
HOKaykeM, KaKIM 00pa30oM OHa MOKeT OBITH CyIMIeCTBEHHO YIIpOIIe-
Ha IyTeM pa3jIoXKeHUs IBUKEeHUs CUCTeMBbl Ha JIBMXKEHHE IEeHTPa
MHEPIUU U JIBUKEHNSA TOYeK OTHOCUTEILHO IOCTETHEro.

[ToTennpaabHas 3HEPIUs B3aUMOACHCTBHIA ABYX YaCTULL 3aBUCUT
JIMIIb OT PACCTOAHUS MEXKJy HUMH, T.€. OT abCOIIOTHON BEJIMYMHBI
pPasHOCTHU UX paJuyC-BeKTOPOB. IlosToMmy narpanzxkesa PyHKINA Ta-
KOIl CHCTEeMBI

AL ) (13.1)
BBeeM BeKTOp B3aMMHOTO PACCTOSHNA 0O6eIX TOYeK
r=7T1—1I9
U TIOMeCTHM HadaJio KOOPJWHAT B IIEHTPe MHEPIUHU, YTO JlaeT
miri + marg = 0.
M3 nByx mociegHuX paBeHCTB HAXOIUM
rp=—2 r rg=-——"" r, (13.2)

mi1 + ma m1 + mo

[MoncraBngas st Beipaxkenus B (13.1), momydanv

.2
L="--U(r), (13.3)
rlie BBEIEHO 0DO3HAYEHUE
m=—mn . (13.4)
m1 + ma

BeJIMUnMHA M Ha3blBaeTcs npusedennot maccot. Pyukuus (13.3)
dopmanbpHO coBmamaer ¢ yHKIneit Jlarpam:ka omgHON MaTepraIb-
HOIT TOYKM ¢ Maccoit m, ABmXKymieiicss Bo BHemrHeM mose U (1), cum-
METPUYHOM OTHOCHUTETHHO HEMOABUKHOTO Havasa KOODIWHAT.

Takum 06pa3oM, 3a/1a49a O IBUKEHUY JIBYX B3aUMOIEHCTBY IOIITIX
MaTepuaIbHBIX TOYEK CBOIUTCA K PEIMIEHNIO 3a0a91 O JBUYKEHUN OJI-
HOit ToUKH B 3amanHOM BHemrHeM nose U(r). Ilo pemennio r = r(t)
9TOl 3amaun TpaekTtopuu ri = ri(t) u ro = ro(t) Kaxmoi u3z 4a-
CTHIL T W Mg B OTAEIBHOCTU (IO OTHOIIEHWIO K WX OOIIEMY HEHTPY
uHepIMu) nosydarTcs mo dhopmynam (13.2).
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3agaua

Cucrema cocrout n3 OfgHON wvacTuipl ¢ Maccoit M m n gacTul ¢ OgUHAKO-
BBIMH MaccaMu m. VICKJIIOUNTDb NBUKEHNE [IEHTPA WHEPIUU U CBECTU 3339y K
3a7a4e O ABUKEHUU 7 IACTHUII.

Pemenme. Ilycte R — pammyc-sekrop wactnuer M, a R, (a =1,2,...

.,M) — PaANyCc-BeKTOPHI YaCTHI[ C MACCaMM M. BBeIeM pacCTOSHNS OT YacTh-
usl M no gacTui m
r.= R, R

U IMIOMECTUM Ha4aJiO KOOPDAWHAT B IIEHTPE UHEPIIUU:

MR=m) R,=0.
a
W3 3Tux paBeHCTB HAXOIUM:
m
R=-—>r,, R.=R+r,,
PL a
rae W= M + nm. IloacraBus Tu BbipakeHus B dyHKIuo Jlarpanxka

MR? m <o
L= — R2 U
7t 2 Ri-U

L= % ng — ?—:(ZVG)Z —U,
e vq = Iy. “ “

TTorennuanbuast SHEPTUA 3aBUCUT JIMIIH OT PACCTOSAHUN MEXKIY YaCTUIAME
¥ TIOTOMY MOKET OBITH IPEACTABIEHA KAK (DYHKIWS OT BEKTOPOB I'y.

TIOJIy 9UM

§ 14. /IBmKeHne B MEHTPAIBLHOM IIOJIE

Cezg 3a1a9y O JIBUKEHUU JIBYX TEJI K 33Ja9e O JBUKEHUU O/I-
HOT'O TeJia, Mbl TPUIIJIN K BOIIPDOCY 00 OIIpeageJIieHnn OBUZKEHUA Ya-
CTHUIIBI BO BHEIIHEM II0JIe, B KOTOPOM €€ IIOTE€HINaJIbHad IHEePrud
3aBHUCUT TOJIBKO OT PACCTOAHMHA 7" I0 OHpe,D;e.HeHHOI'/'I HeHOﬂBH}KHOf/i
TOYKU; TaKOe€ I10JI€e Ha3bIBAIOT UEHMPAALHBLM. CI/IJIa

ou(r) _  dUr

F=- or - dr r’

JIeCTBYIOINIAsT HA YACTUILY, TI0 abCOJIIOTHON BEJNYUHE 3aBUCHUT IIPHU
9TOM TOXK€ TOJILKO OT T W HAIPaBJ€HA B KaXKJ0H TOYKE BIOJIH pa-
JIMyC-BEKTOPA.

Kaxk 6n110 y2)Ke mokazano B §9, mpu JBWIKEHUU B IEHTPATHHOM
1oJie COXPAHSIETCsT MOMEHT CHUCTEMBbI OTHOCHTEIHHO IE€HTPA TOJIS.
Jlng omHOI YacTHIIBI 9TO €CTh

M = [rp].
[TockosbKy BekTOPHI M 1 T B3aNMHO MEPIIEH UK YJISPHBI, TIOCTO-
ssHCTBO M O3HAYAET, UTO MPHU JBUKEHUN YACTHUIBI €€ PAJIIYC-BEKTOD
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BCE BPEMsI OCTAeTCsI B OJIHOM TIJIOCKOCTH — TIJIOCKOCTH, TIEPIIEHIUKY-
JspHoit K M.

Takum 06pa3oM, TpaeKTOpUs ABUKEHUS YACTHUILI B IEHTPAJb-
HOM TIOJIEe JIEYKUT IIeJIMKOM B OJHOH IJIOCKOCTH. BBeasa B Heil mo-
JIIpHbIE KOODAWHATHI T, @, HanuireMm dbynknuio Jlarpamxka B Bu-

e (cp. (4.5
ze (¢p- (43)) L=2("+1r*¢*) —U(r). (14.1)

OTa OYHKINSA He COAEPXKUT B IBHOM BUIE KOODAUHATY @. Bes-
KYI0 000DOIIEHHYI0 KOOPJINHATY ¢;, He BXOJSIILYIO ABHBIM 00pa30oM B
JlarpaHXkeBy (DYHKIINIO, HA3BIBAIOT yukauveckol. B cumy ypasBme-
Hus JlarpaHka ¥MeeM st TaKOW KOOPIMHATHL:

d oL  OL
E@qz o 8(]-; - !
T.€. COOTBETCTBYIOIMIi el 0000menHbIli uMyabe p; = OL/0q; saB-
JISIETCSI MHTErPAJIOM JIBUKEHUsI. ITO OOCTOATEIHCTBO MPUBOIUT K
CYIIECTBEHHOMY VIIPOIIEHUIO 3a/1a9i WHTEIPUPOBAHUsI yDPaBHEHU
JIBUKEHUS TIPU HAJIMYUN [IUKJINIeCKUX KOODINHAT.
B pmannoMm ciaydae 0600IIE€HHBI UMITYJIHC

po = mr’

conagaer ¢ momernroMm M, = M (cm. (9.6)), Tak 4TO0 MBI BO3Bpa-
[IAeMCsl K U3BECTHOMY YK€ HaM 3aKOHY COXPAHEHUsI MOMEHTa
M = mr*¢p = const . (14.2)

3ameruM, 9TO JJIA IJIOCKOIO JBUKE-
HUS OJHOU dYacCTullbl B IIEHTPAJJHbHOM

T rdo
0 do "\ [OJIe 9TOT 3aKOH JIOMYCKAET IPOCTYIO
\ reoMeTpUYEeCKyI0 MHTepIpeTanuo. Boi-
paxenue (1/2)r-r dg npexacrasiser co-
Puc. 8

00il IIoIA b CEeKTOpPa, 00Pa30BaAHHOIO
JIByMst OECKOHEYHO OJIM3KUMU PaJINyC-BEKTOPAMW M 3JIEMEHTOM JIy-
ru Tpaekropun (puc. 8). O6o3HAUMB ee Kak df, HATMIIIEM MOMEHT
YaCTUIBI B BUJIE .

. M = 2mf, (14.3)
rjie MPOM3BOAHYIO f HA3BIBAIOT CEKMOPUAAbhotli ckopocmuvio. Tlo-
9TOMY COXpaHEeHHe MOMEHTa 03HAYAET MOCTOSHCTBO CeKTOPHUAJIBHO
CKOPOCTH — 3a PaBHBIE TPOMEKYTKH BPEMEHH PaJNyC-BeKTOD JIBU-
Kynieifics TOYKM ONUCHIBAET PaBHBIE TLIOMAAM (TaK HAa3bIBAEMBbIil
emopoti 3axon Kenaepa) ).

') Bakon COXpaHEeHNs MOMEHTa JJjIf YaCTUIlbl, ABUKYIIeica B IIEHTPaJIbHOM
oJie, MHOTJA HA3BIBAIOT UHMEZPAAOM NAOULAOET.
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HOJIHOQ pernenne 3a1a49m O ABUKEHUUN YaCTUIbI B HEHTPAJIHHOM
TOJIe TIPOIIE BCETO TOYyYNTh, UCXO/Is N3 3aKOHOB COXPAHEHUs dHEP-
IUU ¥ MOMEHTA, He BBINUCHIBas IIPU TOM CAMUX ypPABHEHU JTBUKeE-
uusi. Beipaxkas @ depes M u3 (14.2) u moxacraBiisis B BbIpAsKeHUe
JIJIs SHEPTUH, IOy UM

-2 2
E="+r20%) + U0 ="+ X 4u@r).  (144)
Orcroma
. d 2 M?

WJin, pasjiesds nepeMeHHble U I/IHTGI‘pI/IpySI

t—/\/ — + const . (14.6)

 m2r2

Hanee, nanucas (14.2) B Buze

do =
nozcTaBuB cioga dt u3 (14.5) u I/IHTeI‘pI/IpyH HaXOIIM
(M / T ) dr
const . 14.7
/ \/2m[E — M?/r? + ( )
®opmyabr (14.6) u (14. 7) pemiaioT B OOIIEM BHJE IIOCTABJIEH-

HYIO 3a7a49y. Bropast u3 HUX OINPEessieT CBA3b MEXKIY I U ¢, T.€.
ypasuenue Tpaektopun. Popmysa ke (14.6) onpenensier B HeABHOM
BUJIEe PACCTOSTHWE T ABUKYINEHCS TOYKM OT IEHTPa KakK (PYHKIINIO
Bpemenn. OTMETHM, 9TO yroJl ( BCErJa MEeHSIeTCs CO BPEMEHEeM MO-
HOTOHHBIM 06pa3om — u3 (14.2) BUAHO, 9TO ( HUKOTJA HE MEHseT
3HAKA.

Bripaxkenue (14.4) nmokasbiBaer, 9T0 paIHaIbHYIO 9aCTh IBUKE-
HUsi MOYXKHO PaCcCMaTPUBATh KaK OJHOMEPHOE JIBUKEHUE B II0JIE C
«3pPEeKTUBHOI» ITOTEHIINAIbHON dHEepPTHUeil

M2

Bemmamny M2 /(2mr?) maspisator yenmpobesicnoti snepeueti. 3ta-
YeHHs T, IPU KOTOPBIX )
M
ONPEENIAIOT TPAHUIBI O0IACTH JIBUYKEHUS 10 PACCTOSIHUIO OT IEH-
tpa. [lpu Bemonnenun pasenctsa (14.9) pagmanbHas CKOPOCTH T
obpalaercst B HyJib. JTO He 03HAYAET OCTAHOBKH YaCTHIb! (KaK pH
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HCTWHHOM OJJHOMEDHOM JIBUYKEHWH ), TAK KaK yIJI0Basi CKOPOCTh ( He
obparaercss B HyJib. PaBerncTBo 7 = () 03HA9aeT «TOYKY TMTOBOPOTa»
TPAEKTOpUM, B KOTOPOil dyHKIWs r(t) MEepeXoauT OT yBeJIUIeHus K
YMEHBIIIEHUIO UJIA HA0OOPOT.

Ecnm obacTs gOmMycTUMOr0 M3MEHEHUsT T OrPaHNYeHa JIMTITH OJI-
HAM YCIOBUEM T > Tpmpin, TO JBUMKEHWE YaCTUIBI WH(MUHUTHO —
ee TPAeKTOPUsl TPUXOAUT W3 OECKOHEYHOCTH W YXOAWT Ha Oec-
KOHEYHOCTb.

Ecan obacrte u3MeHeHUs r UMeeT ABE TPAHULBL Tmin X Tmaxs
TO JABUMKEHUE ABJISIETCS (DUHUTHBIM W TPAECKTOPHUS IEJMKOM JIEYKUT
BHYTPH KOJIbIIA, OTPAHUYEHHOTO OKPYKHOCTAMU T = Tyax U T =
= Tmin. DTO, OJHAKO, HE O3HAYAET, YTO TPAEKTOPHUS HEIPEMEHHO
SIBJIIETCS 3aMKHYTOIN KPHUBOii. 3a BpeMs, B Te4eHHe KOTOPOro 7 M3-
MEHSIETCS OT T'max JO Tmin W 3aTEM 0 T'max, PAANYC-BEKTOP MOBEP-
HeTcs Ha yroi A, paBublii, cormacuo (14.7),
Tmax ,

A = 2 (M/r%)dr .
V2m(E —U) — M2 /r?

(14.10)

Tmin
VcoBue 3aMKHYTOCTH TPAEKTOPHUH 3aKJII0YAETCsI B TOM, 9TOOBI
9TOT yroj ObLI PaBeH pPAIMOHAJBLHON YacTu OT 27T, T.e. UMEJ BU]
———— A@ = 2mm/n, tne m,n —
mesble 4ncjaa. lTorma depes n
NOBTOPEHUNA 3TOr0 TEPUoIa
BPEMEHU PAJINYC-BEKTOP TOU-
KW, CIeJIaB M, TIOJHBIX 000-
pPOTOB, COBIIAJAET CO CBOUM
[IEPBOHAYAILHBIM  3HAYEHHEM,
T.e. TPAEKTOPHUs 3aMKHETCS.
Ommako Takve Caydan mc-
KJIIOYUTEJIBbHBI, 1 TPU TTPOU3-
BostbHOM Buge U(r) yrom A
HE SBJISIETCS PAIlMOHATBHOMN
gacTbio oT 271. [loaTomy B 06-
IIeM CJIydae TpaeKTopus pu-
HUTHOI'O ABUM2KEHUA HE 3aMK-
myrta. OHa becuncaeHHoe 9uc-
JIO Pa3 MPOXOJIUT Yepe3 MUHUMAJILHOE M MaKCUMAJIbHOE PACCTOSTHIE
(kak, Hanpumep, Ha puc. 9) u 3a GECKOHEIHOE BPEMSsI 3AOJIHSET BCE
KOJIBIIO MEXKY JABYMA I'PAHUYIHBIMU OKPY?KHOCTAMU.

Puc. 9
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Cy1iecTByIOT JIUITH ABa TUTA MEHTPAJIHHBIX TOJEH, B KOTOPHIX
BCe TPAEKTOPWH (PUHUTHBIX JIBUKEHUN 3aMKHYTHI. JTO TOJIsA, B KO-

1
TOPBIX IIOTEHIIHAJIbHaAd 3SHEPIrud dYaCTHUIIbl IIPOIOPIIMOHAJIbHA —
r

wan 2. TlepBBlit U3 3THX CIyYaeB PACCMOTPEH B CIIEAYIOIIEM mapa-
rpade, a BTOPOi COOTBETCTBYET TaK HA3bIBAEMOMY MPOCTPAHCTBEH-
HOMY ociuyLIaTopy (cMm. 3amady 3 §23).

B Touke moBopora kBazparublii Kopenb (14.5) (a BMecTe ¢ HUM
U ToAbIHTErpasbHble Bhipaxkenus B (14.6) u (14.7)) mensier 3HaK.
Ecnm orcauThIBATH YTOA (© OT HATPABJIEHUS PaJnyC-BEKTOPA, TTPO-
BEJIEHHOTO B TOYKY MOBOPOTA, TO NMPUMBIKAIOIINAE C JBYX CTOPOH K
9TOI TOYKE OTPE3KU TPACKTOPUH Oy Ly T OTJIUIATHCS JIUIIH 3HAKOM ()
NPY KarKJIBIX OJWHAKOBLIX 3HAYEHWAX T; 3TO 3HAYUT, YTO TPAEKTO-
pUs CUMMETPUYHA OTHOCUTEIBHO YKa3aHHOTO Hanpas/enns. Hagas,
CKaykeM, OT KaKOM-TMb0 M3 TOUEK T = Tmax, MBI IPOIIEM OTPE30K
TPAEKTOPUU JIO TOYKH C T = Tmin, 3aT€M OyJIeM UMeTh CUMMeT-
PUYHO PACIIOJIOXKEHHBIN TaKOW K€ OTPe30K A0 CIEAYIOIEd TOYKH!
CT = Pmax W T.J., T.€. BC TPAEKTOPHs TIOJyIaeTCs MOBTOPEHUEM
B NIPAMOM M OOPATHOM HANPABJIEHUAX OJUHAKOBBIX OTPE3KOB. DTO
OTHOCUTCA W K WH(UHUTHBIM TPAEKTOPHUAM, COCTOSIIUM U3 IBYX
CUMMETPUYHBIX BETBEH, IPOCTUPAIOMIMXCA OT TOYKH TOBOPOTA Tmin
710 OECKOHEYHOCTH.

Hanuune nentpobexnoit sneprun (npu apwxenun ¢ M # 0),
obparaomeiicss mpu 7 — 0 B 6eckoHedHOCTH, Kak small fraclr?,
NPUBOANUT OOBIYHO K HEBO3MOYKHOCTH TIPOHUKHOBEHUS JIBUKYIIIUXCS
YaCTUIl K HEHTPY MOJsA, JasKe eCJIU TOCIeJHee caMo 10 cebe mMeeT
xXapakTep npurskenud. «llajgeHnes 9acTUIBI B IIEHTDP BO3MOXKHO
JIUIITb, €CJIA TIOTEHINAJIbHAS SHEPTUS JOCTATOYHO OBICTPO CTPEMUTCS
K —oo nipu r — 0. I3 HepapencTna

.2
%:E—U(r)—

M2
2mr?2 >0

nJjim 9
r2U(r) + M g2
2m

CJIeJIyeT, UTO T MOXKET NPUHUMATh CTPEMSIIINECs K HYJII0 3HAUYEHUsT
JINIIb TIPU YCJIOBUH

M2
I

r2U(r)\ (14.11)

2

[od M
T.e. U(r) IOIKHO CTPEMATHCA K —00 JMbOO KaK —— € & > Pyt 60
T m

1
MTPOTIOPIIMOHAIBHO —— C N > 2.
TTL
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agaumn

1. I[IpounTerpupoBaTh ypaBHEHUS ABUXKEHUA CHEPUIECKOrO MAATHUKA —
MaTepuaJbHON TOYKM M, ABUXKYLIEWCs 1o moBepxHOocTH cdepbl pajaunyca | B
TOJIe TSYKECTH.

Pemenune B chepnuecknx KoopanHaTax ¢ HA4aJIOM B IIEHTPe chepPhI U
TOJIAPHOIT OChIO, HAIIPABJIEHHOH BEPTUKAJIBHO BHU3, DYHKINA JlarpaHka mMasaT-
HUKA

2 .
L= %(92 +5sin?0- ('pz) + mgl cos 6.

Koopanuarta ¢ — nukamdeckas, MO3TOMY COXPaHSAETCS OOOOIIEHHBIN MMITYIbC
P, COBIAJAIOMMUI ¢ z-KOMIOHEHTOII MOMEHTA:

ml®sin®0 - ¢ = M, = const . (1)
Oueprug
2 . 242 2
E= %(62 +sin’0- @) —mgl cos® = ml29 2mlj2wszin2 0 mgl cos 0. (2)

Omnpenensisi orcroga 0 u pa3esisis MePeMEHHbIE, Oy daeM

/ do
t = ,
2
W[E — Uss(0)]
rie BBesieHa «3ddeKTuBHAA NOTeHIHaIbHAA SHEPIUud»
M2
2ml? sin? 0

Jna yroa @, ucnonb3ys (1), maiizem

(3)

Usp(0) =

— mgl cos 0.

o= | ® (4)
1vV2m J sin?04/E — U,4(0)
Nurerpasnst (3) u (4) IpuBoAATCA K SJUINOTAYECKUM WHTETPAJIAM COOTBETCTBEH-
HO TIEPBOTO U TPETHErO POJA.

ObmacTs aBmkeHus no yriay 0 onpenensiercs ycinosueM E > Usg,, a ee rpa-
unnbl — ypasaenuneM E = U,g. Ilocmennee mpencrasiser coboit KyOmaeckoe
ypaBHeHUe s cos 0, nMmeroiiee B npomexxyTke or —1 g0 +1 nBa KOpHsi, onpe-
JEJSIONINX TOJIOXKEeHNe ABYX TapaJjlle/IbHbIX OKPYKHOCTel Ha cdepe, MeXIy
KOTOPBIMY 3aKJII0UEHA BCS TPAEKTOPUS.

2. IIpounTErpUpOBATh YPABHEHUS [BUYKEHUS MATE€PUAJBHOW TOYKU, IBU-
JKyIEHcs: o IOBEPXHOCTH KOHyca (C yryioM 2 IPM BEPHINHE), PACTIOI0KEHHOM
BEPTUKAJIBHO, BEPIIUHON BHU3, B TI0JI€ TAXKECTH.

Pemenne B chepunueckux KoopauHaTax ¢ HAYaJIOM B BEPIINHE KOHYCA
¥ TIOJISPHON OCBIO, HAIIPABJIEHHON BEPTHUKAJIBLHO BBEPX, (byHKIusa Jlarpanxka

L= % (i + r’sin® « - ¢*) — mgr cos «.
KoopanaaTa ¢ — IuUKJIMYeCKas, TaK 9TO CHOBA COXPAHSAETCHA
M, = mr®sin® o - .
Oueprus
mi> M?

—————— + mgrcos «.
2 2mr? sin? o
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Tewm ke criocobom, uTo u B 3aga4de 1, HaxoguMm

t:/ dr ’

[E — Usq(7)]

S

_ M, / dr
sin® ov/2m J r2\/E — Usg(r) ’
M2

Usg (1) = m + mgr cos o.

Venosue E = Usg,(r) npeacrasaser coboit (mpu M, # 0) Kybuueckoe ypas-
HEeHUe JJIsl T, UMEIOIee Ba TOJOKUTENbHBIX KOPHS; MM OTPEIENSeTCs MOJIO-
JKeHUe JIByX TOPU3OHTAJBHBIX OKPYKHOCTEl Ha MOBEPXHOCTU KOHYCA, MEXKIY
KOTOPBIMY 3aKJII0OYEHA TPAEKTOPHUI.

3. TlpounTerpupoBarh ypaBHEHHS JBUKEHUs IJIOCKOTO MAasTHUKA, TOYKA
nozaeeca KOTOporo (¢ Maccoit mi B Heil) CHOCOOHA COBEPIIATH JBUKEHUE B TO-
PU30HTAJIBLHOM HampasjeHnn (cM. puc. 2).

Pemenune B naiigennoii B 3amade 2 § 5 dyukiun Jlarpanxka Koopau-
HATA T — OUKJIAYecKasd. 1109ToMy coxpaHseTcs 0600meHHbIi nMnyabe Py, coB-
MaIAI0MNH C TOPU30HTAIBHON KOMIIOHEHTOH MOJIHOTO MMITYJIBCA CUCTEMBI:

P, = (m1 + m2)x + mald cos ¢ = const . (1)

Bcerma MoXKHO cumTaTh CHCTEMY, KaK HEJIOe, MOKoAmedics; Torna const = 0, u
nHTErpnpoBanne ypasaenns (1) maer coorHomeHune

(m1 4+ ma)x 4+ malsin @ = const, (2)

BBIpazKaomee co60i HENOABUKHOCTD IEHTPA WHEPIUY CUCTEMBI B TOPU30HTAJIb-

HoM HamnpasyeHun. Vcnonbays (1), monyduM sHepruio B Buje

2.2
E = w <1 — ﬁms2 (p> — maglcos @. (3)

t:l\/ 2(m1mjm2)/

Bripasus koopuuaaTthl 2 = x + lsin@, y2 = lcos @ wacTuubl ms C 10-
Mompbio (2) depes @, HaiileM, YTO TPAEKTOPHUS 3ITOH YACTHUIHI MPEICTABJIAET
coBOil OTPE30K JLIUIICA ¢ TOPU3OHTAJIBHOI noIyocsio lmy /(m1 + m2) u BepTH-
KayibHOH [. Ilpm mi1 — 00 MBI BO3BpamaeMcsi K OOBIYHOMY MaTeMaTHYECKOMY
MafTHUKY, KQ4aIOLUEMYCs 110 Jyre OKPY>KHOCTH.

Orcrona

m1 + masin? @

FE + magl cos @

§ 15. KemnepoBa 3amaua

BaxkuemuM cirydaeM IEHTPAJIbHBIX MOJEH SBJISIOTCA TOJIA, B
KOTOPBIX TIOTEHIINAJbHAS YHEPTUS 0OPATHO MPOMOPIMOHAJILHA T 1
COOTBETCTBEHHO CHJIBI 06PATHO HPOMOpIHoHAIbHB! 2. Cloma OTHO-
CATCS HBIOTOHOBCKUE TIOJISI TATOTEHWS W KYJIOHOBCKUE JJEKTPOCTA-
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TUYECKWE TIOJISA; TIEPBHIE, KaK M3BECTHO, MMEIOT XapaKTep TPUTIKe-
HUS, a BTOPHIE MOTYT OBITh KaK TOJIAMN TPUTSIKEHUST, TaK W OTTaJI-
KUBAHUS.
PaccmoTrpum cHagasia mojie TpUTSIKEHUS, B KOTOPOM
U=—«/r (15.1)
¢ TIOJTOXKUTETbHON TocToAHHON . I'padmk «3hdeKTuBHON» TOTEH-

HI/IaJIbHOfl dHEpPrum

2
Usct,:*g-f- M

r 2mr2

(15.2)

nMeeT BuI, m3obpaxkenubrit Ha puc. 10. [Ipu r — 0 ona obparaercs

B +00, a IPU ' — 0O CTPEMUTCS K HYJIIO CO CTOPOHBI OTPHUIATETIHHBIX

Usg 3HAYEHU; TPU T = Mz/ocm OHA MMeeT MUHUMYM,
PaBHbII

2
(Ua<b)min - _;XMT';L (153)

W3 sroro rpacduka oueBn o, uro ipu > (0 nBrke-
0 HUe 9acTuIlhl OyaeT mHOUHUTHBIM, a mpu F < 0 —
PUHUTHBIM.

Puc. 10 dopMa TpaeKTOPNHN MOIYYIAeTCA C IIOMOIIBIO 00-
meit bopmysst (14.7). oacrasnss B wee U = —&/r u nmpousBojs
sJIeMeHTapHOe WHTEerPUPOBaHNe, MOJIYINM

M/r — ma/M
V2mE + m2o2/M?
Bribupasa nadajio orcuera yriia @ Tak, 9Todwl const = 0, u BBOAA
0003HAYEHU ST

-+ const.

(p = arccos

2 2

mo’ mo?

P , (15.4)

nepenutiieM (hopMysIy IjIsi TpAaeKTOPUU B BHUJIE

p/r =1+ ecos @. (15.5)
9T0 ecTb ypaBHEHNE KOHUYECKOrO cedeHns ¢ (POKYCOM B Hadase KO-
OpJUHAT; p U € — TaK HA3bIBAEMbIE NaAPaMemp U IKCUEHMPUCUIEM,
opbuTsl. CreaHHBI HAMU BBIOOD HadYaja OTCUYETA (P 3aKII0YAETCH,
Kak BuaHO u3 (15.5), B TOM, 9T0 TOUKa ¢ @ = 0 siBIsieTCs OyinmKaii-
meif K 1meHTpy (Tak HasbIBaeMbIil nepuzeauti OpOUTHI).

B skBuBasIeHTHOM 3a7a9€ JBYX TeJI, B3aUMOAEHCTBYIOIINX 110 3a-
kony (15.1), opbura KaxKmo0ii U3 YACTHI[ TOXKE MPEJCTABIAET CODOit
KOHIYeCcKoe cederne ¢ pOKyCOM B UX OOIIEM IeHTPe WHEPIINN.

U3 (15.4) Bugno, uro npu EF < 0 skcnenrpucurer e < 1, Te.
opbuTa siBisiercst suuncoM (puc. 11) u qBukeHne hUHUTHO B COOT-
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BETCTBUM CO CKa3aHHBIM B HadaJjie maparpada. CoracHo n3BeCTHBIM
dopmynaM aHATINTHYECKOH TeoMeTpUn OOJIbIast W MaJjasi MOJIyOCH

QJIJIUIICA
a=-P =% p=_Pr - M (15.6)
1—e 2|E| Vi—e?  /2m|E]|

Haunmenbiiee qonycrumoe 3navenne sneprun conagaer ¢ (15.3),
npu 3ToM e = (), T.e. 3IUTIC 0OpaIIaeTcst B OKPYKHOCTh. OT™MeTnM,

4TO GOJIBIIAS HOIYOCh JJLINAICA 3a-
BUCUT TOJIBKO OT 3HEPTUM! (HO HE
OT MOMeHTa) wacTurpl. HanmMeHb-
1mee ¥ HanbOJIbINee PACCTOAHAA 10 op
nenTpa mois (gokyca 3sinnca) ae
PaBHBI

Y

Tmin = 1+e = a(l _e)’

M (15.7) 2a

Tmax = 7 =a(l+e).
Otn BeIpaxkenus (¢ a u e u3 (15.6) Pre. 11

u (15.4)) MoKHO 6bLIO ObI, KOHEYHO, MOJIYYUTh U HEMOCPEJACTBEHHO

kaK KopHu ypasHennst Usg (1) = E.

Bpewms obparienus mo s/mmnTudeckoit opoure, T.e. TePUOJT JBU-

>kenus T, y100HO ONPEAESUTH ¢ MMOMOIILIO 3aKOHA COXPAHEHUS MO-

menTa B (hopme «mHTEerpasa miomaneiis (14.3). arerpupys sto pa-

BEHCTBO 110 BPEMEHW OT HyJisdg 10 1, Toaydnm y
2mf =TM,
rme f — mpomank opouthl. asa smnwmnca f = p
= 7tab, n ¢ nomompio dhopmya (15.6) Haxommm 0 T
T =2ma®/? | = (15.8) %a(e -1
o« 2\E\3 pd
Tot dakT, uT0 KBaApPAT TIEPUOIA JOTKEH OBITH Puc. 12

MPONOPIIMOHAIEH KyOy JIMHEHHBIX PasMepoB
opbuThl, ObLT yKa3aH yxke B § 10. OTMeTuM Tak:Ke, YTO MEPUOJ 3a-
BHUCHUT TOJIBKO OT SHEPTUH YaCTHUIIHI.

[Ipu E > 0 gpmkenne maguunTHO. Ecaun E > 0, TO 3KCIEHTPH-
cuteT e > 1, T.e. TpaeKTOpUs SABJIAETCSA TUIEPOOJIOit, orudaromeit
neHTp nosist (okyc), Kak mokazaHo Ha puc. 12. Paccrosinne nepn-
rejiis OT IEHTPA

Tmin = e:-;l =a(e—1), (15.9)
rie
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~— «II0JIyOCh» TUIIEePOOIIEL.

B cinydae xxe E = 0 skcrenTpucuTeT € = 1, T.e. 9acTUIA JIBU-
JKeTCsI TI0 mapabosie, ¢ PACCTOSTHUEM TEPUTesIus Tmin = p/2. DTOT
cllydaii OCyIIECTBIIAETCA, €CIW YaCTHIA HAYMHAET CBOE JIBUYKEHUE
U3 COCTOSHNS MOKOSA Ha GECKOHEYHOCTH.

3aBUCUMOCTH KOOPAMHAT YaCTHIHI OT BPEMEHU TPU JIBUKEHUN
1o opbure MoXKeT ObITh HafijieHa ¢ moMOIBo 0bmIeit hopmyibt (14.6).
Omna MoXKeT ObITh PeICTaBIeHa B YI00HOM apaMeTPUIeCKOM BUJIE
CTEIYIOIINM 00Pa30oM.

PaccMoTpuM cHadasa s/LIunTHYecKne opbuthl. Beoag a u e co-
rimacao (15.4), (15.6), sanumem nnaTerpan (14.6), ompemensiontuii
BpeMs, B BHUJIE

t\/;/\/ _\/7/ aQeQTdTT—a

IEI Qm\EI

C momMompbI0 eCTeCTBEHHON MMOICTAHOBKH
r—a= —aecos§
9TOT UHTErpaJl MPUBOIUTCS K BUILY

t= \ mTas/(l—ecosé)dE: mf(&—esin&)%—const.

Bribupas magaJio orcueTa BpeMeHH TaK, YTOOBI 0OOpaTUTh const B
HYJIb, TOJy9UM OKOHYATEJIBHO CJIIyIOINee MapaMeTpruIecKoe Mpel-
CTaBJIeHUE 3aBUCUMOCTH T OT t:

=a(l —ecos§), t= \/mTas(E—esiné) (15.10)

(B MomenT ¢t = () wacTuia HaXoAUTCsI B Tiepuresnn). Hepes ToT ke
napaMeTp & MOXKHO BBIPA3WTh W JEKAPTOBBI KOOPAWHATHI 9aCTHUIIHI
T =17rcos®, y=rsin@ (ocu T n Yy HATPABJIEHBI COOTBETCTBEHHO TI0
Gospmiofi u Masioit nosyocsim smnca). M3 (15.5) u (15.10) umeem

ex=p—r=a(l—e*) —a(l —ecos&) = ae(cos& — e),
a y Haiizem, Kak V/r2 — 2. OKOHUATEILHO:

z=a(cos§E —e), y=ay1—e?siné. (15.11)
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[TostHOMY 060DPOTY TIO SJINUTICY COOTBETCTBYET M3MEHEHUE TTapameT-
pa & or HyJad 10 27t

COBepI_HeHHO AHAJIOTUYHBIEC BBIYUCJICHUA JIA FI/IHep6O.HI/ILIeCKI/IX
TPAEKTOPUl NIPUBOAAT K Pe3yJbTaTy

r=a(ech& —1), t = /ma®/o (esh& — &),
xz = a(e —ch§), y =ave? —1shg,

rae mapamerp & mpoberaeTr 3HAYEHUST OT —0OO 70 +00.
Ob6paTumMcsa K ABUKEHHUIO B TOJIE OTTAJIKUBAHUSA, B KOTOPOM

(15.12)

U = % (15.13)
(¢ > 0). B sTom ciryuae apdexTuBHAs MOTEHIMAIBHAS YHEPTUS
o, M?
U3d) T r + 2mr?

MOHOTOHHO yOBIBAeT OT +0O JI0 HYyJs MPU U3MEHEHWH 7 OT HYJIs
JI0 00. DHEPrusi 9acTUIBI MOXKET OBITh TOJIBKO MOJOXKHUTEIbHON U
JBUKeHMEe Bcerja nHMUHUTHO. Bce BBIYNCIEHUS /I 9TOTO CJIydast
B TOYHOCTH aHAJOTUYHBI MTPOU3BEIEHHBIM y
BBIIIIE. T paeKkTopusl sBJseTCA TUepbosIoit

§:—1+ecoscp (15.14)

(p u e ompemensaTCa TPEeKHUME (DOPMYJIa-
mu (15.4)). Ona npoxoauT MUMO LEHTPA 110-
Jist, Kak ToKazano Ha puc. 13. Paccrosune me-
puresus

Pnin = ef;l — a(e + 1), (15.15) Puc. 13

a(l+e)

3aBUCHUMOCTb OT BPEMEHU JIaeTCsI MapaMeTPUIeCKUMU yPaBHEHUSIMHI

r=alechg+1), =" (eshE+E), (1516
x =a(ch&+e), y =ave? — 1shé,.

B zaksodenne naparpada ykaxkem, 9TO MPU JIBUKEHWH B I0-
ne U = o/r (¢ moObIM 3HAKOM (X) MMEETCs WHTErpasl JBUKEHUS,
cnienndraecKnit UMEHHO ISt 9TOTO TOJsA. JIerko mpoBepuTh Hero-
CP€/JICTBEHHBIM BBIYNCIEHNEM, YTO BEJININHA

xr
[vM] 4+ — = const. (15.17)
r
JeificTBUTENBHO, €6 MOoJIHAs IPOU3BOHAS 110 BDEMEHH PaBHA

vM] + g ~ar(vr)

I
T’3
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wn, nogctasuB M = mrv]:

av ar(vr),

mr(vv) — mv(rv) + )

”
TIOJIOZKUB 3/1eCh COTTIACHO YPABHEHMAM JBUYKEHHS MV = or /7>, MbI
HaiiIeM, 9TO 3TO BBIPAYKEeHWE 00paIllaeTCs B HYJIb.

Coxpansonmiics Bekrop (15.17) nanpassien B1osb 60161100 0cu
or doKyca K MepPUrenio, a 1mo BeJndnHe paBeH xe. B srom mporre
BCETO MOXKHO yOeauThCs, PACCMOTPEB €ro 3HAYEHWE B MEPUTEJINM.

IMoguepknem, aro unTerpas asuxenus (15.17), kak u uaTErpa-
aet M w E| aBnsierca ogHO3HAYHON (yHKIUMeH cocrosamst (MOJo-
JKeHWsi 1 CKOpocTH) gacturbl. Mbl yBugaum B § 50, 9T0 nosiBjienue
TaKOTO JOTIOJTHUTETBHOTO OJHO3HATYHOTO MHTErpajla CBA3aHO C TaK
HA3BIBAEMBIM BBIPOXKIEHUEM JIBUKEHUA.

Bagaum

1. HaifTu 3aBHCHMOCTb KOODJMHAT YaCTULBI OT BPEMEHU IIPH JBUKEHUU B
none U = —«/r ¢ sueprueit E = 0 (mo napaGone).

P emrenwne. B unrerpane
rdr
t:/i
200 M?
—r-—=
m m

AeJIaeM TTOACTAHOBKY

M? oy P 5
r=3 (x( +n°) 2( +1°)

U B pe3yJbTaTe IOJIydaeM CJeaylolliee napaMeTpudeckoe IpeacTaBeHne UCKO-
MO# 3aBUCHUMOCTH:

3 2
D 2 mp- T n
=20+ — 0y
" 2( n, o« 2< 3)’

D 2
T = 5(1—11 ),y =pn.
[Tapamerp 1 npoberaer 3HAYEHUST OT —OO 10 +00.
2. [IpouHTerpnpoBaTh ypaBHEHUS IBUKEHNSA MATEPUATIBHOU TOYKHU B IEH-

TpajibHoM mosie U = — o > 0.

R
r

Pemenue Ilodopmyram (14.6), (14.7) c coOOTBETCTBYIONIM BEIGOPOM
HagaJja OTcdeTa @ U { HAXOOAUM

M? 1 2mE 2
a)nmpm £ >0, — >« = LCOS(({) 1-— moc>,

2m r M? — 2mx M?2

M? 1 2mE 2moa
6 E - Y e S -1
)mpu B >0, oo <o o 2mo — M2 ° (‘p M? >
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M? 1 2m|E)| 2ma
E<0, — R ] el e ).
Blpn B <0, oo <o ] omo — M2 S\ PV 2

Bo Bcex Tpex ciyuaax

1 /m M?
t=— J2 B - T 4
V2 V¥ T X

B caygasx 6) u B) 9acTuIia «IIQJa€T» B IEHTP [0 TPEKTOPHUH, MPUOIIIKAIONIETi-
cd K HadaJly KOODAMHAT Ipu @ — o0o0. llajgenue ¢ 3aJaHHOTO PACCTOSAHUA T
NIPOUCXOANT 3a KOHEYHOE BPeMs, PaBHOE

1 [W T ¢M_m}

3. TIlpn nobGaBieHnn K MOTEHIMANBHON 3Heprun U = —«/r masoi mobaBkn
dU(r) TpaekTopun (DUHUTHOTO JBUKEHWS MEPECTAIOT OBITh 3AMKHYTBIMH ¥ TIPH
KazKJIOM 0060pOTe mepurenii OpouThl CMEIMIAETCS HA MAJIYIO YIJIOBYIO BEJIMUHHY
d¢. Onpenennts 5@ mas ciyuaes: a) dU = B/r2, 6) dU = y/r>.

Pemenue Ilpu usmeneHun r oT rmin [0 Tmax U CHOBA JO T'min YOI O
MEHsIeTCs Ha BEJIMYWMHY, JaBaemylo ¢dopmysoii (14.10), KoTOpyo npeacTaBum B
BUJIE

L8 T \/ M?

Tmin
(¢ menbo mM36exkaTh HUXKe (GUKTUBHO PACXOAAIMINXCS MHTErpajios). [lomoxkum
U = —a/r + 8U w pa3noxkuM NOABIHTErPaJbHOE 3HadeHWe 1o cremeHsam dU;
HYJIEBOU 9JIEH PA3JIOZKEHUs JaeT 27T, a YJIeH [IePBOr0 MOPSIKA — UCKOMOE CMe-
meHne d@:

Tma s

0 ) 2mdU dr 0 2m 9
b0 = o — = | af [ rvde]. @

Trmin \/2m(E+g)——2 o
T T

rJe OT UHTErPUPOBAHULA 1O dr MbI €PN K UHTErPUPOBAHUIO 10 d@ BAOJb
TPAEKTOPUY «HEBO3MYIIIEHHOTO» JIBUXKEHUSI.
B cnyuae a) unTerpuposanue B (1) TpuBnasbHO W maeT
2npm 27
M2 op
(p — nmapamerp HeBo3MymerHOTO nnca u3 (15.4)). B ciayqae 6) 128U = v/r,
u, B3a8 1/r u3 (15.5), nomyaum

op = —

6rtocym® 6y

5 = — S
<P e op?



FrTABA 1V

CTOJIKHOBEHUE YACTHUII

§ 16. Pacnag wactui

Ve camu 10 cebe 3aKOHBI COXpAHEHUs] WUMITYJIbCa W SHEPIUN
MTO3BOJIAIOT CAEJIATh BO MHOTUX CAyYasdX PsiJi BayKHBIX 3aKIIOUEHUI
0 CBOMCTBAX Pa3JIMYHBIX MEXaHMYECKIX IPOUECCOB. Ilpu sTom oco-
OEHHO CYIIECTBEHHO TO OOCTOSTENIHCTBO, YTO 3TU CBONWCTBA COBEP-
[IIEHHO He 3aBUCAT OT KOHKPETHOTO POJa B3aUMOIEHCTBUS MEXKIY
YYaCTBYIOIUMHA B IIPOIECCe JYaCTUIIAMU.

Haumewm ¢ mporiecca, mpeacTaBIsionero coboit «caMompon3BOIh-
HBI» (T.e. 63 BO3/IEMCTBYS BHENTHUX CHUJI) PACHA]] YACTHUILI HA JBE
«COCTaBHBIE YaCTU», T.€. Ha JABE JPYTUe YACTUIGI, JBUKYIINECH II0-
cJle pacraga He3aBUCHUMO JIPYT OT JApyTa.

HawnbGomee mpocTo 3TOT MPOLECC BHITJISAAUT TTPU PACCMOTPEHUN
ero B CHCTEMe OTCYEeTa, B KOTOPOil YacTuna (0 pacraia) IOKOUIaCh.
B cuny 3akoHa coxpaHeHUs UMITYJIbCA CyMMa UMITYJIbCOB 00enx 00-
Pa30BaBINNXCA B Pe3yAbTaTe PACIAJIA YaCTHUIl TOXKE paBHA HYJIO, T.€.
JaCTHUIBI PA3JIETAIOTCSI ¢ PABHBIMHU U IIPOTUBOIIOIOXKHO HAIIPaBJICH-
HBIMU uMITyJIbcamu. Vx obimee abcosmoTHoe 3HaUeHUe (0003HAUNM

ero po) ornpeaedeTcd 3aKOHOM COXPaHEHUNA dHEePIruu
2

2
EBH = ElBH + Po_ + EQBH + p_oa
2m1 2ma

TJIe M1 U Mo — MACCHhI 9acTull, Fgpy 1 Foyy — UX BHYTPEHHUE SHEP-
run, a Eg; — BHyTpeHHsisl SHEPrusi NEePBOHAYAJBHON (pacramaro-
mieiica) wactunbl. O603HAYMM GyKBOW € <«IHEPIUIO PACIaua, T.e.

pa3HOCTh
€= EBH - EIBH - EQBH (161)

(OquI/I,HHO, 9TO dTa BEJIWYMHA JOJIZKHAa 6BITB TIOJIOYKUTEJIHbHOM JJIA
TOro, 94To6bI pacnal 6pLT BooOIe Bo3MoxkeH ). Torma mveem
2 2
Po 1 1 ) Po
=P (L 1)_p 16.2
2 <m1 mao 2m’ ( )
4eM U onpegensercs pg (M — NpuBeIeHHas Macca 0OeMX YaCTHIL);
CKOPOCTH 2Ke 9acTHIl v1g = Po/Mm1, V20 = Po/ma.
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[lepeiimem Temeph K cucTeMe OTCUeTa, B KOTOPOIT TIEPBUYHAS Ya-
CTUITA JBUKETCS 0 Pacriaia co CKOPOCThio V. DTy cucremy oTcueTa,
OOBIMHO HA3BIBAIOT JA6OPATOPHOI (M JI-cucmemoti) B IPOTUBOIO-
JIOXKHOCTH «CHCTE€Me IeHTPa WHepuuu» (WIH II-cucmeme), B KOTO-
poOIi MONHBIM MMIIYJIbLC paBeH HYyJI0. PaccMoTpum omHy m3 pacma-
HBIX YACTHUI[ ¥ IyCTh V U V() — €€ CKOPOCTHU COOTBETCTBEHHO B JI- U
-cucreMax. 13 oueBnaHoro papeactea v = V+vg, win v—V = vy,

nMeem ) ) )
v°+ V7 — 20V cos0 = v, (16.3)

rae 6 — yros BbLIETa 9aCTUIBI IO OTHOIIEHHWIO K HATIPABJIEHUIO CKO-
poctu V. DTuM ypaBHEHHEM OMPeIeIeTCs 3aBUCUMOCTh CKOPOCTH
pacragHoi YacTHAIhl OT c
HaIpaBJIEHNS €€ BhLIe-
Ta B JI-CUCTEME.

Ona wmoxker ObIThH
npeacTaBiieHa Tpadu-
YECKU C TIOMOIIBIO Ira-
rpamMMbl, u300parkeH-
Hoit Ha puc. 14. Cko-
POCTH V JIaeTCs BEKTO-
pPOM, TIPOBEIEHHBIM B
KaKyIO-mb0 TOYKY OKPY’KHOCTH pajamyca vg 1) m3 Toukm A, oTcTo-
ameil Ha paccrosiane V' or neraTpa okpyxkuoctu. Coygasm V < vg
n V > vy OTBEYaOT COOTBETCTBEHHO puc. 14 a u 6. B mepBoMm ciy-
Jae YacTUI@a MOXKET BBLIETETH 1o J00biM yrioMm 0. Bo Bropom ke
Cayvae JacTHUIla MOYKET BBLIETETh TOJILKO BIEPEI, O yriaoMm 0, He
[PEBBIIAIONIUM 3HAYEHUSA Omayx, JaBAEMOTr0 PABEHCTBOM

$in Omax = UVO (16.4)

(HanpaBieHEEe KacaTeJbHON K OKPYKHOCTH, IPOBEIEHHON M3 TOY-
ku A).

Css3b Mexk 1y yriaamu Bouieta 0 u 0g B JI- ¥ [[-cucreMax O4eBu/I-
Ha U3 TOW YKe AuarpaMMbl W JaeTcs (popMyIoit

tg@= w0 Sind (16.5)
vg cosOg +V

Ecnu pemuts 310 ypaBHEHME OTHOCUTETBLHO cOS0g, TO Toce 3Je-
MEHTaPHBIX TPeo0Pa30BAHNI TTOJIYIUM

a) V < 6) V >
Puc. 14

1
) Tounee — 100y10 TOUKy cdepnl paguyca Vg, JHAMETPAIbHBIM CEYeHUEM
KOTODOI#1 fABJsgeTca n3o0pakeHHas Ha puc. 14 OKpyKHOCTb.
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V2

cos 0p = ~ Y sin?0 + cos04/1 — s sin? 0. (16.6)
0

Vo
ITpu vg > V cBase mexay 0 n 0y omHO3HAYHA, KAK 9TO BUIHO W3
puc. 14 a. B dopmyae (16.6) mamo npu 3rom BIOpaTh 3HAK + nepes
kopHeM (Tak uTobbl 610 g = 0 npu 8 = 0). Ecam xe vg < V),
TO CBSA3H MeXay O m Oy HeomHO3HAUYHA: KaXKIOMYy 3HAUYEHUIO O OT-
BeJaoT aBa 3HaveHus Oy, coorsercrByiomue (Ha puc. 14 6) BeKTO-
pam Vv, TIPOBEJIEHHBIM U3 IeHTPa OKpyKHOCTH B Touku B umn C|
UM OTBEYAIOT JIBa 3HaKa mepes KopHeM B (16.6).

B dusuyecknx npuMeHeHUSIX TPUXOAUTCH OOBITHO UMETH JIeJI0 C
pacnaioM He OJHOI, a MHOI'UX OJIMHAKOBBIX YACTHIl, B CBA3U C YeM
BO3HUKAIOT BOIIPOCHI O PACIPEEJI€HNN PACHAHBIX YaCTHUI[ 110 Ha-
npasJjieHusSM, 3Heprusm u T.7. [Ipu sTroM MBI OyziemM 1peamnonaraTs,
9TO TePBUYHBIE YACTUIHI OPUEHTUPOBAHBI B MPOCTPAHCTBE XaOTH-
9eCKWM, T.e. B CPEJIHEM M30TPOITHBIM 00pPa30M.

B 1-cucreme oTBeT Ha 3TH BONPOCHI TPUBUAJIEH: BCE PACIaIHbIE
JacTuIpl (OAMHAKOBOTO POJA) MMEIOT OJWHAKOBYIO SHEPIHIO, & WX
pacmpejiesienne 10 HaIlpaBJeHusM BbLIeTa u3orporHo. [lociemsnee
YTBEPKIEHNE CBA3AHO CO CAEJTAHHBIM TPEIOJIOKEHINEM O Xa0TUIHO-
cTy OpueHTaIwi nepBudHbIX YacTul. OHO O3HAYAET, YTO A0/ 9UCIA
YaCTHUIL, JETANINX B JIEMEHTE TeJIECHOTO yriia dog, TPOTIOPIIMOHAb-
Ha BeJIMYMHE ITOTO 3JIEMEHTa, T.e. paBHa dog/47. Pacnpenenenue mo
yriam Qg mosryamm oTciona, nojactaBuB dog = 27tsin 0g dBg, T.e.

5 5in 09 d6y. (16.7)

Pacnpesnenienus B J1-cucreme moJrydaioTcs IyTeM COOTBETCTBYIO-
mero npeobpasoBanusg 3TOro BhIpaxkenud. OupenennmM, HAIPUMED,
pacrpeiesieHre o0 KMHETUIECKOl dHeprum B JI-cucreme. Bo3gogs B
KBaJIpaT PaBEHCTBO V = Vg + V| HAXOIUM

v? = vg + V2 + 209V cos 0o,
OTKy 12 a)
21)0V )
BBoxs croma kuaerndeckyio suepruio T = mwv?/2 (rge m ects my
WU M2, CMOTPs TI0 TOMY, KAKOTO PO/a PaCiaIHbIe TYaCTUIIBI MbI
paccmarpuBaem) u nozctasiss B (16.7), momyanm nckomoe pacmipe-
JleJIeHTe

d cosBp =

dT
2muoV

(16.8)
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KI/IHeTI/IquKaH SHEPTUA MOXKET HpO6eFa,Tb 3HAYEHUA OT HANMMEHBIIIE-
10 Thyin = (m/2) (v — V)2 110 Hanbonbiero Tiax = (m/2)(vo + V)Q.
B sTom mHTepBase wactuipl pacupeaenensr corsacHo (16.8) omHO-
POJIHO.

[Tpu pacnaze gacTuibl Ha OOT€e €M JIBE YACTU 3aKOHBI COXPa-
HEHUsI WMITYJIbCa U SHEPTUH OCTABJIAIOT, €CTECTBEHHO, 3HAUUTEIIb-
HO OOJIBININI TPOU3BOJ B CKOPOCTSIX U HAIPABJIEHUSX PACHaIHBIX
JaCTHUIL, 9eM TIpU paciaje Ha JBe JacTu. B qacTHOCTH, SHEPrUu pa3-
JIETAIOIIIXCS JACTHUIL B II-CUCTEME OTHIOAb HE MMEIOT OIHOTO OTIpeIe-
JlenHoro 3uadennsi. CyIecTByer, OJIHAKO, BEPXHUI TTpeiesl KNHEeTH-
9eCKOI SHEPTUHU, KOTOPYIO MOYKET IIPH 3TOM YHECTH C COOOM KarKaast
13 PacMaIHbIX JACTHUII.

s onpesnesnieHus 3TOTO mpejesna OyaeM paccMaTpUBATbh COBO-
KYIIHOCTb BCEX PACIaIHBIX YACTUIl 38 UCKIIOUYEHUEM OJIHON 3aaH-
HOIT (¢ Maccoii M) Kak OJHY CHCTEMY; ee «BHYTDEHHIOI» IHEPTUIO
oboznaunm depes E!_ . Torma KuHerndeckas SHEPrusi YaCTHUIBL 1]
Oyzer, cormacuo (16.1), (16.2), paBua

2

TlO - 21)701 - W(EBH - E].BH - El,gﬂ)
(M — macca nepsuanoit wactuist). OdeBumno, uto Tig 6yaeT numersb
HaubO/IbIIIee BO3MOXKHOE 3Hadenue, korga F! . vuanvambaa. s
9TOTO HAJI0, YTOOBI BCE PACTAHBIE YACTUIIHI 38 MCKIIOUYEHUEM da-
CTUIIbI 1M1 ABUTAJUCH C OIHOW W TOU 2KE€ CKOPOCTBHIO; TOTA E;H
CBOJIUTCA NPOCTO K CyMMe UX BHYTPEHHUX 3JHEPruii, a pasHOCThb
Eux — Ersn — E. ectb 3ueprus pacnaga €. Takum o6pasom,

M — mi1

(Th0)max = ——; €. (16.9)

agauan

1. Haiitu cBa3p mexay yrmamu Beuiera 01, 02 (B J-cucreme) pacmagHbx
YaCTUIl IPU pacnajge Ha JIBe YaCTUIIHI.

Pemenue B g-cucreme yribl Bbuieta 06enx 4acTUI] CBA3aHBI TOCPEI-
crBoM 019 = T — 029. O6o3Hauasa 019 mpocto Kak Op m mpumeHss GOpPMyILy
(16.5) x kaxk7Oif M3 ABYX YACTHI[, MOKHO 3aIMTUCATH:

V + v10 cos 89 = v10sin Op ctg 01,

V — w30 cos 0p = w2 sin Og ctg Os.
W3 sTux ABYyX paBEHCTB HAIO UCKIIOYUTHL 0. It 3TOTO ompemensieM cHadasa
u3 HuX cos Op u sin Og, moOCIE Yero cocTaBisieM CyMMY cos?0g+sin? 0 = 1. Yun-

TBIBAs TAKIKE, 9TO V1g/V20 = M2 /M1, u ucnonb3ys (16.2), maiimem B pesyabraTe
clleyloliee ypaBHeHNe:
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M2 Gin 0y + "L sin? 0, — 25in0; sin 0, cos(01 + 02) =
ma ma 2%

- (m1 + mo)V?2

2. HaiiTu pacnpenenenune pacnaJHbIX YacTHI] IO HATIPABJIEHUSM BBHLIETA B
JI-CHCTEME.

Pemenwue. Ilpu vy > V moacrasnsem (16.6) co 3makom miroc nepen
kopHeM B (16.7) u mosydaeM MCKOMOe paclpefiejieHne B BUIe

sin2(61 + 92)

. 2/ 2

sin© do QK cos0 + 14 (V*/vj) cos 20

2 Vo V1—(V2/v2)sin% 0

IIpu vo < V Hamo yuuTsiBaTh 00€ BO3MOXKHBIE cBsa3u O ¢ 0. [Tockonbky mpu

yBesndeHnu 0 OZHO U3 COOTBETCTBYIOIIMX eMy 3HadeHuit Op pacrer, a Apyroe

yObIBaeT, TO HAIO B3ATh PA3HOCTH (a He cymMMy) BbIpazkenwmii d cos Oy ¢ nByma
snakamu mepen kopHeM B (16.6). B pesynbrare momyanm

2,2
14 (V7 /vg) cos 20
. 0
sin 0 dO ( /2 )2 =
V1—(V2/v2)sin? 0

3. OnpenenuTh UHTEPBAJ 3HAYEHUI, KOTOPBIE MOXKET UMETh yroJ 0 Mexmy
HaAIPaBJIEHUAME BBLIETA 00EMX PACIaTHBIX YACTHUIL B JI-CACTEME.

Pemeunue. Vrom0 ecrs cymma 01 + 02 yriios, onpeaesnsioruxcs op-
mysoit (16.5) (cMm. 3amady 1); mpoire Bcero BBIYHCISETCS TAHTEHC TOTO yTJIA.
VccnenoBanne SKCTPEMYMOB IOJTY9aIOMIErOCs BhIPAXKEHU TPUBOIUT K CJIELYT0-
IIAM HHTEPBAJIAM BO3MOXKHBLIX 3HA4YeHWH 0 B 3aBUCHMOCTH OT OTHOCUTEJIHHOMN
BeMYWHBL V ¥ V10, V20 (A1 ONPEIENEHHOCTH TOIATaeM BCETIA V20 > U10):

0<e<7'[, ecJn U10<V<1)20;
T—0m <0<m ecm V <wvip;
0<0<0m, ecm V > vy,
npuydeM 3Havenue 0,, gaerca GoOpMyJIOi
V(v10 + v20)
V2 + v1gva0

(0<0<m).

(0 < 0 < Omax)-

sin 0, =

§ 17. Yopyrue cTOJIKHOBEHHS YACTHII,

CronkHOBEHME JBYX YaCTWI] HA3BIBAIOT YNpyeum, €Cau OHO He
COTIPOBOYKIAETCA M3MEHEHNEM MX BHYTpeHHero cocTosiaust. CooTBeT-
CTBEHHO 3TOMY NPU NPUMEHEHUW K TAaKOMY CTOJTKHOBEHHWIO 3aKOHA
COXPaHEHWs SHEPrUW MOYKHO HE YYNUTBHIBATH BHYTPEHHEN SHEPTUU
JaCTHUII.

[Iporrie Bcero cTOIKHOBEHNE BBITJIAIUT B CUCTEME OTCUETA, B KO-
TOPOI IEHTD MHEPIUH 0OENX YacTHIl OKOUTCs (II-cucrema); Gymem
OTJINYaTh, KaK W B IpeablayieM mnaparpade, magekcom 0 3HAUE-
HWS BeJINYWH B 9TOM cucTeme. CKOPOCTU 9aCTHUIl 40 CTOJIKHOBEHUS B
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II-cucTeMe CBA3aHbl C UX CKOPOCTAMU Vi U V2 B JIa60paTOpHOI7I cHu-
creMe COOTHOIIIEHUAMMU
mo mi

Vig= ———V, Vyg=———V
10 m1+ma 20 mi+ma

rme v = vy — va (cm. (13.2)).

B cuny 3akona coxpaHeHUst UMITYIThCA UMITYJIHCHI 00ENX YaCTHIL
OCTAIOTCS TIOCTE CTOJKHOBEHUSI PABHBIMU 10 BEJIUYUHE U IIPOTUBO-
MIOJIOKHBIMY TI0 HAIPABJIEHUIO, & B CHJIy 3aKOHA COXPAHEHUs dHEP-
TUU OCTAIOTCS HEM3MEHHBIMU U UX aOCOMIOTHBIE BelM4nHbI. Takum
00pa3oM, Pe3yIbTaT CTOJKHOBEHUS CBOJUTCS B II-CUCTEME K ITOBOPO-
Ty CKOpOCTeil 06enx JacTull], OCTAIOIINXCS B3ANMHO ITPOTHBOIIOIOXK-
HBIMA W HEM3MEHHBIMH TIO BejudnHe. Ecanm 0003HAYNTH 4Yepe3 N
€IMHNIHBINT BEKTOP B HAIPABJIEHUN CKOPOCTU YACTUIIHI 1M TOCTE
CTOJIKHOBEHUSI, TO CKOPOCTH 0DEMX YACTHIL MOCJIE CTOJTKHOBEHUS (OT-
JIMYAEM UX IITPUXOM) OyIyT

/ ma2 / m1
Vipg = ————un Von = ————vnyg. 17.1
10 m1+ ma 05 20 M1+ ma 0 ( )

YTo6BI BO3BPATUTHCA K JAOOPATOPHOU CHUCTEME OTCYeTa, HAJI0
J00ABUTH K 3TUM BBIPAXKEHUSIM CKOPOCTh V IeHTpa mHepimu. Ta-
KM 00pa3oM, Jjisi CKOPOCTeH YacTUIll B JI-CUCTEME TOCTE CTOJKHO-
BEHUS TTOTyIaeM

/ mo mivi + mavsa
vVi=———vng+ ———,
m1 + ma mi + mo (17 2)
m miv maV ’
V/2 _ L __ung 4+ ™ 1+ mava
mi + mo mi + me

OTUM HCUYEPIIBIBAIOTCS CBEIEHUS, KOTOPhIE MOYKHO IOJIYIUTH O
CTOJTKHOBEHUM, UCXOAd U3 OJHUX TOJTBKO 3aKOHOB COXPAHEHUHA WM-
MMyJIbCa U dHeprum. UTo KacaeTcs HAIPABJIEHUsS BEKTOPA Ng, TO OH
3aBUCHAT OT 3aKOHA B3aMMOJIEHICTBUSA YACTUI W WX B3AWMHOTO Pac-
TIOJIOYKEHUS BO BPEMSA CTOJIKHOBEHUS.

[Tonmy4denuble pe3yabTaThl MOXKHO WHTEPITPETUPOBATH N€OMETPH-
geckn. Ilpm sTOM ymobHee mepedTH OT CKOPOCTEH K HMITYJIBCAM.
YmuOKUB paBeHcTBa (17.2) COOTBETCTBEHHO HA 1] W M2, TOLYIAM

/ mi
p; = mung + m(Pl + p2), (173
p5y = —mong + L(Pl + p2) .
m1 + mo
(m = mima/(m1+my) — npusenennas macca). [Tocrponm oKpyx-
HOCTB C PaJInyCcOM MU 1 IPOU3Be/IeM yKa3aHHoe Ha puc. 15 mocrpoe-
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rte. EC/ e IMHIMHBT BeKTOD Ng HATpaBien 51016 OC, TO BeKTOPHT
AC n CB 1aioT COOTBETCTBEHHO MMIIYIBCH p'| n ph. Ilpwn 3amanabx
P’ 1 P}, paauyc OKpy>KHOCTH 1 TOJIOXKeHne To9eK A 1 B HeM3MeHHBI,
a Trouka C' MOXKeT MMeTh JII000€ MOJIOKEHNE Ha OKPYKHOCTH.
PaccmoTpum nompobree cirydaii, Korga omHa u3 9acTur (IyCcTh

9TO 6y,I];eT JacCTuia mg) 0 CTOJIKHOBEHMA ITOKOUJIACh. B sTom Clry4dae

ma

auaa OB = P1 = MY COBMAAET C PAIUYCOM, T.e. TOUKa B

m1 + ma o
JIEXKHUT Ha OKPY»KHOCTU. BekTop ke AB coBnajgaer ¢ UMILyJIbCOM P
MepBoii 9acTuIlbl 40 paccesaus. [Ipu arom Touka A jexut BHyTpH
(ecmm mq < mg) wam BHE (ecim my > meg) okpyxkuoctu. Coorser-
CTBYIOIIME auarpaMMbl m300paskeHbl Ha prc. 16 a m 6. YKa3aHHbBIE
Ha HUX yrJabl 01 1 02 TpeacTaBasioT OO0t YIIbl OTKJIOHEHUS TaCTHIT

C
!
P1 P2
A O B
OC = mwv; a) mi < me 6) m1 > mo
575 _ mi(p1 + p2) .
A = " j— .
o mi +ms AB = p1;
OB — M2(p1+p2) AO/OB = ma /mg
mi + me
Puc. 15 Puc. 16

Noc/ie CTOJKHOBEHWsI M0 OTHOIIEHWIO K HANPABJIEHMIO yaapa (Ha-
npasjieHuio p1). LleHTpanbHbIil 2Ke yroy, 0603HAYEHHbI HA PUCYH-
Kax depe3 X (marormmii HampapjieHWe Ny ), TPeACTaBIsieT coboii yrom
MMOBOPOTA TIEPBOI YACTUIIBI B CUCTEME LIeHTpa nHepunn. V3 pucyrka
OYEBUIHO, 9TO yTJILI 81 1 O MOTYT OBITH BHIpAYKEHBI Yepe3 yTroJl X
dopmyramn

tg 01 = — 22X gy = ToX (17.4)

m1 + ma cosyx’ 2
Breimumenm Takzkxe (hbOpMyJIBI, ONpeaeIsione abcoJOTHLIE BeJITH-
HBbI CKOpOCTef/'I O6eI/IX YaCTHUIl IIOC/I€ CTOJIKHOBEHMHA Yepe3 TOT 2XKe
yTOJI X:

V/m? + m32 + 2mims cosx v 2myv

/
Vg =
mi1 + ma ’ 2

/
'1)1:

sin § (17.5)

mi + me
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Cymma 01 + 09 ecTh yroa pasjaera 9acTHIl TTOCTIe CTOJIKHOBEHMS.
OueBngno, uto 01 + 02 > 71/2 npu my < ma u 01 + 02 < 7/2 npwm
mi > ma.

Cnyyato, Korga 06e 9YaCTHIBI IIOCIE CTOJKHOBEHUS JIBUXKYTCS
0 ONHON TpsMOii («7I000BOI yaap»), COOTBETCTBYET X = TI, T.e.
nosiokerne toukn C Ha guamerpe cieBa or touku A (puc. 77 a;
IIPU 5TOM P} U Ph B3ANMHO IPOTUBONOJIOXKHBI) wian Mexay A u O

. !/ /
(ma puc. 7?7 6; upu 3TOM P} U P5 HAIPABJIEHLI B OJHY CTOPOHY ).

CKopOoCTH 9acTHIL IIOCIe CTOJKHOBEHUS B 3TOM CIydae PaBHBI

mi1 — ma
m1 + ma

v, Vvh= ey (17.6)

!
Vl =
mi + mo
SHaquHe V,2 HpI/I 9TOM — Ha,I/I6OJIBIHee BO3MO}KHO€; MaKCUMaJIbHAA
SHQPFHH, KOTOpyIO MO2KET HOJIqu/ITb B pe3y.HbTaTe CTOJIKHOBEHUA

TIEPBOHAYAJHHO MOKOUBIASICSA YACTUTIA, PaBHA, CJI€IOBATEHHO,

2 4mim
El — M2V2 max — 1772 177
2 max 2 (m1 + my)? 1, ( )

mlv%

roe B = — mepBOHavYaJIbHAsA SHEPTUd HAJIETAIOMEH YaCTHIIbI.

ITpm my < Mg CKOpPOCTH TEpPBOil YaCTHUILI TIOCIE CTOJKHOBEHUS
MOZKeT UMeTh J1r06oe Hanpasjenune. Ecin
JKe My > Mg, YIOJl OTKJIOHEHNS JIeTAIei
YACTHUIBI HE MOXKET IMPeBBINIATH HEKOTO-
pPOro MaKCUMaJIbHOTO 3HAYEHUS, COOTBET-
CTBYIOIIEro TAKOMY TOJI0XKeHn 0 Toukn C
(puc. ??76), npu kKoropom mupsivas AC
KacaeTcsa OKpyxkHocTH. OQUeBHIHO, YTO

sin 01 max = OC/OA, nnn

Sin 01 max = 2. (17.8)
ma Puc. 17
OcobeHHO TPOCTO BBITIAIAT CTOIK-

HOBeHME 49acThll (M3 KOTOPBIX OJHA IEPBOHAYAJILHO IMOKOUTCS) C
OJMHAKOBBIMU MaccaMu. B 3ToM ciydae He TOJbKO TOYKa B, HO u
rouka A nexar Ha okpyxkHOocTu (puc. 17). ITpu srom

_X _moX
61 =15, 02 R (17.9)
V] = v CoS %(, vh = vsin%(. (17.10)

OrmeTnM, 9TO 9aCTUIIBI PA3JIETAIOTCS TIOC/Ie CTOJIKHOBEHUST TIOT TIPS~
MBIM YIVIOM JPYT K JPYTY.
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3agaua
Bripasurs ckopocTn 00enx 4acTul M0Cjie CTOJKHOBEHUS ABHUXKYIIEHCs da-
crunpl (m1) ¢ HEMOABUXKHON (m2) Yepe3 UX yIJIbl OTKJIOHEHUS B JI-CHCTEME.

m
Pemenne Uspnuc. ?? umeem py = 2-OB-cos 02 mmm vh = 20 — cos 5.
ma
Jna nvmyasca ke p; = AC uMeem ypasHeHme

0C? = AO? 4+ pi2 — 2A0 - py cos0;

nan
u\>  2m v mi — ma
1 1 —
— ] —=— = cosf+ ———= =0
v 2 v m1 + mo
Orcrona
V] my 1
1 )
—=——— cos01 + ——— 4/m2 —m?sin? 0,
v mi + ma mi + ma

(mpm m1 > Mo mepes KOpHEM AOMYyCTHMBI 00a 3HaKa, NPU M2 > M1 — 3HaK +).

§ 18. Paccegnume gactui

Kak 6bL10 yKe ykKazaHO B HpeabIayineM maparpade, MOJTHOe
OIpeJIeJIeHne Pe3yJIbTaTa CTOJKHOBEHUS IBYX 9acTull (OIpeieneHne
yryia X ) Tpebyer pelleHus: ypaBHEHUI IBUKEHNs C YIeTOM KOHKDET-
HOT'O 33aKOHA B3aMMOJIEHCTBUS JaCTHII.

B cooTBeTcTBUM € 00OIIIUM TIPaBUJIOM OY/IeM pacCMaTpUBAThH CHA-
YJaJjia SKBUBAJIEHTHYIO 3371a9y 00 OTKJIOHEHUU OJHON JaCTHIIBI C MaC-
coit m B mose U(r) HemogBuK-
HOI'O CHUJIOBOTO HEHTPa (pacto-
JIO?KEHHOTO B IIEHTPE WHEPINN
9aCTuI).

Kak 6bu10 ykazano B § 14,
TPAEKTOPUS YACTUIBI B IEHT-
pPaJIbHOM TI0JIE CHMMETPUYHA, 110
OTHOINIEHWIO K MPAMOM, TpoBe-
JIEHHOM B OJIMKAKIITYIO K IIEHTPY
Touky opouter (OA Ha puc. 18).
[IosTomy 0b6e acMMITOTHEI OPOH-
ThI TIEPECEKAIOT YKA3aHHYIO TTPSi-
MYIO TI0J] OJIMHAKOBBIMU YTJIAMHU.
Ecin 0603Ha9uTh 3TN yIIIbl Yepes3 g, TO Yo X OTKJIOHEHUST 9aCTH-
bl TIPU €€ TTPOJIETAHUU MUMO IEHTPA €CTh, KaK BUJIHO U3 PUCYHKA,

X = |1t — 2@g]. (18.1)

Puc. 18
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Yros xke @q onpegesnsiercs:, corsiacto (14.7), narerpasom

_ (M /r?) dr 18.9
Po T/ V2m[E —U(r)] = M?jr? (18.2)

B3STHIM MEXKJy OmKaiiiuM K HeHTPY U OECKOHEYHO Y/aJI€HHBIM
HOJIOXKEHUSIMY 9acTuIbl. HAOMHUM, 9TO T'in SBJISIETCSI KOPHEM BbI-
parkeHusi, CTOSIIErO 110/] 3HAKOM Pa/INKAJIA.

[Tpn nHGUHUTHOM JBUYKEHWUH, C KOTOPHIM Mbl IMEEM 3JIECh JIEJIO,
YJI0OHO BBECTH BMECTO TOCTOSIHHBIX F 1 M apyrue — CKOPOCTh Voo
9aCTHIBl Ha GECKOHEYHOCTH U TaK HA3bIBAEMOE NPUYEALHOE PACCMO-
anue p. Tlocnennee mpencrasiisier cobOl JIMHY HEPIEHANKYJISIPA,
OIYIIEHHOTO U3 LIEHTPA Ha HANPABJIEHUE Vs, T.€. PACCTOSIHUE, HA
KOTOPOM 4aCTHUIA IPOIIa Obl MEUMO LEHTDPA, eciu Obl CUIIOBOE II0JIe
orcyrcrBoBasio (puc. 18). DHeprusi 1 MOMEHT BBIPAXKAIOTCH 4Yepe3
9TU BEJIMYMHBI COIIACHO

2
E = m;w, M = mpveo, (18.3)
a dopmyna (18.2) npurumaer Buj
o
— (p/r*)dr 18.4
@0 / \/1—p2/r2—2U/mvgo' ( ’ )

Tmin
Bwmecre ¢ (18.1) dopmysna (18.4) ompenensier 3aBuCHMOCTb X OT p.

B dusuuecknx nmpuMeHeHUSX MPUXOAUTCH OOBITHO MMETH JIeJI0
HE C MHAUBUAYAJBHBIM OTKJIOHEHUEM 4YaCTUIlbl, a, KaK TOBOpPAT, C
paccesnuem TEJIOTO MyYKa OJNHAKOBBIX YACTHUIL, TTAIAI0NINX HA Pac-
CEemBAIOIINIT TIEHTP C OJIMHAKOBOM CKOPOCTHIO V. PazimaHbie qacTm-
ObI B TIy4YKe O6Haﬂa}0T Pa3/IMYHBIMU TIPUHETBHBIMU PDACCTOAHUAMU
7 COOTBETCTBEHHO PACCEMBAIOTCS TOM pa3andHbiMu yraamu X. O60o-
3HAYINM Yepe3 dN 9ucio 9acTul], PACCENBAEMbBIX B €IMHUILY BPEMEHU
Ha YIJIbI, JIeXKallre B mHTepBajie Mexay X u X + dx. Camo o ce-
6e 3T0 Ync0 Hey100HO I XapaKTEPUCTUKU TTPOIECCa PACCEsTHUS,
TaK KaK OHO 3aBHUCUT OT IJIOTHOCTU Ia/JaXOIIETO ITYyYIKa (HpOHOpHI/I—
oHAJBHO eif). TTo3ToMy BBeIeM OTHOIIEHME

do = dN/n, (18.5)

TJIe N — YUCJIO0 YACTUI], TPOXOAAIINX B €IMHUITY BPEMEHN Yepe3 eIn-
HUILy TJIOMIAM TIOTIEPEYHOTO CeYeHMs Mydka (MbI MTPEJIoIaraem,
eCTeCTBEHHO, YTO Ty90K OJHOPOJIEH MO BCEMY CBOEMY CEIEHUIO). ITO
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OTHOIIIEHNE UMEET PA3MEPHOCTH TLIOIIAIN U HA3BIBAETCS APdhermus-
HoLM cevenuem paccesrus. OHO BCEIesIo OMpeessieTCss BUIOM Pac-
CEMBAIOIIETO TIOJA U ABJISETCA BayKHEUIeill XapaKTEePUCTUKON Tpo-
[IeCca pacCesTHus.

Bynem cauraTh, 9TO CBA3b MEXKIY X U P — B3aUMHO OJHO3HAY-
HA; 9TO TaK, CJIN YIOJI pACCESTHUsI SIBJISIETCS MOHOTOHHO yOBbIBAIOIIE
dyHKIMEN TPUIETBHOTO paccTosAHNA. B TakoM cilydae paccemBaroT-
cs B 3aJaHHBIN MHTEPBAJI YIJIOB MEXKIy X U X + dX JIUIIb T€ JacTH-
IIbI, KOTOpBIE JIETSAT C MPHUIEJbHBIM PACCTOSTHUEM B OIIPEIeIEHHOM
unTepBase mMexay p(x) n p(x) + dp(x). Hucio takux wacrui pas-
HO TPOUW3BEJIEHUIO 7 HA ILIOMIAb KOJIbIIA MEXK/Iy OKPYKHOCTSIMHU C
panguycamu p u p + dp, T.e. dN = 2mtpdp - n. Orcioga 3cddexTuBHOE
cevyeHme

do = 27p dp. (18.6)

YUrobbr HaliTH 3aBUCHMOCTH 3(DEHEKTUBHOTO CEYEHUS OT yTJa
paccesiHusI, JIOCTATOYHO MEPENUCATH ITO BbIPAYKEHNE B BUJIE
do = 2mp(x) dp(x) dx. (18.7)

dx
Mpb1 numiem 3ech abCOMIOTHOE 3HAUEHNE NTPOU3BOAHON dp/dX, nmest
B BH/Ly, YTO OHA MOKET ObITb OTPULATENBHON (KaK 3TO 0OBIMHO ObI-
Baer) !). Yacto orHOCAT dO HE K 3JIEMEHTY IJIOCKOTO yraa dX, a
K 9JIeMeHTy TejiecHOro yria do. TesecHbIit yroa Mexy KOHyCaMu
¢ yrimamu pactBopa X m X + dx ectb do = 27 sinx dx. Ilosromy
u3 (18.7) umeem

do = PX) ‘3_)12‘ do. (18.8)

sinx

Bosspamasice kK daxkTuueckoit 3ajade 0 paccesHUN TMydKa Ya-
CTUIL HE HA HENOJIBU’KHOM CHUJIOBOM II€HTPE, a Ha JIPYI'UX IIepPBOHAa-
JaJIbHO TIOKOWBIITUXCA YACTHUIAX, MBI MOYKEM CKa3aTh, 9TO (DOPMYJIa
(18.7) onpenensier 3bdeKTUBHOE CeUeHNE B 3aBUCUMOCTH OT yTJIa
paccesiHus B CHCTeMe IeHTpa nHepiuu. /ljis Haxoxkjaenns ke 3¢-
GEKTUBHOTO CeUEHMS B 3aBUCUMOCTH OT yTJIa paccessaus 0 B tabopa-
TOPHO crcTeMe HaI0 BRHIPA3WTh B 9TOH dopmyse X depe3 O cormac-
HO bopmysam (17.4). TIpu 3TOM MOTydYatOTCs BhIDAYKEHUsT KaK JIJIst
CeYeHnsl PacCessHUs MAMAIONIEr0 My dKa 9acTull (X BBIPDAXKEHO Yepe3
01), TaK U 1A YACTUILL, IEPBOHAYAIBHO TIOKOUBIINXCs (X BBIPAZKEHO
gepes 03).

1
) Ecin dyuknua p(x) MEHOrO3HAYHA, TO HAJO, OYEBUIIHO, B3ATH CYMMY TAKHUX
BBIPAXKEHUIl IO BCeM BETBAM 3TOil (pyHKIHH.
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agaumn

1. Onpenesnnth 3 deKTUBHOE CEYEHNE PACCETHUS YACTUL, OT abCOJIFOTHOTO
TBEPJOrO MIapuKa pamumyca a (T.e. mpu 3akoHe B3ammogeiictBua U = oo mpm
r<auU =0 upur > a).

P em e nue. Tak kak BHe mapuka 4acTUIA JIBUXKETCsI CBODOIHO, & BHY TPh
HEro NPOHUKHYTHL BOODIIE He MOXKET, TO TPAEKTOPUS CKJAJBIBAETCA U3 NBYX
IPSMBIX, PACIOJIOXKEHHBIX CHMMETPUYHO OTHOCUTEILHO PAInyCca, IPOBEIEHHOTO
B TOYKY WX Tepecedenns ¢ mapukom (puc. 19). Kak BugHo n3 pucysxa,

. . T—
p=asingy = asme = acos%.
IMoxcrasusas B (18.7) unn (18.8), moxyvaem
2 2
na® a
do = —— sinx dx = vy do, (1)
T.€. B II-CUCTEME paccesinne n30TponHo. VIurerpupyst do o Bcem yryiam, HalieMm,
4TO TOJNHOE cedeHMe O = TIa’ B COOT-

BETCTBUHU C TEM, 9TO NPUUEALHAA NAO-
wadb, B KOTOPYIO JOJIZKHA MONACTh 9aC-
TUIA IJI TOTO, YTOOBI BOODIIE paCCesATh
Cs, €CTh IUIOMIAIb CEYEHUS IaPUKA.
s mepexoma K JI-CHCTEME HAJIO
BBIpa3uTh X depe3 01 cormacuo (17.4).
Beraucsienusa  MOHOCTBIO  AHAJOTHYHBI
MpOU3BeIeHHBIM B 3ajade 2 § 16 (BBumy
dopmanbrOTO cxomcTBa hopmya (17.4) u
(16.5)). IIpu m1 < ma (m1 — macca 4a-
CTHUII, M2 — MacCCa MAPUKOB) TIOTy IHM Puc. 19

2 1 2/ 2 9
doy = 2 19™ os 01 + + (mi/m) cos 26,
4 | mo /1 — (m2/m2)sin? 0,

(doy = 27t sin 01d01). Ecam xxe ma < m1, TO

do a? 14 (mi/m3) cos20:
1= —
2 /1 — (m2m3)sin® 0,

IIpu mi1 = ma umeem
2
do1 = a”| cos 01| do1,
YTO MOYKHO MOJIYYUTh U MPAMOi mogcTaHoBKoi X = 201 (cormacho (17.9)) B (1).
Juisi mepBOHAYAIBHO TOKOMBIINXCS [IAPUKOB MMeeM Bcerga X = Tt — 202, u
noxacranoeka B (1) maer )
dos = a”| cos 02 dos.
2. I Toro ke ciaydasi BIpa3suThb 3(p@dEKTUBHOE cedeHne Kak (DyHKIIUIO
SHEPTUHU &, TepsAeMoil paccemBaeMBbIMU YaCTUIIAMHU.
Pemenue ueprus, TepseMas dacTuleil mi, COBNaIaeT C IHEPTHUei,
npuobperaemoii wactuneit me. Cormacuo (17.5) m (17.7) umeem
2 X

= Emax SIN~ =

27

2
’ 2mimes 2 .2

£ = = Sin
? (m1 +ma)?

o<

OTKyZJa

de = = €max Siny dy,

1
2
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n, noacrasassa B dopmyry (1) 3amaqan 1, momyaaem
de
Emax
Pacnpenenenne paccesHHBIX 9ACTHII 10 3HAYCHUAM £ OKA3BIBAETCA OJHOPOITHBIM
BO BCEM UHTEPBAJIE € OT HYJSA 10 Emax-
3. Kak 3aBucut 3¢ppeKTuBHOE CeueHne OT CKOPOCTH Voo YACTHIL IIPU PACCE-
auun B moste U 2 r™ "7

Peme nue Cormacuo (10.3), eciiu moTeHIMATBLHAS SHEPTUA €CTh OIHO-
—2/n

2
do = ma

ponHast MYHKIUS MOPAaKa k = —n, TO IJisd MOJOOHBIX TPAEKTOPHUI p U v
nm
—2
p=vz" f(X)
(yToIBI OTKJIOHEHWS X [JIf TOJOGHBIX TPAEKTOPHi OJMHAKOBBI). Ilomcrasisas B
(18.6), maiigem, aTo
do w vt do.

4. Oupegenurh 3(pHEKTUBHOE CEYEHUE [JIsd «IAJIEHUA» YaCTUIL] B LEHTP I10-
na U = —a/r.

Pemenmne «I[lagaoT» BIEHTD T€ YACTUIIHI, IJIsT KOTOPBIX BBITOTHIETCS
yemosue 20 > mp v, (cm. (14.11)), T.e. y KOTOPBIX NPHIEIbHOE PACCTOSHUE
HE TIPEBBIMIAET 3HAYEHUA Pmax — 1/ 20/muZ,. Tloaromy nckomoe apdexTnrHOE
ceueHmne
9 27
0 = TPmax = o
muvZ,

5. To xe B nojte U = —o /7" (n > 2, o > 0).
P emenue 3aBucumoctb 3HpDEKTUBHON MOTEHIMAIBHON JHEPIUU
b Mo

272 rm

OT r UMeeT BUmI, H306pa)KeHHbeI Ha puc. 20 ¢ MaKCUMaJIbHBIM 3HAYEHUEM

(n—2)x <mp211?,c> =

(Uacb)max = UO -

2 an
«ITagaroT» B IMEHTp MOJsA T€ YacTUllbl, y KOTopbix Uy < E. Oupenenss pmax U3
Uses yenosusa Uy = F, nonydaeM
El
2-n [« \"
oc=mnn(n—2) " 3 .
Uo mug

6. OnpenennTh 3ddEKTUBHOE CEUEHNE JIs Taje-
r Hus gacThy (C MaccaMu M1 ) Ha OBEPXHOCTD cdepuae-
ckoro Tema (¢ maccoit me u pamuycom R), K KOTODOii

OHU TIPUTATUBAIOTCS O 3aKOHY HBIOTOHA.
Pemewnwne VYcioBue nmageHus 3aKJIIOYAETCS B

Puc. 20 HEPABEHCTBE Tmin < R, Tl€ rmin — OJivKalimas K LeH-
Tpy cdepbl TOYKKN TPAEKTOPUM YACTUIlbl. Haubosbiiee
JIOMTyCTUMOE 3HAYEHWE p ONPEAEACTCH yCIOBUEM Tmin — KR, 9TO CBOAMTCA K

pemennio ypasaeHust Usq (R) = E nnn

2 2 2
M1 Voo Pmax M1V

& _ MY
2R? R 2
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npuueM X = Yymims (Y — TPABUTAIMOHHAs TOCTOSHHAN), W MbI TIOJOXKUJINA
m & my, camTas, 9To ma > ma. Haxoma orcioma p,, moayuaem

O'=7TR2( + 2ym2>.

RvZ,

TIpu voo — 00 3P (HEKTUBHOE CEYEHUE CTPEMUTCS, €CTECTBEHHO, K T€OMETPUYe-
CKOIi IO cedeHus Cephl.

7. Boccrarosuth Bug paccenBatomero nous U(r) no 3agannaol 3aBUCHMOCTH
3 HEKTUBHOTO CEYEeHNs OT yIJIa PACCesTHUs TPU 3aJaHHO sHeprun F; nmpearno-
naraercst, 4ro U(r) — MOHOTOHHO yObIBaromas (yHknus 7 (Ioje OoTTajkusa-
uus), npuuem U(0) > E, U(co) = 0 (O.B. @upcos, 1953).

Pemenue WurerpupoBanme do mo yriry paccessHUs OTPEIEIsIeT COTJIac-
HO (bopmyie

7T
do 2
[ 5 tx=m 1)
KBaJpaT MPUIEJIHHOTO pPAcCTOsHUA, Tak 4To dyHkmmo p(x) (a ¢ weit n X(p))

TOXKE€ MOXKHO CUYATATHL 3aJaHHOI.
Beoanm obosnauenns:

1 1 U
s=-, :c:F, w = I—E. (2)
Torpa dopmyanst (18.1), (18.2) sanumyrcsa B Buge

T — _ ds 3
=| 3)
0
rzae So(¢) — KOpeHb ypaBHEHUs
2 2
zw”(s0) — s5g = 0.

VYpasuenne (3) — nHTErpasbHOE ypaBHEHUE Ny DyHKINN W(S); €0 MOXKHO
PEIuTh MeTOIOM, aHAJOTMYHBIM HWCHOTh30BaHHOMY B § 12. Pazgenus obe ga-
ctu (3) HA /X — T ¥ TPOMHTErpUPOBAB 1O dT B IPeeIax OT HyJsd 10 X, Halaem

o @ S0 (Z)
/ m—x(z) dxr / / dsdx _
2 N ) V(zw? — 82) (o — x)
so(e) so ()
/ / dr ds / ds
=TT -,
V(zw? — s2)(a — ) w
z(s0) 0
WA, UHTETPUPY4 TI0 J9acTAM B JEeBOH JacTh pPaBeHCTBA,
o d s0/(e) d
n\/&—/\/(x—m—xdm:ﬁ / 4
dx w
0 0

Tosyuennoe coorHommenne auddepeHnnpyeM Mo «, MOCIe Yero BMecTo So(x)
IIIIIEM IIPOCTO §, COOTBETCTBEHHO YeMy 3aMeHseM X Ha S°/w?; Hammcas paBeH-
cTBO B auddepeHimanax, moIydnm
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m (1) - 3d <w—> ?il—“s
a:)da:

—7mdln w=4d /
’\&E—Qi

OT0 ypaBHeHUE HHTEIPUPYeTCd HEIOCPEICTBEHHO, IPUYeM B IPaBOil 4acTu CJie-
JIyeT U3MEHUTH MOPAJOK WHTErpuposanus no dz u d(s/w). YaureBas, 9T0 npn
s = 0 (re. r - o0) gomxkuo O6brte w = 1 (re. U = 0), u BO3Bpamascy x
UCXOJHBIM NEPEMEHHBIM T W p, TIOJYyYUM OKOHYATEIbHBIH pe3yabTar (B JIBYX
9KBHUBAJIEHTHBIX (POpPMAX):

_ 1] P dx _ 1 [ x(p)dp

rw

njin

Droit bopmysoit onpenensierca B HessBHOM Brje 3aBucumocth w(r) (a Tem ca-
MM u U(r)) npu BCeX 7 > Tmin, T.€. B TOH 06jacTu 3HAYEHWH 7, KOTOpas
(PaKTUUECKH TPOXOINTCS PACCEUBAEMON JacTuieil ¢ 3aganHoii sueprueit F.

§ 19. ®opmyna Pezepdopaa

OnHO W3 BaKHEHINX MPUMEHEHWH MOJYyYeHHBIX BbIme ¢hop-
MyJl — paccesiHue 3apsyKeHHBIX JacTHI] B KYJIOHOBCKOM IOJI€.
IMonoxus B (18.4) U = «/r m mpou3Boas 37€MeHTApHOE HHTE-

TPUpPOBAHUE, TIOJTYINM
X

mvi, p

Qo = arccos ,
o 2
1+ (mzy)
mu,p

OTKYy/1a
2
X

p? = tg? @o,

m2vd,

wim, BBoAs coraacHo (18.1) @o = (7 —x)/2, nonydaem

2 _ o 2 X
P = ctg 3 (19.1)

Junddepernnpys 310 Belpakenue mo X u noxcrasiag B (18.7)
win B (18.8), momysaem

X
do = <mZgo)2 ;:((22) dx (19.2)
2

nJjin
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2
do = (2mO;go) Smfgx). (19.3)
2

910 Tak HasbIBaemas gopmyaa Peseppopda. Ormerum, ato 3¢ dex-
TUBHOE CeYeHMe He 3aBUCHUT OT 3HAKA K, TaK UTO TOJYyUIEHHBINH pe-
3yJIBTAT OTHOCUTCS B PABHOM CTEMEHN K KYJTOHOBCKOMY TIOJIIO OTTAJI-
KUBAHUS W MPUTSIKEHUSI.

®opmyna (19.3) maer adbdeKkTUBHOE cedeHMe B CHCTEMe OTCUe-
Ta, B KOTOPOil TTIOKOUTCS MEHTP WHEPINHU CTAJIKUBAIOIINXCS TaCTHII,
IIpeobpazoBanue K J1abOPATOPHON CHCTEME MHPOU3BOAUTCI C IIO-
momibio hopmya (17.4). s acTun, nepBoOHAYAIBHO MTOKOMBIIUXCS,
nojcrasiaag X = 7 — 2602 B (19.2), monyunm

dcrg:27c( x )2 sin 0, d922< x )Zﬂ (19.4)

2muZ, cos® 02 mu2, cos® 05

s mamarommx ke 9acTuIll mpeodpa3oBaHmMe TPUBOANT B 0O0IIEM
caydae K BeChbMa I'PoMO3Koit (popmyse. OTMeTnM JIMITH JBa 9aCT-
HBIX CJIydasi.

Ecnm macca mo paccenBaromieil 9acTUIBI BEIUKA 110 CPDABHEHUIO
¢ Maccoit m; paccemBaeMoil 4acTuilbl, TO X ~ 01, a m ~ mj, TaK

9T0
_ 08 2 d01
do-l — (E) 751114(91/2)’ (195)

rue By = mlvgo/2 — 3HEpPrus I1aIaf0IIeill YaCTHUIIbI.
Ecin macebr obenx gacTui, ouHAKOBBI (M1 = ma, m = m1/2),
To, corsacuo(17.9), x = 201 u noacranoska B (19.2) naer

2 2
doy = 21 (i) cosbr g, — ( "‘) LLL R (19.6)

Ey sin® 0, Ey sin* 0,
Ecan #e TOIBKO Macchl 00enX JacTHUIl, paBHBI, HO 9TU YaCTHIIBI BO-
00IIIe TOXKAECTBEHHBI, TO HE HMEeT CMbBICIAa Pa3jindaTh IIOCJIe pac-
CedHnd IIEPBOHAYAJIbHO ABUI'aBIINECA YaCTHUIbl OT II€PBOHA4YaJIbHO
nokousmuxca gactul,. Obiee 3¢pdeKTUBHOE cedueHne IJId BCeX Ua-
CTWUII MBI TTOJIY9HUM, CKJIaIbIBasdg do| U dOg U 3aMeHsasa 01 u 0o obrum
3HadeHueM O:

dG-(“)2< L 4 1 )cosedo (19.7)
E, sin®® = cos?0 ) '
Bepremcs cHoBa K obmmeit hopmyate (19.2) n onpegennm ¢ ee no-
MOIIBIO Paclpe/ieieHne PacCeSHHBIX YaCTHUIl 110 OTHOMIEHUIO K Teps-
€MOI UMU B pe3yJsibTaTe CTOJIKHOBEHUA HEPTUN. HpI/I IIPOU3BOJIbBHOM
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COOTHOITIIEHNN MEXKJy MacCaMu paccemBaemoii (mip) u paccemBaro-

mieit (mgo) wacTur, nprobperaemast MOCIEIHEN CKOPOCTh BBIPAYKAET-

cd 9epe3 yrosl pacCessHus B I-CUCTeMe CJEAYIONUM COOTHOIIECHUEM:
2m1 X

! .
Vg = ——V Sin —
2 m1+m2 o0 2

(cm. (17.5)). CoorBercTBeHHO, IpHOOpeTaeMas ITON JaCTUIE, a TeM
CaMbIM W TepsieMasl JacTHUIeil m] SHeprus paBHA
mav's 2m® 9 . 92X

E= — = v [S18 8
2 ma 0 2

Bripasus orcroga sin (X/2) gepes3 € n noxcrasus B (19.2), nomyaaem

2
do = om > % (19.8)

mav2, €2
Ota dopmysia OTBEYAET HA MMOCTABJIEHHBINA BOIPOC, ONpeneasds 3¢-
dekTuBHOE ceveHrne KaK (DYHKIIMIO OT TIOTEPU SHEPIUN €} TIOCIEIHSAS
poberaeT TMpPM ITOM 3HAYEHUS OT HYJIA 0 Emax = QmQUgo /ma.

amaum

. 2
1. Haiitn acpdexTuBHOe cedenne paccesHus B noie U = o/ (o« > 0).
Pemenue VYronorknoHeHus:

1
VIt 20/ (mp?l)

x=m|l

Db dekTuBHOE CeueHne
o — 2mx m—x ,do ‘
mu2, x2(2m — x)? sinx

2. Haiitu adpdexkTusnoe ceuenne paccesuusi chepudecKkoil «mOTeHInaIbLHON
amoii» pagmyca a u «rayousbl» Up (T.e. momem U = 0 pu r > a, U = —Up npnm
r < a).

Pemenue. Ilpavmonuueiinas TpaeKTOPUS UYACTHUIBI «IIPEJIOMJIISETC»
[IPU BXOJIE B My U IIpHU Bbixoe u3 Hee. CornacHo
3amave K § 7 yruIbl MaJleHusl X W TpeJIoMJIeHus 3
(puc. 21) cBA3aHBI COOTHOIIEHUEM

i 2
sTnoc o n= /14 Uy
sin 3

Yron orknonenus X = 2(a— ). [osTomy mmeem

. /2 1
Puc. 21 Sm(‘x. x/2) —cos X _ ctg osin X_ 1
sin 2 2 n

Ucknrouns ¢ 3 aToro PaBEHCTBa U OYE€BUAHOI'O U3 PUCYHKa COOTHOIIEHUA

muZ,

a sinx = p,

TIOJIYyYUM CBA3b MEXKIY p U X B BHUIE
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n? sin? (K)
2 2 2

p =a .
n24+1-— 2ncos<§)

Haxomner, nuddepeHImpys 3To0 paBeHCTBO, NOAYyInM 3(DIEKTUBHOE CeIeHNe

vt (o) 1) (o e(d))
4COS(§) (1+n2—2ncos(§))2

Yron x Mensierca B mpenenax oT Hynisa (npu p = 0) no 3HAYeHHd X, (Ipm
p = a), OIpPeesIIeMoro u3
xmax) 1
cos( ~mex ) — —
( 2

n

do =

Tlonroe 3dderTuBHOE CceueHMe, MOIYYarolleecsi HHTErpupoBanueM do 1o
BCEM yIJIaM BHYTPH KOHYCA X < Xax; PABHO, DPa3yMeeTcs, IO TeOMETPH-
YEeCKOTO CEeYEHUsT TIa” .

§ 20. Paccesgnne moa MaJibiMuU yTilaMu

Borancnenne 3¢ dekTUBHOTO ceveHnsT 3HAUNTETHHO YIPOIIAeT-
Cd, eCjim paCCMaTPpUBaATH JIUIIL T€ CTOJIKHOBEHUA, KOTOPHhIE TTPOUC-
XOOdAT Ha 6OJII:>H_H/IX TPUIEJIBHBIX PACCTOAHUAX, TOE TI0JIE U ABJIAET-
cqd CJIa6bIM, TaK 9TO YTJIbl OTKJIOHEHUA COOTBETCTBEHHO MaJIbI. HpI/I
9TOM BBIYHCIEHUE MOXKHO TPOU3BONTH Cpa3y B JabOPATOPHOI cu-
cTeMe OTCYeTa, He BBOS CUCTEMY IEHTPA WHEPIIUN.

Bribepem och x O HaANpaBIEHWIO TTEPBOHAYAIBLHOTO MMITYJIHCA
paccenBaeMbIxX 9acTull, (4aCTUIIbI M), & INIOCKOCTh Y — B ILIOCKOC-
T paccessnusi. OGO3HAYNB Wepe3 P MMILyJIbC 9aCTUIBI TOCTE PAC-
CesiHWs, UMEEM OYEBUIHOE PABEHCTBO

U
sin@; = 2,
1
JImst MaJIbIX OTKJIOHEHWI MOXKHO NPHUOJMKEHHO 3aMeHHUTh sin 01

Ha 01, a B 3HaMeHaTeJle — 3aMEHUTD p’1 TTEPBOHAYAIBHBIM UMITYJTh-
COM P| = M1 Vso:

01 = P,/ (M1V0o). (20.1)
Hanee, mockombky p, = Fy, TO HOIHOe IpUpAINEHNE HMILYJIbCA
BZO/Ib OCH Y
o0
v, = / F, dt. (20.2)
— 00

ITpm sTom cuia
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_ U _ _dUOr _ dUy
Y 9y dr 8y  drr’

IMockonbky maTerpar (20.2) yxe cogeput Maryto Beaumanny U,
TO TIPU €r0 BBIYUCIEHUN MOXKHO B TOM YK€ TPUOJINKEHNN CIUTATh,
YTO YACTUIA BOBCE HE OTKJIOHSETCS OT CBOErO MEPBOHAYAILHOTO TIY-
TH, T.€. JBUXKETCsS TPAMOJIUHENHO (BIOJH MPSIMOR Yy = p) U PaBHO-
MEPHO (CO CKOPOCTBIO VU ). CooTBeTcTBeHHO 3TOMY TostaraeMm B (20.2)

) - _d_UB, dt — =
dr r Voo
U TOJIyYaeM
oo
b _p [ dUds
b1y = Voo dr r°
— o

Haxkowerr, or naTerpnpoBanmns mno dr mepeiigeM K WHTErPUPOBa-
Hrto 1o dr. ITockombKy /st TPSIMOIMHEHHOTO Ty TH r2 = 2% + p2,
TO TPW W3MEHEHUU X OT —OO0 JI0 +00 7 U3MEHSIETCS OT OO0 JI0 p W
3aTeM cHOBa 70 00. [loaTomy mHTerpasn mo dr mepeiiger B JABOITHOIM
UHTErpaJI 1mno dr oT p 10 0o, NpudeM dx 3aMeHsSeTCs Ha

dr =

rdr
/12 — p2 ’
OxonvaresbHO nostyunM Jyist yrua paccesiaus (20.1) caemyromiee
BbIpazkKeHue '):

oo
2p du dr
—_ % [ AU __dr 20.
91 m1v§o / dr 2 p2 ) ( 0 3)
0

YeM ¥ OIPEeIEISieTCs NCKOMasl 3aBUCUMOCTh 01 OT p mpu ciabom oT-
kjoHeHnn. D EKTUBHOE CeueHne paccesiHus (B JI-CHCTEME) MOJIy-
Jaercs 1o Takoil xke dopmyste, kak (18.8) (¢ 01 BMecTo X), npuuem
sin 01 MOXKHO U 3/7eCh 3aMEHUTHL Ha 07:

201 o, (20.4)

) Ecan mpom3BecTH BeCh M3/I0KEHHBI BBIBOJ B L-CHCTEME, TO MBI TIOIYIHM
IJIsi X TAKOe BBIPAYKEHUE C 1M BMECTO 1j B COOTBETCTBUU C TEM, UTO MAJIbIE
yrael 01 U X JOJIKHBI OBITH CBA3aHbl, coracHo (17.4), cooTHOmEHIEM

maX
0, = ———.
mi + ma
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agaumn

1. Tlonyunts dopmyny (20.3) nz dopmyssr (18.4).
Pemenne. C nenbio uzbexars HUXKe (PUKTUBHO PACXOAAIINXCS HWHTE-
rpaJios, npeacrasum ¢opmyay (18.4) B Buge

[ -E

"’mln

IpUYeM B KAYeCTBE BEPXHErO MPE/IesIa MUeM OOJbITYI0 KOHEIHYIO Beauduny R,
nmesi B Buay rnepeiitu 3arem K npegeny R — oo. Beumy manocrtn U pazmaraem
KOpeHb 110 creneHsM U, a T'min 3aMeHsieM NPUOJINXKEHHO Ha p:

_pdr U(r)dr
Po = ap T a2
r2y/1 mv?x,wl—p—2
r

IlepBbiii mHTErpas mocie mepexona K mpexeny R — oo maer 71/2. Bropoit xe
WHTErpaJj MpeBapUTEHHO MPEodpa3yeM M0 YacTSM U TIOJIyYaeM BhIParXKeHNe

/ Ny dU 2 ]odU dr
e} 2— = — _— Y,
mv2 muv2 dr /2 —p?

p

X =T —2@o

9KBUBaJIEHTHOE (HOPMYJIe (20.3).
2. Onpeneutsh 3bHEKTUBHOE CEUEHWE PACCESTHUS HA MAJble yTJIbI B TI0JIE

v :I“érlyrll (en}PI/IO() Cornacuo (20.3) umeem:

oo

2paxn dr

miv2, pntl  /p2 p2'

P

0; =

TToncranoBkoit p2/7"2 = u WHTEerpaJ NpUBOANTCA K B-umHTerpamy Ditnepa u
BBIpazkaeTca depe3 I'-dyHukiun

r n+1
20t/ 2
01 = .

e
2
Beipaxkas orciona p uepes 01 u noacrasnasa B (20.4), nomyanm

2/n
2\/_F( >
dO‘ = — & 61_2(1+1/n)d01

IO

n—+1




FTABA V

MAJIBIE KOJIEBAHU A

§ 21. CBoboaHbBIE 0THOMEPHBIE KOJIeOaHUS

Ouenb pacHpOCTPAHEHHBIH THUI JBUKEHUS MEXaHUIECKUX CUH-
CTeM TIPEJICTABJISIOT COOOH TaK HA3BIBAEMBIE MAABIE KONEOAHUA, KO-
TOPBIE CUCTEMA COBEPINaeT BOJM3U CBOErO TIOJIOKEHUST yCTOWINBOTO
paBHOBecusi. PaccMoTpenre 3TuX JBUKEHU Mbl HAYHEM ¢ HanboJsee
IPOCTOrO CJIyvasi, KOTJ[a CUCTEMa UMEET BCETrO OJHY CTENeHb CBOOOIBI.

YeToitunBOMy PaBHOBECHIO COOTBETCTBYET TAKOE TIOJIOYKEHWEe
CHCTEMBI, B KOTODOM ee NOTeHImaibHast SHeprust U(q) mMeer Mu-
HUMYM; OTKJIOHEHWE OT TAKOTO TOJIOYKEHUsT MPUBOIUT K BO3HUK-
HOBeHMIO cuitbl —dU /dq, cTpemsiteiicss BEpHYTh cucTemy 00paTHO.
O603HaYMM COOTBETCTBYIOIEE 3HAUEHNE ODOOIIEHHOW KOOPIUHATHI
yepe3 qo. IIlpu MaIbIX OTKJIOHEHUSX OT ITOJIOXKEHUsI PABHOBECHs B
pasznoxkerun pasunoctu U(q) —U(qp) no cremeHsiM g — gy JOCTATOYHO
COXPAHUThH MEPBBIN Hencyesaronmii 1wieH. B obiem ciydae TakOBbIM
SIBJISIETCSI 9JIEH BTOPOTO TOPSIIKA,

U(g) = Ulgo) ~ 5(g— q0)*,
rie k — TOIOKUTEIbHBII Ko3hduimenT (3HaueHne BTOPOi MpOu3-
sopuoit U”(q) npu ¢ = qp). Byaem B nanbreiimmem OTCYNTHIBATH
MNOTEHIUATBHYI0 SHEPIUI0 OT €6 MUHUMAJBHOTO 3HaYeHus (T.e. mo-
noxxuM U(go) = 0) u BBeZeM 0603HAMEHIE

T =q—qo (21.1)
JIJTs OTKJIOHEHUST KOODANHATHI OT €€ PABHOBECHOTO 3HaUeHnsI. TakmmM

obpasoM,
kx?

U(z) = = (21.2)
Kuneruueckass sHeprus CHUCTEMBI C OJHON CTEIEHBIO CBOOOIBI
nMeeT B OOIEM CIydae BUJL
1 .9 1 .9

50(0)d =5a(g)”.

B Tom ke npubamzkeHun 10CTATOMHO 3aMeHnTh PyHKIMIO a(q) mpo-
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CTO ee 3HAYEHWeM TIpU ¢ = ¢o. BBOas 118 KpaTKocTn obo3Hadenue )

a’(qO) =m,
IOJIYy9UM OKOHYATEJIbHO CJIeAYIOIIee€ BbIDaXKEeHUeE JIJId JIaPpaH}KeBOﬁ
JYHKIINM CHCTEMBI, COBEPIIAIONIEH OHOMEPHBIE MaJble KOIeOaHus 2):

mi? ka?
L=20 -2 (21.3)
CooreercrByioiee 3Toil (DyHKINKY ypaBHEHUE JIBUKEHUsI TJIACUT:
mi + kx = 0, (21.4)
nJjim
i+ w?z =0, (21.5)

rIe BBEIEeHO 00O3HaUeHUe

w = +k/m. (21.6)
JlBa HE3aBUCUMBIX pPEIIeHNsT JINHEHHOTO AnddepeHna»HOTO ypaB-
Henust (21.5): cos wt u sin wt, Tak 4To ero obiee perieHne

T = ¢1 cos Wt + ¢y sin wt. (21.7)
9TO BBIparKeHUE MOYKET ObITh HAIMCAHO TaKyKe U B BUJE
x = a cos (wt + o). (21.8)

[MockosbKy cos (Wt + «) = cos wt-cos & —sin Wt -sin &, cpaBHEHHE C
(21.7) mOKa3BIBAET, YTO MPOUZBOJILHBIE IOCTOSHHBIE @ W X CBSI3aHBI
C TIOCTOSTHHBIMH €] U €9 COOTHOIIEHUSIMA

a=1/ci+c3, tgoa=-—co/c. (21.9)

Takum obpazom, BOJU3U TOJTOXKEHUS YCTOHUIMBOTO PABHOBECUS
CHUCTEMA COBEPITAET TapMOHUYECKOoe KojiebaTerbHoe aBuKenne. Ko-
3¢ duImenT a npu neproandeckoM MHOXKHUTeNe B (21.8) HasbIBaeTcs
amnaumydoti KomebaHuil, a apryMeHT KOCUHyca — UX ¢a30ti; X ecTh
HavaJbHOE 3HaUeHNE (ha3bl, 3aBUCAIIEE, OUEBUIHO, OT BRIOOpA HAYA-
Jla OTCcYeTa BpeMeHu. Bejimanna (U Ha3bIBAETCS YUKAUYECKOT 4acmo-
moti KonebaHmit; B TeopeTuIeckoil (pu3nKe, BIPOUEM, €€ HA3BIBAIOT
OOBIYHO TIPOCTO 4acmMOmot, 9TO MBI U OyJIEM JIe/IaTh B JaTbHENIIIEM.

YacroTa gBISZETCS OCHOBHONM XapaKTEPHUCTHUKON KojebaHmii, He
3aBUCAINEl OT HAYaJIbHBIX ycaoBuil npuxkenns. CoryiacHo dopmysie
(21.6) ona Bceresio onpeeisieTcs CBORCTBAMY MEXaHUIEeCKON CUCTe-
MBI KaK TakoBoil. [lomuepkHeM, OgHAKO, YTO ITO CBOHCTBO YaCTO-

1 .

) IToguepkueM, OZHAKO, YTO BEJUYUNHA M COBIAJAET C MACCOH TOJBKO B
CIydae, eCliu T €CTh JIeKapTOBa KOOPAWHATA IACTUIBI!

2

) Taxyio cucTeMy 9acTO HA3bIBAIOT OJHOMEDPHBIM OCUUAAATNODOM.
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ThI CBSI3aHO C TIPEJIOJaraeMoii MaJoCThIO KOJeDaHWit W MCIe3aeT
npu mepexoze K Oosiee BbICOKMM mpubamkenusm. C maremarnde-
CKOIl TOYKHU 3PEHUs OHO CBA3AHO C KBAJAPATHIHON 3aBUCUMOCTBHIO
[OTEHIUAIBHON SHEPIUK OT KOOPAUHATHI 1).

DHeprusi CUCTEMbI, COBEPINAOIIell MaJble KOaebaHus, eCTh

_ mi? kx>  m .9 2,2
B==+5 =5 @ +w)
i, moacrasus coga (21.8):
E =l mw?a? (21.10)

2
Ona mponopnuoHaabHA KBAIpaTy aMILTHTYIbI KOJIeOaHUIL.

3aBHCHIMOCTDb KOOPAUHATEI KOJIEOIIONIEHCs CHCTEMbBI OT BpeMeHI
YaCTO OKA3BLIBAETCHA YAOOHBIM IPEICTABIATH B BHUIE BEIIECTBEHHOM
9aCTN KOMILJIEKCHOTO BBIPAYKEHUS

z = Re {Ae''}, (21.11)
rae A — KOMILJIEKCHAadA IIOCTOdHHAaA; HalluCaB €€ B BUIE
A = ae'™, (21.12)

MBI BepHEMCsI K Bbipaskennio (21.8). TTocrosinayto A Ha3bIBAIOT KOM-
naexcHotl amniumydoti; ee MOIYIb COBIMAIAET C OOBITHON aMITINTY-
JIOif, & apryMeHT — ¢ HadaJbHOU (Ha3oil.

OnepupoBanme € SKCIOHEHIUAJIBHBIMUA MHOXKUTEJISIMUA B MaTe-
MaTHYeCKOM OTHOIIIEHWH IIPOIIE, 9eM C TPUTOHOMETPUIECKUMU, TAK
Kak anddepeHnupoBanre He MeHseT uxX Bujga. [Ipu 9Tom, moKa MbI
NPOU3BOJMM JIUIIb JIMHEHHBIE onepanun (CI0kKeHne, YMHOXKEHNE Ha
nocTosinabie KoddduimenTs, quddepennnpoBanne, HHTETPUPOBA-
HEE), MOXKHO BOOOIIIE OIyCKATh 3HAK B3sATUS BEIECTBEHHOW YaCTH,
Mepexo/is K TMOCIeHElN JINIh B OKOHYATETHHOM Pe3yJIbTaTe BhIYUC-
JIEHWMIA.

Bamaum

1. Beipasuts aMIanTyay um HadaJabHYIO a3y KoiebaHuil dyepe3 HadaIbHBIE
3HAYEHUS To U Vo KOOPAWHATHI M CKOPOCTH.

OTrserT:
2
Vo Vo
a=\lzf+—, tga=— .
w , wxo
2. HaiiTu oTHOmEHNE 9acTOT (W W W' KoJebaHmii ABYX JBYXaTOMHBIX MOJIe-
KyJI, COCTOANIMX U3 aTOMOB Pa3IUYHBIX U30TONOB; MACChl aTOMOB PABHBI COOT-

! !
BETCTBEHHO M1, M2 U My, My.

1) Omo ne umeer nosromy mecra, ecin y dbyskmun U(z) npn & = 0 MuanMy™
6osee BBICOKOTO TIOpsAnKa, T.e. U <z, n > 2 (cm. 3amauy 2a § 11).
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Pemenne. IlockogbKy aTOMbI M30TOMOB B3aMMOAEHCTBYIOT OIWHAKO-
BbIM 06pa3oM, 10 k = k'. Poub sxe K03 dUIIMEeHTOB M B KHHETHYECKUX SHEPTUAX
MOJIEKYJI UTPAIOT uX npuBegeHHbie macchl. Cornac-

A HO (21.6) HaxOAUM HOPTOMY:
W' [mama(mi + ms)
w | mimh(ma +ma)’

m, CIIOCODHO ABUTATHCA 110 TPAMOM U TPUKPETIJIEH-
HOH K NpyXKHUHe, APYyroil KOHeIl KOTOPO# 3aKpeIleH
B Touke A (pumc. 22) ma paccrosuum | OT TPAMOIi.
IIpyxuna, nmess pnuny l, HaTaHyTa ¢ cuaoit F.
P emrenwune. Ilorernmnansras sneprust mpy-
Puc. 22 JKWHBI (C TOYHOCTBIO J0 MAJIBIX BEJWYHWH BBICIIETO
NOpsiZiKa) PaBHA NPOU3BeNeHuIo cuibl F Ha yaynmHerune bl npyxusst. [lpn z < |

nmMmeemM
6l=+/12422 — 1~ z°/(20),

2 -2
tak aro U = Fz~/(2l). IlockonbKy KuHeTH4IecKast SHEPrust €CTb M~ /2 | To

F
w=+4/—.
ml
4. To e, eciM TOYKa M JBUKETCS 1O OKPYKHOCTH paauyca r (puc. 23).

Pemenwue Boarom ciyuae yanuuenne npy>xusb! (mpn @ < 1)

I
I
, ) . .
| 3. Haiitnn wacrory xosebanmii TOYKM C MACCOi
I
I
1

m x

Sl=+r2+(1+r)2—2r(l+7r)cosp — I~ W@z.
Kuneruueckas sueprus T = (1/2)mr? >, Orcioma vactoTa
F(r+1)
rlm

5. Haiitu uwacrory KonebaHuii m300parKeHHOrO HA PUC. 2 MasITHUKA, TOY-
Ka mozgBeca KOTOporo (¢ maccoit mi B Hell) CrocoOHA COBEpIHIAThH [IBUKEHUE
B POPU30HTAJIBHOM HAINPABJIEHUU.

Pemenue. Ilpu ¢ < 1 u3 nonyuenunoii B 3aja-
ue 3 § 14 dopMyabl HAXOAUM

T — m1m2l2 (b2 U _ mggl 2

2(m1 —I—m2) ’ 2

w— | g(ma -I—mz).
mll

6. Onpenenuts hopMy KPUBOIL, TPU KAYAHUU BIOJb KO-
TOPOii (B MoOsIe TAYKECTN) YacTOTa KONEOAHNI HE 3aBUCUT OT
AMILJITYIbI.

P em e uue. IlocraBmennomy yciaoBuio OymeT yIOB-

Orcrona

Puc. 23

JIeTBOPATDH TaKas KpWBasd, IPU JABUXKEHUN BJOJIb KOTOPOH MOTEHINAJIbHAS dHEP-

2
rus gacTusl oyzer U = ks®/2, rae s — AjmHa JyTH, OTCIATHIBAEMAS OT MOJIO-
JKEHUsi PABHOBECHSI; IPU 9TOM KHHeTHdeckas sueprus T = mé® /2 (m — macca
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YACTHUIBI) W 4YacToTa Kosebauwii Oymer w = +/k/m BHe 3aBMCHMOCTH OT Ha-
9aJbHOTO 3HAYEHUS S.
Ho B nosne taxectu U = mgy, rae y — BepTuKagbHasg KoopauHaTa. [losromy
umeem: ks?/2 = mgy unn
2
@L g2
2g
C apyroii cropousi, ds? = dz? + dy?, orxyna

ORI ==

MuTerpupoBanmne yno6HO MPOU3BECTH, CAETIAB TTOJACTAHOBKY

g
To? (1 —cosé).

’y:

y =
Torma nomy4anm

x = %(Eﬂtsin&).

OTH JBa PABEHCTBA ONPEAENSIOT B IAPAMETPUYECKOM BUIE yPABHEHNE UCKOMOI
KPWBOIi; OHA NpejcTaBjsier cOOOM IUKJIONITY.

§ 22. BeiHyXeHHBIE KOJIe0aHUS

[lepeiimem K paccMOTpeHHIO KoebaHMil B CHCTEMe, Ha KOTOPYIO
JIeiCTByeT HEKOTOpOe IEPEMEHHOE BHEIHee IIoJie; TaKue KoJeda-
HUS HA3BIBAIOT BbHYHCOEHHDBLMU B OTJIUYHE OT PACCMOTPEHHBIX B
peIbLIyIneM maparpade Tak Ha3bIBAEMbBIX €80000HbLT KOJEOAHMIA.
[TockombKy KoJIeOAHUS TIPEIONaraloTCs TO-TIPEesKHEMY MaJIbIMU, TO
TeM CaMBbIM IIOPAa3yMeBaeTCsI, UTO BHEIITHEE T0JIe JOCTATOYHO CJia-
60, B TPOTUBHOM CJIy9dae OHO MOTJIO OBI BBI3BATH CJIWIITKOM OOJIHITIOE
CMeIIEeHne .

B sTom cnyuae Hapsay ¢ cOOCTBEHHOM IOTEHITNAIBHON SHEepruei
(1/2) kx? cucrema obmagaer eme moTeHImabHOM sreprueit U (z, 1),
CBA3aHHONW ¢ IeficTBMeM BHEITHEro MoJisi. Pasjaras 3ToT JOIOJIHN-
TEJbHBIN 9JI€H B Ps/ 110 CTEMeHAM MAaJOil BEJWMIUHBI T, TOJYIUM

Ue(z,t) = U (0,t) + %(i o

[Tepsbiii diien siBasieTcss PYHKIMENH TOIBKO OT BPEMEHH W TIOTOMY
MOXKeT ObITh OMYIIEeH B JArPaHKeBOi (GyHKIMM (Kak MoaHAs Mpo-
U3BOJHASA TI0 £ OT HEKOTOPOIi ApyToii byHKIMYM Bpemenn ). Bo Bropom
qnene —OU,/Ox eCTh BHEmHsAS «CUJIa», JeHCTBYIOIIAs HA CUCTEMY
B TIOJIOSKEHWHW PABHOBECUS W ABJIAIOIASCA 3aaHHON PYHKIIMEH Bpe-
MmeHn; obo3naunm ee kak F'(t). Takum obpasom, B MOTEHIMATIBHON
SHeprum TosiByisiercst wiueH —zF(t), tTak uro dynkuus Jlarpanka
cucrembl Oyzer
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-2 2
L="8 K4 oF (). (22.1)

CooTBeTCTByOIEEe YPAaBHEHNE [IBUYKEHHS €CTh
mi + kx = F(t),
nim

i+ ws = L F(1), (22.2)

rIe MBI CHOBA BBEJIN 9acTOTy (U CBOOOTHBIX KOJIEOAHMIA.

Kaxk n3BecTHO, 00111€€ peITieHne HeOHOPOIHOTO JTMHEHHOTO And-
depeHnuaILHOr0 YpaBHEHNS C IOCTOSHHBIME KO PUITIEHTAMH I10-
JIydaeTcs B BUJIE CYMMBI JBYX BBIpaXKeHWil: © = g + =1, TJe Tg —
o0Iree pereHne OJHOPOJIHOIO YPaBHEHUsI, a X1 — YaCTHBIA WHTe-
rpaj HEOJHOPOJHOIO ypaBHeHHs. B maHHOM ciaydae xg IpeacTaB-
JgeT coboil pacCMOTPEHHBIE B IPeAbIayIneM Iaparpade cBoOOTHbIE
KOJIeOAHUS.

Paccmotpum mmeroruit 0coObIit MHTEpeC CIydail, KOTa BhIHY K-
JTafoIas CUjia TOXKEe SBJISETCS TPOCTON TePUoandecKoit (pyHKImeit
BpeMeHU C HEKOTOPOIT 9acTOTOH y:

F(t) = fcos(yt+ B). (22.3)
Yacrusrit naTerpan ypasuenust (22.2) nmem B Buge 1 = b cos(yt +
+ B) ¢ Tem ke neproguueckuM MHOKHUTEIEeM. [1ocTaHOBKA B ypaB-
nerne qaer: b = f/[m(w? —v?)]; npubasnsas penrenne o1HOPOIHOTO
ypaBHEHUs, MOTyIUM OO WHTErpajl B BHUJIE
x = acos (wt+ «) + W cos (vt + f3). (22.4)
[IponsBobHBIE TTOCTOSAHHBIE ¢ W (X OIPEIEJIAIOTCI U3 HAaYaIbHBIX
YCJIOBUIA.

Takum o6pazom, oI IeCTBUEM MTEPUOUIECKON BBIHY K TAOTIIETt
CUJIBI CUCTEMA COBEPINAET JIBUKEHUE, MPeACTABISIoNee coboit coBO-
KYITHOCTh JIBYX KojeOaHmit — ¢ COOCTBEHHOI YaCTOTON CHCTEMBI (W
U C 9aCTOTOU BBIHYZKIAIONIEd CUJIbI Y.

Pernenne (22.4) HeEnmpuMeHNMO B CIydae TaK HA3bIBAEMOTO DE30-
HAHCA, KOTJA 9aCTOTa BBIHYK/IAIOIIEN CUJIbI COBIAIAeT ¢ COOCTBEH-
HOW 9acToTOW cucTtembl. JIjsT HaXoXKaeHWs OOIIEro permeHns ypas-
HEHUs JIBUXKEHWsI B 9TOM CJlydae IepenwuineM Bbipakenue (22.4) c
COOTBETCTBYIOIINM ITepeob03HAUEHNEM TTOCTOSHHBIX B BUIE
M[COS (yt+ B) — cos (wt + B)].

ITpu 'y — w Bropoit wien maer Heonpenenenuocts Buga 0/0. Pac-

x = acos (Wt + «) +
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KpbIBasl €e 10 TpaBwiIy Jlonuras, mosydnm
_ foi
x = acos (wt + o) + 5 tsin (wt + B). (22.5)

Takum o6paszom, B cilydae pe3oHAHCA aMIIIATYda KOJeDaHuit pacTeT
JIMHEHHO CO BpeMeHeM (10 Tex 1mop, Moka KojgebaHus He MepecTaHyT
ObITh MaJIbIMKA W BCsl M3JlaraeMasl TeOpusl lepecTaHeT ObITh IpUMe-
HUMOIH).

Boisicauwm erre, Kak BBITIASAT MaJible Kojebauns BOJIU3U PEe30-
HaHCa, KOraa Y = W + €, Tae € — majas BeJuduHa. lIpeacraBum
ob1rtee perieHne B KOMIIJIEKCHOM BHJIE, KaK

z = A’V 4 Bel(WT = (A 4 Belt)elt, (22.6)
Tak kak Bejmunua A + Be'®! mMano MeHsieTcss B TedeHMe IIepuoja
21/ muONKmTENs €'V, TO nBUIKeHMe BOIM3M PE3OHAHCA MOMKHO
paccMaTpuBaTh KaK MaJible KOJIeOaHWsl, HO C TEePEMEeHHON aMILIu-
Tymoii 1).
O6o3uauns mociemaio0 vepes C, nmeem

C = |A + Be™|.
Ipexncrasus A u B coorBercrsenno B Buze ae'® u be'P | momyamm
C? = a® +b* + 2abcos (et + B — ). (22.7)

Takum obpazom, aMIINTyIa KOJIEOJETCS TEePUOANIECKNA C 9acTO-
TOM €, MEHSISICh MEXKJTY JBYMS TIPEIeIaMu
la—b < C<a+hb.
DTO sBJIEHUE HOCUT Ha3BaHUE OUEHUL.
Ypasuenue asuxkenus (22.2) MoxkeT GbITh TPOUHTErPUPOBAHO U
B 00IIeM BHJE NPH MPOM3BOJILHOM BBIHYXKHawomei cuiae F(t). Dro
JIETKO CJIEJIaTh, TIEPEIncaB ero MpeIBapuTeTbHO B BU/IE

43 +iwz) — iw(E + iwz) = % F(t)

dt
nJimn dE 1
1€ BBE€IJEHa KOMIIJIEKCHAad BEJINYNHA
£=1+iwz. (22.9)

VYpasuenue (22.8) yrke He BTOPOro, a TIEPBOTO TOpsiAKa. Bes mpasoii
JacTH ero permrenneM Ob110 061 & = Ae'®! ¢ mocrosimmoit A. Chemyst
001IeMy TIPABIILY, UIIEM PelleHne HEOHOPOIHOIO YDABHEHUS B BUJIE
£ = A(t)e' u nna bynxnun A(t) momydaem ypasHeHme

1) Mensercsa Takxke «MOCTOAHHBINY dYjieH B (pase KojebaHumii.
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A(t) = - F(t)e ™",
WuTerpupys ero, mosiydnm pemieHne ypabHenus (22.8) B Buze

£ = et {/ %F(t)e‘iwt dt + 50}, (22.10)
0

TJIe TTIOCTOSTHHAST MHTErPUPOBAHNSA &) BHIOPaHa Tak, 9TOOBI TPeICTaB-

JIATH coboit 3Hadenue & B MoMeHT Bpemenu t = (0. DTO u eCcTh UCKO-

moe obmiee pemenne; Gyakys o(t) gaercs MHUMON YaCThIO BbIPa-

x)enus (22.10) (nenennoit va w) ).

OHEPrusi CUCTEMBI, COBEPIIAIONIEH BHIHYXKIEHHBIE KOJIeDaHUs,
pasymeercsi, He COXPAHSETCs; CUCTEMa MPUOOPETaeT IHEPIUI0 3a
cder uCToUHMKA BHemHeH cuiibl. OupenesnM MoHYI0 SHEPTUIO, e~
peJlaBaeMyIo CuCTeMe 3a BCe BpeMsl IeficTBUs CUIIBL (0T —00 70 +00),
npeJrosaras HadaJabHYI0 SHEPTUio paBHoi Hy1r0. CoracHo dhopMy-
e (22.10) (¢ HUKHUM IPEIIOM HHTErPUPOBAHUS — 00 BMECTO HYJIsI
uc & (—oo) =0) umeem upu t — 00:

oo

/ F(t)e “tdt
—oQ

C apyroit CTOPOHBI, HEPTUS CUCTEMBI KaK TAKOBOI JaeTcst BbIpa-

JKEHUEM

. 2
&(o0)* = e

E = %(3'324—(»2:1:2) = %|a|2. (22.11)

[oactasus coma |&(00)|?, momyamM nckoMyto Tepeiady SHEPIHUH B

BUJIE
oo

/ F(t)e "“tdt
— 00
OHa OTpeJIeJIeTCs KBaJIPaTOM MOYJiss KOMIOHEHThI Dyphe cuiib
F(t) ¢ wacroroii, paBHOit COBCTBEHHOI YacTOTE CHCTEMBI.

B YaCTHOCTU, €CJIN BHEUTHAA CUJIa ;LeﬁCTByeT JINIIIb B TE€YCHUEC
KOPOTKOIO MPOMEXKYTKa BpeMeHH (MaJjoro 1mo cpaBHEHHIO ¢ 1/w),
TO MOYXKHO TOJIOKUTE e "t 2~ 1. Torna

E= ﬁ(? F(t)dt>2.

—0oQ

2

B=_L : (22.12)

T 2m

1
) TIpm s1oM, pasymeercs, cuna F(t) gomxaa GbITh HANNCAHA B BELIECTBEH-
HOM BHJIE.
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DTOT pe3yahTaT 3apaHee OYEBWIEH: OH BhIpaykaeT co0oit ToT dakT,
9TO KPATKOBPEMEHHAs CHIa coobmaer cucreme nuvmynee [ F dt, He
YCIIEB 3a 3TO BpPeMs MPOU3BECTU 3aMETHOTO CMEIEHMUSI.

3agauan

1. Onpenenurh BBIHYXK/I€HHBIE KOJ€0AHUS CHCTEMBI IO BJIMSHUEM CHJIBI
F(t), ecnin B HagabHbIH MoMeHT t = 0 cncTeMa TIOKOWTCS B MOJIOKEHUN PABHO-
Becus (r =0, £ = 0), s ciydaes:

a) F' = const = Fj.

Fo
w2
CMEIIEHHIO [TOJIOZKEHNSI PABHOBECHS, BOKPYT KOTOPOTO IIPOUCXOIAT KOJIEOAHMS.

6) F = at.

Orsem: z= (1 — cos wt); melicTBUE MOCTOSHHOM CUJIBI TPUBOANUT K

a

OrBeT z= 5 (wt —sin wt).
mw
B) F = F, *.
FO —ot X .
OrBer: mzi(e —coswt—!——smwt).
m(w? + «?) w
r) F = Foe *' cos Bt.
OrBem:
x = F02 3 {—(w2+oc2—[52)coswt—|—
mf(w? + o — %)% + 4a? 7]

+ %(w2 + o’ + B sinwt + e [(w® 4+ o® — ) cos Bt — 2P sin Bt]}

(npu pemenun yno6HO mHcaTh CHIy B KOMILIEKCHOM Buue F = Foe(fo""iﬁ)t).
2. OmpenennTh KOHEUHYIO aMILIUTYIdy Kojaeba-

HU CUCTEMBI TI0C/Ie JIeWCTBUSA BHENTHEN CUJIbI, MEHSIO- F

mefica mo 3akony F' = 0 npn t < 0, F' = Fot/T npm

0<t<T, F=Fyuput>T (puc. 24); 10 MOMeHTa

t = 0 cucremMa MOKOUTCs B MOJIOKEHUU PABHOBECHSI. |
Pemenue B unrepsane spemenu 0 < t < T 0 T t

KoOJIeOaHNUsl, YIOBJIETBOPSIONINE HAYAIHLHOMY YCJIOBHIO,

UMEIOT BUI,

Fo

= ———=
mT w3
IIpu t > T umewm perrenune B Bume

(wt — sin wt).

Fi
x=cicos[w(t—T)]+cosin[w(t—T)] + :;2 .
m
M3 ycnoBuit HenpepbIBHOCTH « U & npu t = T HaxoauM
F
Q= sinwT, ¢ = —mTZﬁ (1 — coswT).

IIpum sTrom ammuTyma Kojaebanwmii

a—\/CQ—}-cQ—ﬂsinw—T
o 1 27 mTw? 2

OrMeTnm, 9TO OHA TeM MEHBINE, YeM MeJJIeHHee <«BKJodaerca» cuia Fy (T.e.
ueM Gosbire 17).
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3. To ke B ciryuae nocrostuHOM cuibl Fy, meiicTByiomeit B Tevenne orpanu-
gennoro spemenn 1" (puc. 25).

Pemenue wMOXHO HaliTH KaK M B 33jJad4e 2, HO €Il IPOIIE BOCIOJIb-
soBatbcsa (opmymoit (22.10). Ilpu ¢ > T umeem cBOGOLHBIE KOJIEOAHUS BOKPYT
nostoxkennst £ = (; npu 3TOM

T
E, _ @eiwt / e*iwt dt = i(l 767in)eiwt;
m twm
0

KBaJpAT 2Ke MOLyJIs & maer aMmanTyxy corimacuo dopuyne &2 = a’w?. B pe-
3yJIbTATE HAXOINM

F F F
Fy
0o T ¢ 0 T t 0‘ \
Puc. 25 Puc. 26 Puc. 27
_ 2K sin w_T
47 ma? 2

4. To ke B ciiydae CUJIbIL, nefiCTByIOIIEll B TeueHne BpeMeHn oT Hyssd 10 T
no 3akony F' = Fyt/T (puc. 26).
Pemenue Tem xe crnocobom mosryanm
T Tmw3
5. To ke B ciydae CHJIbI, MEHSIOIIEHCH B TE€YEHHE BPEMEHH OT HYJIS IO
T = 2m/w no 3akony F = Fysin wt (puc. 27).
Pemenne. Iloncrasus B (22.10)

Vw?T? — 2wT sin wT + 2(1 — cos wT).

Fy, iy
F(t) = Fysin wt = 2_;)(euut _e zwt)

¥ IPOMHTErPUPOBAB OT HyJist 10 T, mosrydaum
FoT[
mw?’

§ 23. Kosebanns cucrteM cO MHOTMMY CTETIEHSIMU CBOOOIBI

Teopust cBOGOAHBIX KOIEHOAHUTT CHCTEM C HECKOJIBKUMH () CTere-
HSIMU CBOOOJIBI CTPOUTCS AHAJIOTUYHO TOMY, KaK ObLIM PACCMOTPEHBI
B § 21 omHOMEpHBIE KOJIEDAHMSI.

[Tyctsh norenmanbaas sHeprus cucrembl U kak dyHKIMsA 0006~
HMIEHHBIX KoopanHaT ¢;(1 = 1,2, ..., s) UMeeT MUHUMYM DU ¢; = ¢50-
BBogga masble cMmerennda

T; = ¢i — ¢io (23.1)
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n pazsaras 1mo HUM U ¢ TOYHOCTHIO JI0 HYJIEHOB BTOPOTO TOPSIKA,
TOJIY9YUM TOTEHIUAJIBHYIO 9HEPTUIO B BUAE TTOJIOZKUTEJIHBHO OTpeae-
JIEHHOI KBaJIpaTUIHON (POPMEI

1
ik
IJle Mbl CHOBA OTCYUTHIBAEM TIOTEHIINAJIBHYIO SHEPIUIO OT €e MUHU-
MastbHOTO 3HaueHnd. [lockonbky koaddurmentsr ki u k; BXOZAT B
(23.2) yMHOKEHHBIME HA OJIHY U Ty K€ BEJIMYUHY T;Tj, TO SICHO, 9TO
WX MOYKHO BCETJIa CYNTATh CUMMETPUIHBIMU 10 CBOUM WHIEKCAM:

kix = k.
B xuneTnydecKoii e SHeprun, KOTopas UMeeT B 00IeM CIydae BHI
1 ..
3 > ai () @ian
ik
(cm. (5.5)), nomaraem B K03 dunmentax ¢; = g0 u, 0boO3HAYAA 1O

CTOsiHHBIE Gk (G0) Iepe3 Mk, TOMydaeM ee B BHUJE TOJOKUTETHLHO
OTIpeIeIEHHON KBaAPATHIHON (DOPMBI

1 .
5 Zmzkxlmk (23.3)
i,k

Kosdbpunmenrsr m;; Toke MOXKHO BCETa CINTATH CUMMETPUIHBIMHI
0 MHIEKCAM

My = M-
Takum obpazom, jarpanKeBa (YHKIIMS CUCTEMBI, COBEpITAioNiet
CBODOJIHBIE MaJible KOJIeOAHNS, UMeeT BU/I

L= %Z (mlkmzxk — klkah%k) (23.4)
ik
CocraBuM Tenepb ypaBHeHUS ABUXKeHUd. [ onpegeieHns BXo-
JAIMAX B HUX TTPOM3BOIHBIX HATIAIIIEM TIOJTHBIN auddepertman QyHK-
muu Jlarpan»xa

dL = %Z (mlk:vz dzy + mupty di; — kg dey, — ko, dxz)
ik
[TockosbKy BesiMaMHA CyMMBbI HE 3aBUCUT, PA3yMeeTcs, OT 0003Hade-
HUSI UHJIEKCOB CYMMUPOBaHUsI, MEHSIEM B IIEPBOM M TPEThEM UJIEHAX
B CkOOKax ¢ Ha k, a k Ha %; yIuThIBasg PU 3TOM CUMMETPUIHOCTD
KO3 IUINEHTOB M 1 K;f, TTOIYIUM

i,k
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OrTcroma BUIHO, 9TO
O - 1kLks o, - tkLk-
k k
[TosTromy ypaBHenus Jlarpanxka

Z mM;ETr + Z kipxr = 0. (23.5)
k k

Onu upezcraBisor coboit cucremy s (i = 1,2,...,s) JIUHEHHBIX
OJHOPOJHBIX MU epeHnnalbHbIX YPaBHEHU € IMOCTOAHHBIMEU KO-
s dburmerTaMm.

[To obmuM npasuaaM perieHns TAKUX ypaBHEHNH UINEM S Hen3-
BeCTHBIX (byHKIWIT x(t) B BUIE

T = Akeiwt, (236)

rae Ap — HEKOTODBIE, 1I0KA HEONpeJleJieHHble, MOCTOsTHHBIE. [lo-
crapnsis (23.6) B cucremy (23.5), mosyuaem mo coxparienun na e'w!
CUCTEeMY JIMHEHHBIX OIHOPOJHBIX aJredpandecKnxX ypaBHEHUil, KO-
TOPBIM JOJI?KHBI YIOBJIETBOPATH TOCTOAHHBIE Ak

z (—w2mik + kzk)Ak =0. (23.7)
k

Jlna Toro 4ToObI 3TA CUCTeMa MMeJia OTJIMYHbIE OT HYJIs pellle-
HU4, JTOJKEeH 00paIlaThCca B HYJIb ee OIPeIenTeThb
Ypaguenne (23.8) — Tak Ha3BIBAEMOE TAPAKMEPUCTNUYECKOE YPaB-
HEHMe — TIpeJicTaB/sier co0Oif ypaBHEHWE CTENeHW S OTHOCHUTEIb-
o w2. OHO mMeeT B OGIIEM CIIydae S PA3JIMIHBIX BEIIECTBEHHBIX
TTOJIOYKUTETbHBIX KOPHE w?x, o = 1,2,...,s (B acTHBIX CiIy4Ya-
sIX HEKOTOPbIE W3 3TUX KOPHEil MoryT coBnagarh). OnpeeseHHbIe
TaKUM 00Pa30M BEJIMYNHBI Wy HA3BIBAIOTCHA COOCMBEHHHLMU “aACMO-
MaAMU CUCTEMBI.

BemecTBeHHOCTD 1 MOJIOKUTETLHOCTH KOPHEl ypasaeHus (23.8)
3apaHee OYEeBHUIHBI yiKe n3 (PU3NIECKHX coobpazkennii. [leiicTBu-
TeJbHO, HAJIW4YMe y (U MHUMOI 9acTU O3HA4aI0 Obl HAJIUYHE BO
BPEMEHHOH 3aBucuMOCTH KoopamHaTr Ik (23.6) (a ¢ HuMEU U CKO-
pocreil Tj) IKCIOHEHIMAJIBHO yOBIBAIONIErO MM SKCIIOHEHIINAb-
HO BO3pAaCTAOIIEro MHOXKuTesss. Ho Hamndme TakKoro MHOXKUTES
B JJAaHHOM CJIy9ae HeJOMyCTHMO, TaK KaK OHO NPHUBEJO ObI K M3Me-
HEHWIO CO BpeMeHeM ToJiHOM 3ueprun 2 = U 4T cucreMbl B IPOTH-
BOpeYNHU C 3aKOHOM €€ COXPAaHEHUs.
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B Tom ke caMOM MOKHO y6eInThCA W 9MCTO MaTeMaTUIeCKUM
myTeM. YMHOXKUB ypaBHerne (23.7) Ha A} m mpoCyMMMUPOBaB 3aTeM
10 %, TIOJTY9IUM

Z (—w2mik + klk)A:Ak = O,

ik
OTKYyIa
2 Y kA Ay
Keagparuunsle (popMbl B 4HCAHTEIEe W 3HaAMEHATEJe 3TOr0 BhIpa-
JKEHUS BEIECTBEHHBI B CUJIY BEIIECTBEHHOCTU W CUMMETPUYIHOCTHU
K03 dUIueHToB k;i U mM;; AeACTBUTEIBHO,

%
(Do kaArar)” = S kaAidi = > ki Aidf = > ki ArAL.
OHM Tak»>Ke CyIIECTBEHHO TOJIOXKUTEJIbHBI, & MOTOMY IOJIOKUTEhb-
0 ) u w?. Tlocae TOro Kak 9acTOThl Wy HAMIEHBI, MOICTABIISA
KaxKJI0€ U3 HuX B ypasHeHus (23.7), MOXKHO HAWTU COOTBETCTBYIO-
mue 3HadeHnd ko3ddunuentos Ag. Ecim Bce kopam w, xapaxre-
PUCTUYECKOTO YPaBHEHUS PA3JINYHBI, TO, KAK M3BECTHO, K0P UIn-
enTbl Ay mponopuuoHasbHbI MUHOpaM onpegenutens (23.8), B Ko-
TOPOM (W 3aMEHeHa COOTBETCTBYIOIINM 3HAUEHWEM (Wy; 0003HAYUNM
5T MUHOPHI depe3 Apy. HacTHoe perenne cuctembr anddepeniin-

aJbHBIX ypaBHeHuit (23.5) umeer, C1e10BaTEIBHO, BUJL

w

T o t

T = Apa O™,
rne Cy — mpom3BosibHAsT (KOMILIEKCHAsT) TIOCTOSTHHASI.
O61miee e perrreHne TaeTcsd CyMMOW BCEX § YaCTHBIX PETTEHMH.
[Tepexomst K BELIECTBEHHOI YaCTH, HATIWIIIEM €r0 B BUJIE

zr = Re {zs: Ak(xC(xeiw“t} = ZAI‘“"@O" (23.9)
=1 x

1€ MBI BBE€JIA obo3HaUeHe

O« = Re {Cye'®=t}, (23.10)

1) IlonoxKuTenbHAS OIPENEIEeHHOCTh KBAJAPATHIHONH (DOPMBI, HOCTPOEHHOI
Ha koaddunuentax ki, O4eBUIHA U3 UX onpesenenud B (23.2) nya BemecTBeH-
HBIX 3HAYEeHUil nepeMeHHBIX. Ho ecin HammcaTh KOMILIEKCHbIE BEJIMYUHBI Ay B
SIBHOM BH/JIE KaK Ay, + 1bj, TO MBI OyanM (CHOBA B CHJIy CHMMETDUIHOCTH Kk ):

ZkikA:Ak = Zkik(ai —ib;)(ak + ibg) = Zkikaiak + Zkikbibk,

T.€. CYMMY OIBYX IIOJIOKUTEJIBHO OIIpEOEJIEHHBIX (bOpM
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Takum obpa3zoM, M3MEHEHNE KaXK a0 13 KOOPAWHAT CUCTEMBI CO
BPEMEHEM TIPEACTABISET CODOW HAJIOYKEHWME § TMPOCTHIX TePUOIAde-
ckux Kojebauuit O, Og, ..., Oy ¢ TPOU3BOILHBIMU AMILIATY/IAMU
u ¢azamMu, HO UMEIOIIUX BIIOJHE OIpe/Ie/IeHHbIE IaCTOTHI.

EcrecrBeHHO BO3HHKaeT BOIIPOC, HEJIb3s JIM BhIOpaTh 0000IIEH-
HbIE KOOPIMHATHI TAKUM 00Pa30M, 9TOOBI KarK 1asl N3 HUX COBEPINAJIa
TOJIBKO OJHO npocroe kosnebanne? Tamasa popma obuiero naTerpaJsa
(23.9) ykasbpIBaeT myTh K DENIeHUIo TOH 3a1aqu.

B camom mene, paccmarpuBasi s coorHomnenuii (23.9) kak cu-
cTeMy ypaBHEHUN C § HEM3BECTHBIMU BeJIWYMHAMU Oy, MBI MOXKEM,
Pa3pernB 3Ty CUCTEMY, BhIPA3UTh Beandnabl O, O, ..., 0O, depes
KOOPAWHATHI X1, T3,. .., Ls. ClemoBaTebHO, BEIMINHBI Oy MOKHO
paccMaTpuBaTh KaK HOBbIE 00OOIIEHHBIE KOOPANHATHI. DTH KOOPIH-
HATBHI HA3BIBAIOT HOPMAAbHbMY (VTN TJIABHBIMHU), & COBEPIIaeMble
MU MIPOCTBIE MTepUOANYIecKre KoebaHus — HOPMaJIbHBIMU Koseba-
HUSIMU CUCTEMBI.

Hopwmanbuble KoopanHaThl Oy yI0BIETBOPSIOT, KAK 3TO IBCTBY-
eT U3 UX OIpeJesIeHus], YPaBHEeHUSAM

O + W20y = 0. (23.11)
OTO 3HAYUT, 9TO B HOPMAJIbHBIX KOODJINHATAX YPABHEHUS JIBUKEHUS
pacnaIaloTcs Ha S HE3aBUCUMBIX JAPYT OT JIpyra ypaBHEHU. YCKOpe-
HIe KaK/I0i HOpMaJIbHONU KOOPANHATHI 3ABUCUAT TOJIBKO OT 3HATEHUS
9TON KOOPAWHATBI, U JJIs TTOJTHOTO OIpeeSIeHnsT ee BpeMeHHO! 3a-
BUCUMOCTH HAJIO 3HATH HAYAIbHbIE 3HAUEHUS TOJBKO €€ K€ caMoil
7 COOTBETCTBYIOIIEH eif ckopocTu. /Ipyrumu ciioBaMu, HOpMaJsbHBIE
KOJIeOaHWsI CUCTEMBI MTOJTHOCTHIO HE3aBUCHMBL.

N3 ckazaHHOTO 04YeBHAHO, YTO GYHKIUs Jlarpam:ka, BhIparXKeH-
Hasl Yepe3 HOpMaJibHble KOOPJAUHATHI, PaclaJ aeTcss Ha CyMMYy Bbipa-
JKEHUM, KaXKJ0e U3 KOTOPHIX COOTBETCTBYET OJIHOMEPHOMY KoJjeba-
HUIO C OJHOI M3 4aCTOT Wy, T.€. UMEeT BUJ]

L=1 " (05 — wa83), (23.12)
X

TIe My — TOJOXKHUTEeJbHbIE TOCTOossHHBbIe. C MaTeMaTU9IecKOil TOY-
KU 3PEHHUsI 9TO O3HAYAET, 4TO npeobpaszoBanueM (23.9) obe KBaIpa-
Tu9Hble (POPMBI — KMHETHYECKas dHeprus (23.3) u moreHnuasbHast
(23.2) — OHOBPEMEHHO MPUBOJATCS K JUATOHAJIBLHOMY BUJLY.
O6bBr9HO HOPMAJIBHBIE KOOPAWHATHI BEIOMPAIOT TAKMM 00Pa30M,
9T00BI KO3 UIMEHTHI TPU KBaApaTax ckopocrteit B dyHkimn Jlar-
pamxka Obutn paBHbl 1/2. [l 9TOr0 JOCTATOMHO ONPENENTh HOD-



92 MAJIBIE KOJTEBAHUA TJI. V

MaJIbHbIE KOOPAMHATHI (0D03HAYNM UX Terneph Yepe3 () y ) paBeHcTBaMI

Qu = /My Oq. (23.13)
L=)(Q%— wiQ?).

X
Bce uznoxkennoe Majgo MEHSETCS B CJIy4dae, KorJa Cpean KOpHefI

XapaKTEePUCTUIECKOTO ypaBHEHUS WMeEITca KpaTHble KopHH. O6-
muit Buz (23.9), (23.10) naTerpasna ypaBHeHNU{l IBUKEHHUN OCTACTCS
TaKUM 2Ke (C TeM Ke YUCJIOM § YJIEHOB) C TOM JIMIb pasHUIel, 9To
COOTBETCTBYIOIINE KPATHBIM dacToTaM KO3 dumumentsr Ay, yixe HE
SIBJSIOTCS MUHOPAMU OTIPeJIeInTeis, KOTOPhbIe, KAaK U3BECTHO, 0Opa-
HIAIOTCS B 9TOM CJIydae B HyJIb ).

Kaxkgoit kparTHOit (I/I.J'II/I, KaK I'OBOPAT, eupoofcdennoz‘i) 4acTo-
Te OTBeYaeT CTOJBKO PA3JMIHBIX HOPMAJbHBIX KOODAWHAT, KAKO-
Ba CTeleHb KPATHOCTH, HO BBIOOP ITUX HOPMAJBHBIX KOOPJIUHAT HE
omHO3HaUYeH. [TOCKOIBbKY B KHHETUYECKYIO U MMOTEHITUAJIBHYIO JHEP-
MU HOPMAJIbHBIE KOODAMHATHI (C OJAMHAKOBBIM (V) BXOIAT B BHUJE
O/IMHAKOBO TIpeobpasyrommxcst cymm ¥ Q% u 3 Q% To ux Mmoo
[IO/IBEPTHYTH JIIOOOMY JIMHEHOMY PeoOpPa30BAHUIO, OCTABJISIOIIE-
My WHBApHAHTHOW CyMMY KBaJpaTOB.

Bechma mpocTo HaxoXK eHnE HOPMAJIbHBIX KOOPAWHAT JIJIsT TPEX-
MepHBIX KOJeOaHUit OJHONH MaTepuaJbHOM TOYKU, HAXOAAIIEHCT B
MTOCTOTHHOM BHeITTHeM ToJte. [lomerras HadasIo JeKapTOBOil CUCTEMBI
KOOD/IMHAT B TOYKY MUHAMYMa TIOTeHIMaabHOi sueprun U (z,y, z),
MBI TIOJIYYUM TIOCJTIETHIOI B BHUIE KBAJIPATHIHON (DOPMBI TTepeMeH-
HBIX I,Y, 2, & KHHETHIECKAs IHEPTUs

m,.9 .9 .9

T = 5(:13 +9° + 2%)
(m — macca 4acTWIl) He 3aBUCUT OT BbIOOPA HANPABJIEHWs KOOD-
JMHATHBIX ocefi. I103ToMy COOTBETCTBYIONMM IIOBOPOTOM OCeit Ha10

TOJILKO ITPUBECTHU K JIMATOHAJBHOMY BU/Y ITIOTEHI[UAJIBHYIO SHEPIUIO.
Torma

Torna

. . . 1
L= %(azQ +i? 2 - i(km;g + koy? + k32?), (23.14)
1 KosebaHus BJIOJIb OCEil X, y, 2 ABJISIIOTCS TJIABHBIME C 4aCTOTAMU

(,Ulzx/kl/m, (,UQZ\/kg/m, (,U3:\/k3/m.

1) HeBO3MOXKHOCTD BO3HHKHOBEHHS B OGIIEM WHTerpaJje 4jaeHOB, COIepKa-
MIUX Hapsaay C KCIOHEHIMAJbHBIMU TaKKe U CTeleHHble BPeMEHHBbIE MHOXKHU-
TeJU, OYEBHUIHA U3 TeX Ke (PU3MYECKUX COOOParKeHHil, KOTOPbIE HUCKJIFOYAIOT
CYIIECTBOBAHNE KOMILJIEKCHBIX «9aCTOT»; HAJIUYIAE TAKUX UJIE€HOB IPOTHUBOPEYU-
JI0 6B 3aKOHY COXPAHEHUs YHEPTUU.
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B wactHOM citywae neHTpasbHO-cUMMeTPpUIHOTO most (k; = kg =
= ks =k, U = kr?/2) ot Tpn 9acToThI COBMAMAIOT (CM. 3a1ady 3).

Ucnons3oBaHme HOPMAJBHBIX KOODIAWHAT [1a€T BO3MOXKHOCTH
IPUBECTH 3329y O BBIHYKIEHHBIX KOJIEOAHUSIX CUCTEMBI C HECKOJTb-
KUMU CTEemeHsIMU CBOOOJIBI K 3a7adaM 0O OHOMEDHBIX BBIHYKIEH-
HBIX Kosebanmsax. Pyukius JlarpaHxka cuCTeMbl ¢ yueToMm IeiicT-
BYIOIINX HA Hee MEePEMEHHBIX BHEIHUX CUJ UMEEeT BT

L=Lo+ Y Fi(t)zs, (23.15)
k
rme Lo — narpamkeBa QyHKINS CBOOOIHBIX Kosiebaumii. BBomst Bme-
CTO KOODAWHAT T HOPMAaJIbHBIE KOOPAMHATHI, TTOLYIUM

L= 3 (- Q)+ Y fa()Qu, (23.16)

X
rlie BBEIEHO 0DO3HAYEHUE

Falt) = Y Fit) S

COOTBeTCTBeHHO YpaBHEHUA OBUXKEHUA

ro + w?xro - fcx(t) (23-17)

OyIyT colepKaTh JIMIIb 10 ONHON Hem3BecTHON (MyHKInM @y (t).

amaumn

1. Onpenenurh KoJl€OaHWSA CUCTEMBI C JBYyMsl CTEIIEHAMU CBOOOJIBI, €CIU €€
byukunst Jlarpanxa 9
1,.0 .2 Wo , 2 2
L=5@" +9)~ - (e +y") + azy
(;LBe OQUHAKOBBIE OJHOMEPHBIE CUCTEMBI C COOCTBEHHOI YaCTOTON (U, CBA3AH-
HBbIE B3AaUMOJIEHCTBAEM —XTY).
Pemenwne. VYpaBHeHus nIBuKeHUs
.. 2 .. 2
T+ Wwor =0y, Y+ oy = .
TToncranoeka (23.6) maer
2 2 2 2
Ay (wg —w?) =ady, Ay(wy— w’) = aA,. (1)
2 2y2

XapakrepucTnueckoe ypasHerue (wj — w?)* = o?, ortkyna

2 2 2 2
w] = wy— «, W; =W+ x.

Ilpn w = wi ypasrerus (1) mator A, = Ay, anmpn w = wy Ay = —A,.
TloaTomy
1 1
T = E(Ql +Q2), y= E(Ql - Q2)

(x0abpurmenTHI 1/\/§ COOTBETCTBYIOT YKa3aHHOIl B TEKCTe€ HOPMHPOBKE HOD-
MaJIbHBIX KOODIWHAT).
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Ipn & < w3 (cnabast csi3p) MMeem
w1 A~ wo — a/(2wg), w2~ wo+ &/(2wo).

V3menenne T w y npencTaBiageT coboil B 9TOM CIydae HAJIOXKEHWE JByX Koseba-
Huil ¢ GIU3KUMU 9aCTOTAMMU, T.€. UMEET XapaKTep OUeHUil ¢ 9aCTOTON Wa — W1 =
= a/wo (cm. §22). IIpm 5TOM B MOMEHT, KOT/Ia AMIJIUTYAA KOODAWHATHI T TIPO-
XOIUT 4Yepe3 MAKCUMYM, aMILIUTY/IA Y TPOXOANT Yepe3 MUHWMYM W HAOOOPOT.

2. OnpezpennTh Masbie KOe0aHMs IBOHOTO IJIOCKOTO MagTHUKA (CM. puc. 1).

Pemenne g mameix konebannii (@1 < 1, @2 < 1) HaiinenHas B
3agadve 1 § 5 dynkums Jlarpanxka npuHuMaeT BUJ
m1 +

ma 1 2_@l 2
9 8l1P1 232<P2~

mi+m . m - N1 d
L= %l?(p? + 72l§<p§ + malila @192 —

yp aBHEHUAd IBUXKEHUA:

(m1 4+ m2)l1$1 + malaP2 + (m1 + m2)ge1 =0,

i1+ 1292 + g2 = 0.

ITocie noxcranosku (23.6):
Al (m1 + mg)(g— llwz) — A2w2m2l2 = 0,
—ALw® + As(g — Zng) =0.
KopHu xapakTepncTu4ecKoro ypaBHEHUSI:
2, = L{ I+ 1) +
w12 il (m1 +ma2)(lh + 12)
+ \/(ml + ma)[(m1 + ma)(l1 + 12)% — 4m1lll2]}-

IIpu m1 — 00 9aCTOTHI CcTpeMaTcs K npexenam +/g/li u \/g/la, coorBercTBy-
IOLIMM HE3aBUCUMBIM KOJIEOAHUAM ABYX MasTHUKOB.

3. Haittu TpaekTopuio ABUKEHUST YaCTUIIBI B IEHTPAJbHOM T101e U = kr2/2
(Tak HA3BIBAEMBIH NPOCMPAHCMEEHHBIT OCUUAAATOP).

Pemenne Kak um BoO BCAKOM LEHTPAJBHOM MOJIE, IBUKEHHUE ITPOUCXO-
JUT B OJIHON TJIOCKOCTH, KOTOPYIO BHIOMPAEeM B Ka4veCcTBE IJIOCKOCTH xYy. V3me-
HEHNE KayKJI0# M3 KOOPAWHAT T,y — MPOCTOE KOJIebaHme ¢ OJUHAKOBBIMU TaCTO-

Tamm W = /k/m:

x =acos(wt+ «), y=bcos(wt+ p)

niIn
x=acos®, y=bcos(p—+0)=>bcosdcos@ — bsindsin @,

rIe BBeJEeHbl 0003HaYeHus @ = Wt + «, 0 = f — . Oupenenus oTCIOAa COS @ U
Sin @ u cocTaBUB CyMMYy UX KBaJIPATOB, MOJYYUM yPABHEHUE TPAEKTOPUU
2 2
x—2 —}—y—2 — 2ac—ycosé:sin25.
a b ab
DTO — JLIUIC C EHTPOM B HaUaJj€ KOOPIAUHAT 1. IIpu & = 0 unm 7@ TpaekTOpUA
BBIPOXKIAETCS B OTPE3KU IPAMOIA.

1 . . 2
) Tot dakr, uTo B mose ¢ moTeHNUMAaNBHON sueprueit U = kr® /2 npukenue
MIPOUCXOAUT TI0 3aMKHYTON MPAMOM, OBLI y¥Ke yrmoMaHyT B § 14.
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§ 24. Kosnebaansa mMoJreKkyJ

Ecnn MBI nMeeM 1710 ¢ CHCTeMOIT 9aCTHUII, B3aNMOAEHACTBYIOIINX
OPYyT ¢ OPYroM, HO He HaXOMIIUXCA BO BHEIIHEM IIOJe, TO He BCe
ee CTemeHn CBOOOIBI MMEIOT KojiebaTeNbHBIN XapakTep. THUImaHbIM
MIPUMEPOM TAKUX CUCTEM SIBJISIOTCS MOJEKYIbl. [loMumo qBUXKEHNMIA,
[IPEACTABJILAIONINX COO0M KOJeOAHUS aTOMOB OKOJIO UX ITOJIOYKEHIS
paBHOBeCUsI BHYTPU MOJIEKYJIbI, MOJIEKYJIa KaK IEJI0€ MOYKET COBep-
[IaTh MMOCTYIIaTe/IbHOE W BpAIaTeTbHOE IBUXKEHUSI.

[TocrynaresbHOMY T€pEMEIEeHUI0 COOTBETCTBYIOT TPHU CTEIEHU
cBoboanl. CTONBKO 2Ke mMeeTcda B ODIIEeM CiIydae BpalraTebHBIX
cTemeHell cBOOOIBI, TaK YTO U3 371 CTeleHeill cBOOOILI M-aTOMHOM
MOJIEKYJIBI BCero 3n — 6 oTBevaroT KojebaTebHOMY ABUKeHmo. Vc-
KJIFOYEHNE TPEeJICTABIISIOT MOJIEKYJIBI, B KOTOPBIX BCE ATOMBI PACIIO-
JIOYKEHBI BIOJIb OXHOM Tipsimoit. [ToCKOIBKY TOBOPUTH O BpAIlEHUN
BOKPYT 3TO# NpAMOii He MMeeT CMBbICJa, TO BpalllaTe/IbHbIX CTelle-
Hell ¢BOOOIBI B 3TOM CjIy4ae BCEro JiBe, TaK 4TO KojiebaTe/bHbIX
nuMeercst 3n — 5.

ITpu perreHrr MEXaHUYECKON 3a/a49U O KOJEOAHUSAX MOJIEKYJIbI
11eJ1eCO00PA3HO ¢ CaMOTO HadvaJjia UCKJIIYUTH U3 PACCMOTPEHUS TI0-
CTymnaTeJIbHbIE 1 BpalllaTEJIbHbIE CTEIIEHU CBO6OILBI.

YT1o06bI MCKIIOYATH MOCTYHATEIbHOE IBUXKEHUE, HAJ0 CINTATH
PaBHBIM HYJTIO TIOJIHBIN UMITYJIEC MOJIEKYJIBL. [[0CKOIBKY 3TO yCaoBue
O3HAYAET HEMOABUXKHOCTH IEHTPA WHEPIIUUA MOJIEKYJIbI, €70 MOYKHO
BBIPA3UTh B BHUJE IMOCTOSHCTBA TPeX KOOPAUHAT IocjeaHero. ITomo-
KUB I'y = Ig0 + U, (TJI€ Tpp — PATUYC-BEKTOD HEIOIBUKHOTO IO~
JIOXKEHISI PABHOBECHS a-I'O aTOMa, a U, — €0 OTKJOHEHME OT 3TOTO
MOJIOYKEHNs ), IPEJICTABUM YCJIOBHE

Zmara = const = Z MaTa0
Y mau, =0. (24.1)

Y100l UCKJIIOYUTH BpAIll€HUE MOJEKYJIbI, CJIeIyeT IOJIOXKHUTH
PaBHBIM HYJIIO €€ TIOJTHBINT MOMEHT UMITYJIhCA. 1aK KaK MOMEHT He sB-
JISIETCs TIOJTHOM TTPOM3BOIHON 10 BPEMEHU OT KaKO#-mO0 (hyHKIIN
KOOPJMHAT, TO YCJIOBHE €0 UCUYE3HOBEHUsI HEe MOYXKET ObITh, BOOOIIE
TOBODsI, BRIPAXKEHO B BUJIe PABEHCTBA HYJIO Takoit ¢pyukimuu. Oana-
KO CiIydail MaJjibIX KojebaHnii Kak pa3 MpeJCTaB/IseT MCKIIOYeHNeE.
B camowm meste, cHOBa TIOJIOXKUB Ty = Iyg + U, U TIpeHEOpeTras Majbl-
MW BeJIMYMHAMHU BTOPOTO TOPSIKA 110 CMEMIEHUAM Ug, TPEICTABUM

B BUJIE
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MOMEHT MMITyJIbCa MOJIEKYJIBI B BUE

M= Z Me[rava] ~ Z Mg[raolly] = %Z Me[raolg]-

VcinoBue ero nCYe3HOBEHUS B 9TOM MPUOIMKEHUN MOYKHO, CJI€I0Ba-
TeJIbHO, TPEICTABUTH B BUJIE

Y " ma[raoug] =0 (24.2)

(HA9aJI0 KOOPAMHAT MOYKET OBITH IPU 3TOM BBIOPAHO MPOU3BOJIBHBIM
o6pazom).

Hopwmasibabie kKomebanusi MOJIEKYIbI MOTYT OBITh KJacCHpUIim-
POBaHBI 110 XapaKTePy JABUKEHUsI aTOMOB B HUX HA OCHOBAHUU COO0-
pakeHuil, CBA3AHHBIX C CHMMETPHEH PAaCIOIOXKEHNA aTOMOB
(B moIOXKEHWSIX paBHOBeCHsT) B MoJieKyJie. J1jist 9T0il nesn cyiiecTBy-
er o0t MeTo/I, OCHOBAHHbBIM HA MCIIOJIb30BAHUU TEOPUU I'PYIII; OH
W3JI0’KEeH B IPYTOM TOME 3TOTO Kypca ‘). 3/1ech ke Mbl PACCMOTPUM
JIUIITb HEKOTOPBIE JIEMEHTAPHBIE TIPUMEPHDI.

Ecnu Bce m aToMOB MOJIEKYJIBI JIEXKAT B OJHON ILJIOCKOCTH, TO
MOKHO pa3/indarh HOPMaJbHbIE KOJIeOaHUsI, COCTABJISIONINE aTOMBI
B 9TOH ILJIOCKOCTU, U HOpMaJIbHBIE KOJIEOAHNUsI, IPU KOTOPBIX aTOMBI
BBIBOJIATCS U3 IJIOCKOCTHU. JIErKO ONpemeuTh YUCI0 TeX W JAPYTHX.
Tak Kak Bcero s MJIOCKOTO JIBUMKEHUS UMEeTCsl 2n CTeleHeil CBO-
60/1bI, M3 KOTOPHIX JIBE MOCTYMATENbHbIE W OJIHA BpAIaTeIhHAS, TO
YUCI0 HOPMAJIBHBIX KOJIe0aHmii, He BBIBOAAIINX ATOMbBI M3 TJIOCKO-
cru, paBro 2n — 3. Ocranbhbie ke (3n —6) — (2n — 3) = n — 3 Koue-
OaTeIbHBIX CTeIeHel CBOOOILI OTBEYAIOT KOJeOAHUAM, BBIBOISIIIM
aTOMBI U3 TLJIOCKOCTH.

B ciayuae nuneitnoit MoIEKyJIbl MOXKHO Pa3/indaTh TPOIOIbHBIE
KoJIeDaHWs, COXpaHSIONINe ee MpsAMOIuHENHy0 dopMmy, 1 Kojaeba-
HUsI, BBIBOJMAINNE AaTOMBI C TpsAMOi. Tak Kak BCEro IBUMKEHUIO 7
YaCTHUIL 110 JIMHUU OTBEYAET 7 CTeleHeil CBOOObI, U3 KOTOPBIX OJI-
Ha TOCTyMaTe bHasl, TO YNUCI0 KOJIeOaHuil, He BBIBOIAIINX ATOMBI C
npsamoit, paBHo 1 — 1. I[TocKombKy Ke TOTHOE 9UCI0 KoaeOaHuii cre-
meHeit cBOOO/IBI IMHENHHOM MOJIEKYJIBI €CTh 3n — 5, TO uMeeTcsd 2n —4
KOJIe0aHMil, BRIBOJAIINX ATOMBI C TPAMON. DTUM KOJIeOAHUIM, OI-
HAKO, OTBEYAIOT BCErO N — 2 Pa3INYHbIE YaCTOTHI, TAK KAK KayKI0€e
U3 TaKUX KOJeDAHUN MOXKET OCYIIEeCTBJIATHCS IBYMs HE3aBUCUMBI-
MU CIIOCOOAMU — B JIByX B3aMMHO TEPIEHINKYISIPHBIX TJIOCKOCTSIX
(mpoxonsImux Yepe3 OCh MOJIEKYJbI); U3 COOOPaKeHUiT CUMMETPUN

1) Cm. . 111, «KBanToBast Mexanuka», § 100.
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OYE€BUIHO, UYTO KaK/Jdad TaKad Tapa HOPpMaJIbHBIX KoJIebaHmit mMeer
OJMHAKOBHBIE 9aCTOTHI.

3a,qaqn1)

1. Onpenenurh 9aCTOTHI KOJEOAHUN JIMHEHHON TPEXaTOMHOW CHMMETPIY-
HOiT monekynbl ABA (puc. 28). IIpegnosaraercs, 9T0 MOTEHIUATIBHAS YHEPTUS
MOJIEKYJIbI 3aBUCUT TOJILKO OT paccrosunii A — Bu B — A n yroma ABA.

P emenwne. IlpomonbHble cMeleHNsT aTOMOB X1, T2, L3 CBA3aHBl B CHJIY
(24.1) cooTHOmEHNEM

ma(z1 + z3) + mpxe2 = 0.
C ero nmomombo UCKI0UYaeM T2 n3 GyHKIUN Jlarpanka mTpoaoJbHOTO JBUKEHUS
MOJIEKYJIbI

k
L= A (@t +a8) + 008 - Tllen - @2)’ + (25 — 22)7),

II0CJI€ 9€r0o BBOAMM HOBBIE KOOp,HI/IHaTbI

Qu=1z1+23, Qs=1mz1— 3.
B pesysbprare nmomyunm

klli 2

Qa —Q - —Q
mp
(L =2ma +mp — macca MOJIEKy.HbI). OTCIOAa BUIHO, 9TO Q, n Qs ABIAIOTCA
(¢ TOYHOCTHIO O HOPMUPOBKM) HOPMAJIBHBIME KOOpanHaTamu. KoopanHarta (Q,
OTBEYAET AHTUCHMMETPUYHOMY OTHOCHUTEIb-
HO CePeAWHBI MOJIEKYJIbI Koebanmo (1 = o3; 3 1 2 1 1
puc. 28 a) ¢ gacToTOi
A B A

[ ki
Wq = H . *—»r o —— e3> (
mamp

- —0—— >
KOOpﬂHHaT& Qs COOTBETCTBYET CUMMETPUYIHO- 6

My (21 = —x3; puc. 28 6) KonebaHUIO ¢ IaCTO- ;—i—; 6

TOoUu

- ma

k1
We = ) Puc. 28
ma
[Tonepeunsle CMEmEHUsT ATOMOB Y1,Y2,ys B cmny (24.1) u (24.2) cBasanb
COOTHOIIIEHUAMMN
ma(yr +ys) +mpy2 =0, y1 =ys,
(cummeTpuuHOe KONeGaHMe n3rnba; puc. 28 6). IloTeHIMATBHYIO SHEPIHUIO H3THU-
6a Monexynel 3ammmem B Bume k2l?6%/2, rme & — orkaomenme yrma ABA or
3HAYEHUS 7; OHO BBIPAYKAETCH Y€Pe3 CMENIEHUsl COTJIACHO

Nll—l

[(y1 — y2) + (y3 — y2)]-

!) Pacuerst xoseGanuii Gojlee CIOKHBIX MOJIEKYJ MOXKHO HAHTH B KHUTAX:
M.B.Boanbpkenmreidia, M A Enbamesnu, B. . Crenasnos.
Komebanusa monexkyn.—M.: Tocrexuzmar, 1949; I. I'e p 1 6 e p r, Konebarenn-
HbIE U BpPAIATEJIbHbIE CIEKTPhI MHOTOATOMHBIX MojekyJs.—M.: VIJI, 1949.
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Bripakasi Bce cmemienust Y1, Y2, Y3 depe3 O, nomyunm dyskuuio Jlarpanxa
[OMEPEYHOro KojiebaHus B BUJIE

B 2 I€2l2 2 mamp 2.2 k2l

ma m
L= - —8 = 1262 — —6
5 — i +i5) + — 5 m 9
OTKYJZla 9acTOTa
2k
Ws2 = 2K
mamp

2. To xe mna momexynst ABA Tpeyronpuoii dbopmer (puc. 29).
Pemenwme. B cuny (24.1), (24.2) cocrapnsiromme cmemennii u aromos
no HanpasieausaM X u Y (puc. 29) cBA3aHBI COOTHOIIEHUSMNI

ma(z1 + x3) + mpze = 0,
ma(y1 +y3) + mpyz = 0,
(y1 —y3)sino — (z1 + x3) cos o« = 0.

Wamenenus dly n dly paccrosiamit A — B u B — A nosry4arorcst myTeM IpOeK-
TUPOBAHWS BEKTOPOB Ui — Uz W Us — Uz Ha Hanpasienus juauit AB u BA:
dli = (z1 — m2)sina + (y1 — y2) cos «,
dly = —(x3 — x2) sin ot + (ys — y2) cos «.

W3menenne ke yriaa ABA moyydaeTcsi IPOEKTUPOBAHUEM TEX K€ BEKTOPOB HA
Y HaIIPaBJIEHNd, MEPHEHINKYIdPHOE K OTpe3KaM

AB u BA:

[(x1 — x2) cosx — (y1 — y2) sin ] +

1
I

w
& N
} ()
\

}H
\

\

=
N|>_.

+ —[—(z3 — m2) cos ot — (y3 — y2) sin «].

Oyuknuga Jlarpanka MOJIEKYJIbI

6
W L= ™A (g ad) 4 Mg
2 2
6
/\M\ _ ﬁ(éll_i_&z),ﬂé
Puc. 29 BBoanm HOBBIE KOOpAMHATHI

Qo =1+ T3, g1 = T1 — T3, ¢s2 = Y1 + Y3.
KoMnoHeHTHI BEKTOPOB U BHIPAXKAIOTCA YepPe3 HUX COLJIACHO

1 1 maA
T1 = §(Qa +451), T3 = E(Qa - qsl), T2 = _m_BQa,

1 ma

§(qs2*Qa ctgx), Y2 “mg d

1
= 5(¢s2 + Qa ctgx), ys=

Y1 9

a OJid (byHKI_[I/II/I ﬂarpaH)I(a TIOJIyYUM TIOCJI€ BBIYUCJIEHUA:
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2
L:ﬂ( mA+ )Qa—Fﬂ gl+mAuQ§2—
4 mp sin? « dmp
2 1 2
ik1< ma + - )<1+ ma sin2oc)—
4 \ mp sin” « mpg

2 2
— e (k1 sin® o + 2k cos” &) — q§2”—2(k1 cos® o + 2ks sin”® &)+
4 dmy
+ gs19s2 K (2k2 — k1) sin a cos o
2mB

Orcroma BUAHO, YTO KOOpAUHATA (), OTBEYAET HOPMAJBHOMY KOJIEOAHUIO C Ya-
CTOTOH

2 _ ki 2
w, = (1 + A sin oc),
ma mp
AHTUCUMMETPUYHOMY OTHOCHTENHHO ocu Y (r1 = X3, y1 = —ys3; puc. 29 a).
Koopanaarel ke (s1, ¢s2 COBMECTHO COOTBETCTBYIOT IBYM KOJIEOAHWSIM
(cMMMeTpUYHBIM OTHOCHUTENBHO ocu Y: 1 = —x3, y1 = Yys3; puc. 29 6 u 6),

2
YJaCTOThI KOTOPHIX g1, Ws2 OMNPEAECTIATCA KaK KOPDHU KBaJAPaTHOTO (HO w )
XapPaKTEPpUCTUIECKOTO YPpaBHEHUA

2 2 2
(1 4+ 214 os oc) + 2kz (1 4 24 Gin? oc)} + 2ukiks _ 0.
mpg

2
mp m A mBmA

4 2 kl
W' —w' | —
ma

TIpu 2 = 7T BCe 3TM YaCTOTHI COBNALAIOT C HAWIEHHbIMU B 3aja4e 1.
3. To ke mua suHelHON HecuMmMeTpuuHOit Mostekyasl ABC (puc. 30).
Pemenue. Ilpoponbube (z) u nomnepednsie (Y) CMEILEHUS ATOMOB CBSI-

3aHbI COOTHOIIIEHUAMU 3 Iy 2 A 1
° )
maz1 +mprz + mezz =0, C B A

may1 + mpy2 + mcys =0, Puc. 30

maliy1 = mclays.

IloTennmanbHyI0 SHEPTUIO PACTAXKEHNUS U M3rnba 3amuiieM B BUJE

k k) kal?
71(511)2 + 71(512) + 2—5

(2l = 11 + l2). Beramcienns, aHAIOTWYHBIE TPOU3BEIEHHBIM B 3a1a4e 1, mpu-
BOIAT K 3HAYEHUIO
o kol? /13 12 4]?
t = 7272 +
1313 m4 mp
IS 9acTOTHI TOMePevHOro Komebanus i K KBaapaTHoMmy (mo w?) ypaBHeHHIO

11 '
w4—w2[k1(——l——>+k'1(—+—)} SR o L WG
m mp mpg mc mampmc

IJIsT 9aCTOT (W1, (W2 ABYX MPOMOJIBHBIX KOJIEOAHMIA.
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§ 25. Saryxaromue Kojebanmsa

o cux mop MBI BCceraa moapa3yMeBaJjIn, 9TO JBUKEHUEe TeJl TTPOo-
HCXOJUT B IyCTOTE WU YTO BJIUSHHEM CPeJbl Ha JIBUYKEHUE MOXK-
HO TpeHeOpeunh. B melicTBUTEILHOCTH TIPW ABVKEHUN Tejla B Cpe-
Jle TIOCTeIHSAS OKa3bIBAET COMTPOTURIIEHNE, CTPEMSIIEECS 3aMeIINTh
IBUYKEHNE. JHEPTUs IBUKYINMEroCs Teja MPU 9TOM B KOHIE KOHIIOB
MEPEeXOIUT B TETIO MM, KAK TOBOPAT, JUCCUATTHPYETCS.

[Iporecc ABUKEHNSA B 3TUX YCJIOBUAX Y2Ke He ABIAETCI IUCTO Me-
XaHWYIECKM TIPOIIECCOM, a eT0 PACCMOTPEHUE TPeOyeT yJueTa JIBUKe-
HUS CaMOi Cpeabl M BHYTPEHHETO TETJIOBOTO COCTOSTHUSA KaK CPeIbl,
TaK W Tejla. B 9acTHOCTH, yKe HEeJIb3s yTBePkKIaTh B OOIIEM CIIy-
qae, 9TO YCKOPEHWe JIBUXKYIIErOCs Teja dBJIgeTCs (PYHKIHeH JINIhb
OT ero KOOPAWHAT W CKOPOCTW B JAHHBIT MOMEHT BPEMEHW, T.€. He
CYIIECTBYET yPaBHEHUIT IBMKEHUsT B TOM CMbICJIE, KAKOW OHU MMEIOT
B MexaHuKe. Taknmm 06pa3oM, 3aada O IBUKEHUH TeJa B CPee yiKe
HE ABJIAETCd 3aJla4eil MeXaHUKH.

CytrecTByeT, 0IHAKO, OTpe/IeIeHHAs KaTEerOPus CIydaeB, KOTIa
JBIKEHUE B CPEJIe MOXKET OBITH MPUOJIMKEHHO OMMMCAHO C TTOMOIIBIO
MeXaHUYEeCKUX YPaBHEHU JBUKEHUs IIyTeM BHEJIPEHUS B HUX OIIPe-
JIeJICHHBIX JONOJHATEJIBLHBIX 4aeHoB. CIoma OTHOCATCA KOoJIeOaHus ¢
JacTOTAMU, MAJBIMHU 10 CPABHEHWIO C YACTOTAMMU, XapaKTEPHBIMU
JIJISI BHYTPEHHUX JIUCCUTIATUBHBIX MPOIECCOB B cpee. [Ipu BoImol-
HEHUN ITOTO YCJIOBUSA MOYKHO CINTATH, UTO HA TEJIO AEHCTBYET CUAQ
MmpeHUA, 3aBACAIIIAA (,zmﬂ 3a/IJaHHOU OJJHOPO/IHOM cpe;;m) TOJBKO OT
€ro CKOpPOCTH.

FEcnm xk Tomy 2Ke 3Ta CKOPOCTH JTOCTATOYHO MaJja, TO MOYKHO Pa3-
JIOXKUTH CUJIy TPEHU TIO ee cTeneHaM. HymeBoit ujieH pa3IoXKeHust
paBeH HYJIIO, TIOCKOJIBKY Ha HEMOJBUKHOE TeJIO He JefiCTByeT HUKAa-
KOIl CHJIBI TPEHNS, U TIePBLIi HEeNMCYe3aIoMINil YWieH IPOIOPIHoHAJIEH
ckopoctu. Takum o6pa3om, 00OOIIEHHYIO CHILy TPEHUs frp, HEHCT-
BYIOIIIYIO HA CHCTEMY, COBEPIMAIONIYIO OJHOMEPHBIE MaJjble Kojeba-
HUsI ¢ 0000IIEHHON KOOPAUHATON T, MOXKHO HAIIUCATh B BUIE

pr = -,

TJle ¢ — MOJIOKATENbHBIH KO3 MUINEHT, a 3HAK MUHYC IOKa3bIBAET,
YTO CH/Ia JeHCTBYeT B CTOPOHY, MPOTUBONOIOKHYIO CKOpocTH. JTo-
faBiisis 9TY CHJIYy B IPABYIO 4aCTh yPABHEHUsl JBHUKEHU, [OJIYIHM
(cp. (21.4))

mi = —kr — o. (25.1)
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Pasnenum ero Ha m u BBeIeM 0003HAYEHIS
k 2 x
— =Wy = 2A. (25.2)

(W eCTh 9aCcTOTa CBOOOIHBIX KOJIEOAHUI CHCTEMBI B OTCYTCTBUE Tpe-
Hng. Beqmunuaa A HasweiBaeTcs koa@dduuuenmom 3amyranus ).
Takum obpaszom, nmeeM ypaBHEHUE

i+ 2\i + wiz = 0. (25.3)
Caemxyst obImM nipaBuJiaM peIeHus JUHERHBIX YPaBHEHUI C 1OCTO-
auabIME KodddunmenTamu, mnojaraeM T = €'’ u HaXoAuM IS T

XapaKTepUCTHIeCKOe yPaBHEHUE
7"2—1—27\7“—1—(0%:0.
O6mmee pemenne ypasaenus (25.3) ecTb

z = cre"t 4 cpe™?, ro=—-A% \/7\2 — w2

31ech caemyer pasindarh JIBa CIIydas.

Ecim A < wqg, ToO MBI uMeeM JIBa KOMILIEKCHO COIPSXKEHHBIX
suadenusd r. OOIIee pelneHne ypaBHEHUS JIBUXKEHUS MOXKET OBITH
[IPEJICTABJIEHO B 9TOM CIydae, KaK

z = Re {Aexp(—?\t—i—it\/ﬂ)}’

rae A — IIPOU3BOJIbHaA KOMIIJIEKCHAA ITOCTOAHHAA. Nnage moxmO

HalliCaThb:
z =ae Mcos (wt + ), w=/wi—A% (25.4)

IIe a U X — BeIeCTBeHHbIE MMOCTOAHHBIE. Bhiparkaemoe srumu (op-
MyJIaMU JIBUKEHUE MPeJICTaBIsgeT coOOil TaK Ha3bIBaeMble 3a1My-
zarowue xoaebanus. Ero MOXKHO paccMaTpmBaTh KaK TapMOHUYe-
ckue KojiebaHusi C SKCIOHEHIMAJIHHO YOBIBAIOMIEH aMIIATY/IOM].
CkopocTb yObIBaHUsI aMILIATY/IbI OIPEIEIsAeTCs MoKa3arejaeM A, a
«9gacroray W KoJjieOaHWil MEHbIIE YaCcTOThl CBOOOIHBIX KOJIEOAHMUI
B OTCYTCTBUE TpeHus; npu A < W pasHMIa MEXIy W U Wy —
BTOPOTO TOPSAKA MAJIOCTH. Y MEHBIIIEHNE YaCTOThI IPU TPEHUH CJIe-
JIOBAJIO OXKUIATH 3apaHee, IOCKOJIbKY TPeHue BOODIIe 3a1ep:KUBAET
JBUKEHUE.

Ecim A < wy, To 3a Bpems 0gHOTO nepuoja 277/ aMIImuTyaa
3aTyXaromero KojebaHus MoYTh He MeHseTCs. B 9ToM cilydyae uMeer

') Bespasmepnoe npoussenerne AT (rme T = 27T/W — IePUOA) HAZHIBAIOT
A02aPUPMUMECKUM 0eKPEMEHTIOM 3ATMYTAHUA.
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CMBICJI PACCMATPUBAThH CpefHMe (3a Tepuoj]) 3HAYEHWUs KBAIPATOR
KOOPJMHATHI U CKOPOCTH, TIpeHeOperasi Mpu yCpeITHEHNN N3MeHeHN-
eM MHOMKUTENS e . DTu cpeHne KBaIpaThl, OI€BHIHO, IPOIOPII-
onanpHbl € M. TI09TOMY 1 SHEpPrusl CHCTEMBI B CPEIHEM YOBIBAET
10 3aKOHY

E = Ege™ M, (25.5)
rine Fg — HauajpHOE 3HAYEHUE YHEPTUU.

IIycts Tenmepp A > wq. Torma oba 3HaYEHUS T BEIIECTBEHHBI,
npudem oba orpunaresbabl. OOmmit Bu perenns

z = crexp[—(A—1/A? — wd)t]+eaexp[— (A+1/A? — w)t]. (25.6)

Mol BuguM, 9TO B 3TOM Cilydae, BO3HMKAIOIIEM IIPH JOCTATOYHO
GOJIBIIIOM TPEHWH, JIBUYKEHUE COCTOUT B yObIBAaHWMU |T|, T.e. B acum-
nToTHYeCKOM (Ipu t — 00) NpUb/IMKEHNH K II0J0XKEHHIO DaBHOBE-
cust. DTOT THIl JBUKEHUS] HA3BIBAIOT ANEPUOOUHECKUM 3AMYTAHUEM.
Haxkower, B ocoboM ciiydae, KOrjga A = g, XapaKTePUCTHIECKOe
yDaBHEHHe MMeeT BCero oauH (IBOHHON) KopeHb r = —A. Kak us-
BEeCTHO, obiee pemterne nuddepeHnnatbHOrO ypaBHEHNST UMeeT B

9TOM CJIydae BUJL
z = (c1 + cat)e ™™, (25.7)

9T0 — 0cobBI ciTydail anepuoandeckoro 3aryxauus. OHO TOXKe He
nMeeT KoJaebaTeJIbHOTO XapaKTepa.

1t cucTemMBbl CO MHOTHUMMY CTETIEHSIMU CBOOOIHI 0O0DIIEHHBIE CH-
JIBI TPEHNS, COOTBETCTRYIOIINE KOOPAMHATAM I;, SIBISTIOTCS JIMHETH-
HBIMU (PYHKIIUSIME CKOPOCTEN BUIa

firp = —Z ik Tk (25.8)
k

V3 yncTo MexaHn4ecKnX cooOpasKeHMil HeJlb3s Cae/IaTh HUKAKIX 3a-
KJIIOUEHHI 0 CBOMCTBAX CHUMMETPHUH KOI(MDPUIIMEHTOB X IO WHIEK-
cam ¢ m k. Meromamu ke CTATUCTHUYIECKON (PUBMKU MOKHO TTOKA-

3aTh '), 94TO BCerga
Xk = K- (25.9)

[TosTomy BhIpakenus (25.8) MOryT ObITH HANMCAHBI B BUJE POU3-

BOIHBIX
OF
Jizp = s (25.10)

1) Cum. 1. V, «Cratucrideckas dbusnka, § 121.
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OT KBaJIPATUIHONW (DOPMBI
F =23 ayiji (25.11)
B tkLilk, .
i,k

Ha3bIBaeMoit duccunamusnoti Gynryued.
Cuer (25.10) momkHBI 6BITH JOOABIEHBI K MPABOIl 9aCTH ypPaB-
Hennii Jlarpamxa
d oL _ dL OF
dt 9; Oz i
HuccunatuBHas QYHKITUST UMeeT caMa o cebe BaXKHbIH (husnde-
CKUIl CMBICT — €10 OTPEeJIeSIIeTCs MHTeHCUBHOCTD JUCCUTIAIIUN SHEP-
ruu B cucreme. B 3Tom Jierko yoeauThCst, BHIYUC/IUB TPOU3IBO/IHY IO
110 BPEMEHM OT MeXaHWYeCKOi sHeprum cucrembl. Vmeem

dE _ d L OL o\ _ N\ (dOL ALY _ N\~ OF
dat E(leam L) - le(dt B 89:-) - me(%i-
(2

(25.12)

7

(2 1
[Tockonbky F' — kBajgparndHas QyHKINS CKOPOCTeH, TO B CUJTY T€O-
pemMbl Ditsiepa 00 OJHOPOAHBIX (DYHKINAX CyMMa B MPaBOil dacTh
pasenctBa pasua 2F. Takum obpazom,

dE/dt = —2F, (25.13)

T.€. CKOPOCTh M3MEHEHHS SHEPIUH CUCTEMBI JAaeTCsA yABOEHHOR amc-
cunaTuBHOM dyHKImeli. Tak Kak IuCCUIIATUBHBIE IIPOLECCHI IIPUBO-
ST K YMEHBIIEHWIO 9HEPTUM, TO AOJIKHO ObITH Bcerma F > 0, T.e.
kBagparudHasa (Gopma (25.11) cymecTBeHHO 0JI0KUTEIBHA.

YpaBHeHHs MaJIBIX KOJIeOaHWii TP HAJIUIUKA TPEHN MOy IaioT-
cs1 mobasyierneM cuit (25.8) B mpaByio dacTh ypasHeHuit (23.5):

k k k

[TomoxuB B 3TUX ypaBHEHUAX

rt
xp = Are’”,

HOJIyYUM 1O COKpAIEeHMN Ha €'’ cucreMy JIMHEHHBIX ajrebpamde-

CKUX yPaBHEHUM JJIst TOCTOAHHBIX Ay,

S (mar? + opr + ki) Ay = 0. (25.15)
k

[TpupaBHaB HYJIIO0 OMpemenTeIb ITOH CUCTEMBI, HaIeM XapaKTe-
pUCTHYECKOe ypaBHEHUE, ONpeneIdioliee 3HAYCHNd T

|ml~k7“2 + xGET + k1k| =0. (25.16)
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9T0 — ypaBHeHUe cTeneHu 28 oTHOcuTeNbHO 7. [lockoabKy Bce
ero K03 HUIMEeHTHI BEIeCTBEHHBI, TO €r0 KOPHU JINOO BEIeCTBEH-
HBI, JINOO TIOTIAPHO KOMILIEKCHO COTpsi?KeHbI. [Ipu 3TOM BemecTBeH-
Hble KODHU HEIIPeMEeHHO OTPUIIATEbHBI, & KOMILIEKCHbIE UMEIOT OT-
PUIATETHHYIO BEIECTBEHHYIO YacTh. B MpoTUBHOM ciydae KOOPIU-
HATBI U CKOPOCTU, a C HUMU U JHEPrUsl CUCTEMbI IKCIIOHEHITUAIHHO
BO3pacTaan ObI CO BpEMeHeM, MeK/Iy TeM KaK HaJu4dne JTUCCUTIaTUB-
HBIX CHUJI JOJI?KHO TPUBOJNTEH K YMEHBINIEHUIO SHEPTUM.

§ 26. BoinyX/1eHHbIE KoJieOaHWS NMPW HAJWYUHA TPEHHUS

WcciieioBanue BbIHYKIEHHBIX KOJIeOAHUN MpU HAJUYIUN TPEHUSI
BIIOJTHE aHAJIOTMYHO IIPOU3BEJIEHHOMY B § 22 pacCMOTPEHUIO KoJjie-
Oannit 6e3 TpeHnd. MblI 0CTaHOBUMCS 371€Ch IOAPOOHO Ha MpPeICTaB-
JISIFOIIIEM CAMOCTOSITE/IBHBIN MHTEPEC Cydae MePUOIUIECKON BBIHY-
KITAIOMIEN CUJIBI.

[TpubaruB B mpaBoii yactu ypapHenusi (25.1) BHemHO0 cuy
f cosyt u pazgenuB HA M, MOJyYNM ypaBHEHUE JIBUYKEHWS B BUJIE
f
= oS Yt. (26.1)

Pertennie sTroro ypaBHeHusi yg100HO HAXOAWTh B KOMILIEKCHOM
dbopwme, st wero mmmreM B mpaBoit wactu €'Y BmecTo cosyt:

i+ 2\i + wiz =

%+ 2Ai + wiz = L,
m
YacTublil nHTErpaJs uimeMm B Buge ¢ = Be™! u maxonum mis B:

_ f
B= m(w? —y2 + 2iNy)’ (26'2)

[Ipencrasus B B Buge be'®, nveem myst b u o:

b= / L tg 5= M 26.3
my/ (w2 — y2)2 + 4A%y2 & v? - W} (26.3)

HakoHeIl, OT[eJINB BeIIECTBEHHYIO YacTh OT BblpaykeHms BelV! =
= bei(yﬂ'é), MOJIyYUM YaCTHBINA WHTerpaj ypasHenus (26.1), a npu-
6aBUB K HeMy OOIllee pellleHne ypaBHeHHUsI 6e3 MpaBoil dacTu (Ko-
TOpPOE Mbl HAIMWIIEM JIJIsd ONPEIEJEeHHOCTH JJisi Caydas wg > A),
[IOJIyYUM OKOHYATEJIHHO:
M cos (wt + o) + beos (Yt + d). (26.4)
ITepBoe craraemoe SKCOHEHIINAJIBHO YOBIBAET CO BPEMEHEM, TaK
9TO 4Yepe3 JIOCTATOYHO OOJIBINON MPOMEXKYTOK BPEMEHH OCTAETCS
TOJIBKO BTOPOM HJIEH:

r = ae
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x = bceos (vt + ). (26.5)

Bripazkenne (26.3) mis aMmauTyabl b BBIHYKIEHHOTO Kosieba-
HUS XOTS W BO3PACTAET NpU MPUOJIUKEHUU JacTOTHI Y K (Wg, HO HE
obparaercsa B 66CKOHEYHOCTD, KaK 3TO OBLIO P PE30HAHCE B OTCYT-
crBre Tpennd. [Ipn 3aganmoit aMmInTyme cuabl f aMIInTyaa Koje-

OaHMsa MaKCUMaJIbHA TTPU JaCcTOTe Y = \/wg — 2A%; npu A < Wy 310
3Ha4Y€HUue OTJiIn4aeTcd OT (Wg JIUIIb Ha BEJIMYNHY BTOPOI'O OPAIKaA
MaJIOCTH.

Pacemorpum obacts BOm3n pesonanca. [lomoxum vy = wo + €,
rae € — MaJias BeJIudnHa; OyJdeM Tak:Ke CUYUTaTh, 9T0 A K wq.
Torna B (26.2) MOXKHO IPUOIHIKEHHO 3aMEHUTH:

V2 — wi = (v + wo)(y — wo) = 2wpe, 20Xy ~ 2iAwy,

TaK 9TO
B= 1 (26.6)

2m(e — iA\)wo
WIn
b=— I tgs=2 (26.7)
2mwoy/ €2 4+ A? €

OrmernM xapakTepHY0 0COOEHHOCTH X018 U3MEHEHUsI PA3HOCTU
dasz b mex 1y KosiebaHmeM W BBIHYKIAOIIEH CUJION TTPU W3MEHEHTHN
YaCTOTHI MOCAEAHE. DTa PA3HOCTh BCErja OTPUIATE/bHA, T.e. KO-
jebaHne «3amnas3ablBaeT» OTHOCUTEJIHLHO BHEIIHEeH cuibl. Baaanm ot
pe3oHaHca, CO CTOPOHBI Y < Wg, O CTPEMUTCS K HYJIIO, a CO CTO-
POHBI Y > W — K 3HaYeHWio —7I. V3MmeneHnne § OT HyjJas 10 —7TT
OPOMCXOAUT B y3KOW (mmpuHbl ~ A) 06JacTH 9acToT, OJIM3KUX K
Wo; 4Yepe3 3HaYeHne —7/2 pasHOCTh (a3 MPOXOAUT HpHU Y = Wo.
OrmeruMm B 3TO# CBsA3M, YTO B OTCYTCTBHE TPEHUsI M3MeHeHue da-
3bI BBIHYKJIEHHOTO KOJeOaHUs Ha BEJIUYNHY 7T TPOUCXOINT CKAUKOM
npn y = wq (BTopoit wieH B (22.4) MeHsleT 3HAK); yUeT TPEHUS
«pa3Ma3bIBaeT» ITOT CKAYOK.

[Tpu yctaHOBUBITIEMCSI IBUKEHUN, KOT/Ia CHCTEMa COBEPIIIAET Bbl-
HYy2KJeHHble Konebanus (26.5), ee sHEprus ocraercs Hen3MeHHOI. B
TO 7K€ BpEMsi CHCTEMA HEIPEPHIBHO MOJIONAeT (0T MCTOYHIMKA BHEII-
Hell CHUJIBI) HEPrUi0, KOTOpas JUCCUIUPYeTCs Garogapss HaIumduio
tpenns. O603nHa4nM depe3 I(7y) KOIMUECTBO SHEPIHUH, TOTTIOMAEMOIT
B CpeJHEeM B €IWHWILy BPEMeHW, KaK (PYHKIMIO YacTOTHI BHEITHEH
cuel. Cormacuo (25.13) nmeem

I(y) = 2F,
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rie F — cpeanee (1o mepuory Koebanns) 3HAYeHe IMCCHTTATHRHOM
dyukiun. st oTHOMEPHOTO JABUKEHNST BHIPAYKEHNE (25 11) anccn-
naTuBHOM (byHKIMEU cBOomMTC K F = ot? /2 = Ami?. TloxcraBus
ciona (26.5), momy<aum
F = Amb*y?sin?(yt + §).

Cpe/Hee 10 BpeMeHM 3HAYEHNe KBAJpaTa CUHyca paBHO 1/2, mosromy

I(y) = Amb*y2. (26.8)
B6sin3u pesonaHca, MOACTaBIsAs aMILIATYLy Koiebanus u3 (26.7),
nMeeM

_ A
I(e) = el

Takoii BuJ| 3aBUCUMOCTH IOIVIOIIEHUSI OT YaCTOThl HA3bIBAETCH
ducnepcuonmwvim. IomymmpnHoii pesoHancHO KpuBoit (puc. 31) Ha-
3BIBAIOT 3HaYeHWe |¢|, mpm kKoropoMm BesmumHa I (&) yMeHbIIaeTcs
BJBOE 10 CDABHEHUIO C €€ MaKCH-
MaJbHBIM 3HadeHweM mpu € = 0.
U3 dbopmynst (26.9) BugHO, 9TO B
JTAHHOM CJIydae 9Ta [MIPUHA COBIA-
1/2 JTaeT ¢ MOKa3aTesJeM 3aTyXaHus A.
Bricora xe makcmmyma

| |
| |
| | 2
A0 A ) 1(0) = -

(26.9)

1/1(0)
1

obpaTHO TpomnopIimoHaabHa A. Ta-
KM 00pa3oM, TPU yMEHBIIEHUN TIOKA3aTE s 3aTyXaHUs PE30HAHC-
Hasl KPUBasg CTAHOBUTCS YK€ W BBIIIE, T.€. €€ MAKCUMYM CTAHOBUTCS
6ostee ocTphiM. [Lommaas ke Mo pe3oHAHCHO KPUBOit 0OcTaeTCa TPU
9TOM HEM3MEHHOI.
Tlocnequsas maeTca MHTETPATIOM

0/ I(y)dy :4 I(e) de.

[Mockonbky I(g) GbicTpo yObIBAaeT NMpH yBEJUYEHWH |€|, TAK 9UTO
06J1aCTh GOMBIINX |€| BCE PABHO He CYIIECTBEHHA, MOYKHO IIPU MHTE-
rpupoBannu mcath I(€) B Buze (26.9), a HUXKHUI peies 3aMeHNTh

Ha —00. Torma
oA _ nf?
/ I(e)de &= / £2+}\2 = (26.10)
—0o0 — 00
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3agaua

OmnpenennTh BLIHYZK/IeHHbIE KOIeOaHnda OPY HAJMYNN TPeHHd IO JefiCTBH-
eM BHemtHel cuibl f = foe™! cosyt.
Peme nue PemaeMm ypaBHeHHUe JBUKEHUA B KOMILIEKCHOM BHJE

i+ 2\ + wle = L0 kit

)

IocJie 9ero OTAesIseM BEIIeCTBEHHYIO JacThb PelleHnd. B pesyibraTe IojIydaeM
BBIHY2K/IEHHOE KOJIebaHue B BUIE

x = be™ cos (vt + ),

fo
my/ (W2 + o —y2 + 200)2 + 4y2( + A)2’
2y(ax+A)
w3 —vy? 4+ o + 20’

rae

b=

tg & = —

§ 27. IlapameTrpuyeckmii pe3oHAHC

CyiiecTByoT Takue HE3aMKHYTbIE KojebaTe/ibHbIE CUCTEMBI,
B KOTOPBIX BHEIIIHEE BO3JeHCTBUE CBOJAUTCH K M3MEHEHUIO CO Bpe-
MeHeM ee TTapaMeTpoB 1.
[Tapamerpamu 0gHOMEPHON CUCTEMBI ABISIIOTCS KOIDDUITHEHTHI
m u k B ynkuun Jlarpanxka (21.3); eciin oHM 3aBUCAT OT BPEMEHH,
TO ypaBHEHNE IBUKEHUS TJIACUT:
d .
E(mx) + kxz = 0. (27.1)
ITyTem BBemeHUs BMecTO t HOBO# HE3aBUCUMON TepeMeHHON T co-

riacHo dt = dt/m(t) 310 ypaBHeHUE TIPUBOAUTCS K BULY
d*z .
I + mkx = 0.

[Tosromy dhakTuyaecku, 6€3 BCIKOTO OpranmdeHns OOIIHOCTH, JOCTA-
TOYHO PACCMOTPEThH yDABHEHUE JBUXKEHUsS BUJIA
d’x )
KOTOPO€e ToJIyunsioch 661 u3 (27.1) npu m = const.

Bux dyskmun w(t) 3amaercs ycaoBUSMU 3aa9d; IIPEIINONO-
JKHM, 9TO 9Ta (DYHKIUs MEPUOANYIECKAsi C HEKOTOPOil 4acToToil Y
(n mepuogom T' = 27/y). DTO 3HAUUT, ITO

!) TIpocTEIM TTPEMEPOM TAKOTO POJIA SBJIAETCH MASATHHK, TOYKA MOIBECA KO-
TOPOrO COBEPIIAET 33JJaHHOE MIEPHOJMIECKOE [BHKEHHUE B BEPTHKAIBHOM IIOJIO-
sKeHHH (CM. 3amady 3).
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w(t+T) = w(b),

a moToMy u BCe ypaBHeHue (27.2) MHBAPMAHTHO 1O OTHONIEHWIO K
npeobpazosannio t — ¢t + T. Orciona ciemyer, aro ecan z(t) ectsb
pertierne ypasHenusi, 70 u GyHKys z(t + T') ToXKe ecTh perieHue.
Hpyrumu ciaosamu, ecin x1(t) n z2(t) — 1Ba HE3ABUCHMBIX HHTETDA~
na ypasrenns (27.2), To npu 3amene t — t + T oHu npeobpasyorcs
JIMHEHHBIM 00pa30M APYT Yepes apyra. [Ipn 3ToM MoxkHO ') BRIOpAThH
T1 W L9 TAKUM 00pa3omM, 9ToObl X M3MeHeHne Tpu 3amene t Ha t+ 1T
CBOJMJIOCH MPOCTO K YMHOXKEHHMIO Ha MOCTOAHHBIA MHOXKHTE/Ib

1t +T) = wz1(t), @2t +T) = uyma(t).
Hawmbomee obmmit Bum GpyHKIWA, 001aJa0MINX TAKUM CBONCTBOM, €CTh

z1(t) = uf T (1),  2a(t) = T(1), (27.3)
rae 111 (¢) u Ta(¢) — uncro nepuoanveckue byHKIUE BpEMEHH (C T1e-

puomom 7).

ITocrosinabre |y U [y B 9TUX (DYHKIUSX JIOJKHBI OBITH CBsI3a-
HBI APYT C JAPYTrOM OIpeIeIeHHbIM COOTHOIeHueM. /leiicTBuresibHO,
YMHOXKUB yPaBHEHUS

T+ w2(t)a:1 =0, xo+ (,Uz(t)xg =0
COOTBETCTBEHHO Ha I9 WU 1 U BBIYTHA UX IIOYJIEHHO OJHO U3 APYTOro,
TTOJIy9UM

iﬁ1$2 — 5152:131 = %(:ﬁlmg — x1$2) =0
nJjan
T1x9 — T1x9 = const . (27.4)

Ho npn mobeix dbyukunsax z1(t) n xa(t) suna (27.3) BepaxkeHne B
JIEBOIT YACTH ITOTO PABEHCTBA YMHOMKAETCS Ha |l [y TPW N3MEHEHUH
aprymenTa t Ha t + T'. [losTomy sicHO, 9TO COOJIIOIEHE PABEHCTBA
(27.4) BO BCsiKOM ciIy9ae Tpebyer, 9TOOBI OBLIO

Hikg = 1. (27.5)

JlanbHeiimme 3aKIIIOYEHNST O MOCTOSTHHBIX [y, |l MOXKHO CIe-
JlaTh, UCXOJs 13 (pakTa BemeCTBEHHOCTH KO UIIMEHTOB ypaBHe-
Hust (27.2). Ecam z(t) ecTh Kakoii-1mbo nHTErpas Takoro ypaBHEHNs,

1) DroT BHIGOD SKBUBAIEHTEH NPUBENEHUIO K ANATOHAILHOMY BULY MATPHUILBI
JmHEHHBIX npeobpasosanuil 1 (t) u z2(t), 9ro Tpebyer pemeHus COOTBETCTBY-
IOIIEro CeKyJIAPHOr0 KBAJAPaTHOrO ypaBHeHHA. MBI IpeamosaraeM, 9T0 KOPHH
9TOTO ypaBHEHUS He COBIAJAIOT.



§ 27 ITAPAMETPUYECKN PE3OHAHC 109

TO M KOMILJIEKCHO COTpsivKeHHast (pyHKumst ¥ (1) TOMKHA yIOBIETBO-
pAThH TOMY ke ypaBHeHnto. OTCIOa CIeIyeT, YTO mapa MOCTOTHHBIX
Hy, Ho JOMKHA COBIAJATH C IApoil U], W3, T.e. JOJKHO OBITH JTHOO
W = W3, b0 |y U Ly BEIIeCTBEHHLI. B mepBoM ciIydae, yIUThIBAA
(27.5), mmeem g = 1/ul, Te. |y|* = |uy|? = 1; mocrosHHbIe 1y
1 |y 11O MOJYJIIO DABHBI €IMHMAIIE.

Bo BTOpoMm ke cirydae 1Ba HE3aBUCUMBIX WHTETpaja ypPaBHEHUsT

(27.2) nmeror Buz

z1(t) = W/TT (),  za(t) = p=/TTa(t) (27.6)
C OTJIMYHBIM OT €IMHUIIBI TTOJIOKUTETBHBIM NN OTPHUIATETLHBIM Be-
mecTBeHHBIM uncioM . OaHa u3 3tux QyHKIMA (mepBas Win BTO-
pag mpu |u| > 1 u |u| < 1) 9KCIIOHEHIIMAJIBHO BO3PACTAET CO Bpe-
MeHeM. DTO 3HAYWT, 9TO COCTOSIHWE TOKOs CHCTEMBI (B TOJIOKEHUN
paBHOBecus & = () OyzeT HEyCTONYMBBIM: TOCTATOYHO CKOJIb YTO/I-
HO CJa00r0 OTKJIOHEHWS OT 3TOTO COCTOSHUSI, 9TOOBI MOSIBUBIIIEECS
CMeIIeHNe T CTaJI0 OBICTPO BO3PACTATh CO BpEMEHEM. DTO SBJIEHHE
Ha3bIBAETCS NAPAMEMPUYECKUM DE3OHAHCOM.

O6paTuMm BHUMAaHWE HA TO, UTO MPU CTPOTO PABHBIX HYJIIO Ha-
JaJbHBIX 3HAYEHUSX T W & OHU OCTABAJIUCH Obl PABHBIMHU HYJIIO W
B JaJbHEIeM B OTIMYHe OT OOBIYHOrO pe3oHanca (§ 22), B KOTO-
POM BO3pacCTaHHE CMEIIEHUs CO BpeMeHeM (IPOMOPIMOHAIBHOE t)
IIPOUCXO/IUT U OT PABHOTO HYJIIO HAYAJIHLHOIO 3HAYCHUS.

BrisicHuM yc/i0Brsi BOSHUKHOBEHWS TTAPAMETPUIECKOTO PE30OHAH-
ca B BaXKHOM Ciyd4ae, Korja (yHKuus w(t) Majao OTINYaeTcs OT
HEKOTOPOU TTOCTOAHHOU BEJIWYWHBI (W) U ABJIIETCA NPOCTON Mepuo-
IIecKoit pyHKImei

w?(t) = w3(1 + h cosyt), (27.7)
rje nocrosiaaas h < 1 (Mbr Oymem camuraTh h MOJIOXKUTENBHON, Ue-
ro BCErJa MOYKHO JOOUTHCS HAJIJIEXKAIIM BHIOOPOM Hadaja OTCYeTa
Bpemenn). Kak Mbl yBuamm Huzke, HanboJee MHTEHCUBHBIM OOpa-
30M MMapaMeTpPUIECKuil PE30HAHC BO3SHUKAET, €CJIU YaCTOTa (DYHKIINH
w(t) 6im3ka K yaBoeHHOI yacToTe Wq. [losromy mosoxkum

Y =2wo +¢,
roe € K wy.
Pemenne ypaBHeHUs IBUKEHNA ')
%+ W[l + hcos (2wg + &)tz = 0 (27.8)

1
) Ypasrenue Takoro suza (¢ IPOM3BOIBHBIME Y U h ) HA3BIBAETCH B MaTe-
MaTn4eckoit puszure ypasrernuem Mamvé.
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OymeM MCKaTh B BUIE
x = a(t) cos (wo + %)t + b(t) sin (wo + %)t, (27.9)

rie a(t) u b(t) — MemeHHO (IO CPABHEHUIO CO MHOXKHUTEJISAME COS
u sin) mensomumecs: GyHnkuuu Bpemenn. Takoil Bujy perienust, pasy-
MeeTcsl, He fIBJISETCS TOYHBIM. B neiicrBurensHocTn DyHKIW Z(t)
COJIEPXKUT TaK¥Ke WIEHBI C 9aCTOTAMH, OTINIAIINMUCT OT Wo+€/2
Ha I[eJI0e KPATHOE OT 20+ €; 9T WIEHBI, OIHAKO, BBICIIETO MOPSIKA
MaJIOCTH TI0 h, ¥ B TIePBOM TPUOJMKEHUN UMU MOYKHO TTPEeHEOPEUD
(cm. 3amaay 1).

[MoncraBum (27.9) B (27.8) n mpousBeseM BBIYUCIIEHHS, COXPa-
HeAsl JIUIID YWIEHBI IePBOTO HOPSIKA IO €; IPU ITOM IIPEIIOIOXKNM,
910 @4 ~ €a, b ~ &b (IPABUIBHOCTH ITOrO NPEIIOJOKEHUS B YCJI0-
BHUSIX PE30HAHCA MOJTBEPANTCS pe3yiabraToM). IlponsBenenns tpu-
TOHOMETPHYECKUX MHOXKHUTEJEl CllelyeT Pa3aokKuTh B CYMMBI

Cos <w0 + %)t -cos (2wg + ¢)t =
1 3¢ 1 €
=3 cos(3w0 + ?)t + 3 cos(wo + §)t

n T.aI. 1 B COOTBETCTBUU CO CKa3aHHBIM BbIIIE ONYCTUM YJIEHBI C
gacroramu 3(wg + €/2). B pesyabrare mosyunm

h(,Uo
2

— (2d+bs—|— )wgsin(w0+%)t+

hw
2

+ <2b —ae + °a>w0cos<w0 + %)t = 0.
BeinosineHne 9T0ro paBeHcTBa TpebyeT OJHOBPEMEHHOTO O0pAIIeHN s
B HyJb KOI(DMUIMEHTOB NIPH KaXKIOM M3 MHOXKHUTeJeH sin u cos.
Orcroza moydaeM cucTeMy ABYX JHUHEHHBIX auddepeHmaIbHbIX
ypaBuenuit mua dyukuumit a(t) u b(t). Cremys obmumM mpasuia,
HIeM pellleHne, mporopruonaabaoe €. Torma

1 h(,U() o
sa+§<s+ 5 )b—O,

1 h(,U(] o
5(8— 5 )a—sb—O,

u ycjoBU€ COBMECTHOCTHU 3TU ABYX aJIFe6paI/IT-IeCKI/IX ypaBHeHI/Iﬁ JaeT

s = i[(h‘;of—aﬂ. (27.10)
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VcaoBre BO3HNKHOBEHUS MapaMETPUYECKOTO PEe30HAHCA 3aKJIIO-
gaercs B BemectsenHoctr s (T.e. s2 > 0)1). Takum o6pasom, peso-
HAHC MMeeT MECTO B MHTEepBaJe

_h;Uo <e< ’“2”0 (27.11)

BOKDYT 9acToThl 2wy ). Illupnaa 9T0ro0 HTEpBaIa IPOIOPINOHATL-
Ha h, U TaKOro ’Ke MOpAAKa OCYIIECTBJAIONINecd B HEM 3HAUYEHHUd
HoKa3aTesId yCujIeHus KojebaHuit s.

[TapameTpudeckuil pesoHaHC HMeeT MeCTO TaKKe IPH 4YacTo-
Tax Y U3MeHeHHd IapaMeTpa CHCTeMbl, OJU3KHUX K 3HaUYeHUAM BHIA
2wg/n, roe n — ao6oe 1esoe ncao. OJHAKO MUPHUHA PE30HAHC-
HBIX Obsacreii (obsiacTell HEYCTOWIMBOCTH) C yBeJMYEHHEM 7. ObI-
CTpO yMeHbInaercss — Kak h™ (cm. 3amady 2). Tak ke yMeHbIIAIOTCS
U 3HaYeHNd IOKa3aTeld YCUIEHHUd KojaeOaHWi B HUX.

fIBnenne mapaMeTpHYeCKOTO pe30HAHCa CYIIeCTBYeT W IPHU Ha-
JITYUH ¢J1a00r0 TPEHUd B CUCTeMe, HO 00JIaCTh HeyCTOMINBOCTH IPH
3TOM HECKOJIbKO cyxKaeTcd. Kak MBI Buzmenu B § 25, TpeHme mpu-
BOMUT K 3aTyXaHUIO aMILTUTYIbl Komebammii o 3akomy e . Ilo-
3TOMY ycuyleHHe KojiebaHuil mpu napaMeTpUYecKoM pe3oHaHCe IIPOo-
ncxomut, kak e(* M (¢ moToKNTEeIBHBIM §, TABAEMBIM DeIeHTeM
3ama4n 6e3 TpeHus:d), a TpaHuIa O0OIACTH HEYCTOWIMBOCTH OIpesie-
nsercs papeHcTBoM s—A = 0. Tak, ucnonwsys s u3 (27.10), momyanm
JJIsT PE30HAHCHOM obstacTu BMecTo (27.11) HepaBeHCTBa

—/(hwo/2)? - N2 < & < \/(hao/2)? - 2. (27.12)
O6paTnM BHEMAaHHE Ha TO, 9TO IPH STOM PE30HAHC OKA3LIBAETCH
BO3MOKHBIM HE IPH CKOJb YIOJHO MAaJoil aMIauTyde h, a JHuIb
HAYMHAsS C ONPEJEJIEHHOTO «Ioporay Ny, paBHOrO B ciaydae (27.12)

4\

he = 2

Wo
MozkHO TOKa3aTh, YTO JJIs PE30HAHCOB BOJM3U YacTOT 2Wo /N Be-
JmauHa mopora hy mpornopimonansHa A", T.e. Bospactaer ¢ yse-

JIMYEHUEM M.

!) Hocrosmnas w B (27.6) ces3ama ¢ s coorHomenmeM | = —e*™/ %0 (mpm
3amene t Ha t + 271/2wq cos u sin B (27.9) MeHAIOT 3HAK).

%) Eciu MHTEpecOBaThCS UMb IPAHAIAMYI 001aCTH Pe30HAHCA (He HHTEpeCy-
SICh BBIDAYKEHWEM [[JIs1 § BHYTPHU Hee), TO MOYKHO YIPOCTUTH BBHIYMCIIEHNUS, 3aMe-
TUB, 9TO HA 3TUX rpaHunax § = 0, T.e. koaddunments: a u b B (27.9) mocToanHsr;
IPH 3TOM MBI CPa3y MOJIYYUM 3HA4YeHue € = +Wo/2, oTBevaromme rpaanmaM o6-
nacrm (27.11).
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agaumn

1. OnpegeuTh TpaHUIBl 06JACTH HEYCTONYNBOCTH MPH PEe30HAHCE BOIMZH
Y = 2W( € TOYHOCTBIO 0 BEJIMYMH HOPAIKA h’.
Pemenwue Wmem pemenune ypasuenus (27.8) B Buze

x = ag cos (wo + €/2)t + bo sin (wo + €/2)t+
+ a1 cos3(wo + €/2)t + by sin 3(wo + €/2)t,

YYIUTBIBag B HeM (MmO cpaBHEHWIO ¢ (27.9)) Tak:Ke W 4IEHBI CJIEMLYIOMETO MOPSI-
Ka 110 h. larepecysich Jininb rpaHunaMu 00J1aCTi HEYCTOWYMBOCTH, TIPEIIO/IAra-
em ko3 dunmenTs! ag, by, a1, b1 MOCTOAHABIME (B COOTBETCTBUY C 3aMEYAHUEM,
crenaHubIM B cHOCKe Ha ¢. 111). ITpn nmoacranoske B ypasrenue (27.8) mponsse-
JIeHUsI TPUTOHOMeTPpUYeCcKnX (DYHKIMI pa3jiaraeM B CyMMbl, OIyCKasl IIPU 3TOM
wienbl ¢ gacroramu 5(wo + €/2), KOTOpble Hy>KHBI OBLIM JIMIIL B emle Gojee
BBICOKOM Tpubanzkennn. [logyuaem

g2 hw? hw? €
—ao| WoE+ — | + ao + a1 | cos (w0+§)t+

4 2 2
€2 hw? hw? . €
+ [—bo(w0£+z> - 20b0+ 20b1} 51n(w0—|—§)t+

2
+ [h(;o ag — Swgal] cos3(w0 + %)t—i—

2
+ |:h(;0 by — 8w3b1:| sin3<w0 + %)t =0.

B wmenax ¢ wacroramMm Wo + €/2 COXpaHEHBbI BEJIMYMHBI MEPBOrO W BTOPOTO
HOpsJKA MAJIOCTH, a B 4iIeHax ¢ dacroramu 3(wo + €/2) — 4jIeHbl mepBoro
nopsaka. Kaxkoe u3 BelparkeHuil B KBaIPATHBIX CKOOKAX JIOJZKHO 00paIaThCs
B HYJIb B OTIEJIbHOCTH. I/I3 ABYX IIOCJI€IHUX NUMEEM

h h
M=% 1T 1600
IIOoCJie 9ero m3 'HByX HepBI)IX Ha,XO'Z[I/IM
hw? €2 hrw?
+ £ —0.
Woe = ==+ 7~ 33

Pemrast 5T0 ypaBHEHHE C TOYHOCTHIO [0 UIEHOB HOPsIKa h?, MOIy<HnM MCKO-
Mble TDAaHUYHBIE 3HAYEHUS €:

2 32
2. OnpenennTh rpaHuIpl 00J1ACTH HEYCTOWYMBOCTH TIPU PE30HAHCE BOIM3M
Y = Wo.
Pemenue Hamucasy = wo+ ¢, nosiygaeM ypaBHEHHE IBUXKEHUS
.e 2
Z 4+ wgll + heos (wo + €)t]lx = 0.
VMest B By, UTO MCKOMBble DaHNYHBEIE 3HAUECHHS € ~ h?, WINEM pelleHne B
BHE

e — ihwo h2(,U0'

T = ag cos (wo + €)t + bg sin (wo + &)t +
+ a1 cos2(wo + €)t + b1 sin2(wo + €)t + c1,
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Y4YuThIBasd B HEM CPa3y YJIEHBbI JIBYX MEPBbIX ITOPAIKOB. ,H.]'IH onipenesieHnud rpa-
HUIL HeyCTOfI‘IHBOCTH CHOBa IpeanoJjiaraemM KOS(i)(bI/IH;I/IeHTbI IIOCTOAHHBIMU U I10-

JydaeM
2
Wy

[72w0£a0 + h ar + hwgcl] cos(wo + &)t +

hw} hw?
+ |:*2(,U()Eb0 =+ ;UO b1:| sin(wg =+ E)t =+ |:*3(U(2)CL1 =+ Wo CLO:| COSs 2((,00 =+ E)t+
hw} hw?
+ [7300(2]171 + (;0 bo] sin2(wo + €)t + [wgcl + ‘;0 ao} =0.
Orcioga Haxoaum h h h
al; = gao, b1 = gbo, C1 — *50,0,

U 3aTeM JIB€ TPAHUIIBI O0JIACTA HEYCTONYINBOCTN]:
5 2 1.2
e =——h"wo, &€= —h"wo.
24 ' 24
3. Haiitn ycioBusi mapamMerpuyeckoro pe3oHaHCa Jjisi MaJjibix KoyiebaHuit
IJIOCKOTO MAaATHUKA C KOJIEOIONmEeNicad B BEePTUKAJIHLHOM HANPABJIEHUN TOYKOH
ozaBeca.
Pewenue. Ilo naiinennoii B 3anaue 3, B § 5 dbynkuun Jlarpanxa naii-
nmem ayia magbix (@ < 1) xkonebGanuil ypaBHEHUE IBUKEHUS

® + w? (1—}—4%005 (2wo+e)t) © =0,

rme wg = g/l. OTciona BHAHO, YTO POJH BBEJEHHOTO B TEKCTe mapamerpa h
urpaer oraomenue 4a/l. Yenosue (27.11), Hanmpumep, TPUHUMAET BUJ,

2a./g

|£‘ < l3/2

§ 28. AHrapMmoHnYecKne KoJiebaHus

Bes nzmoxkernast BhITIIe TEOPUsT MaJIBIX KOJAeOaHMI OCHOBaHA Ha
Pa3JI0KeHnN TTOTEHIINAJIBHOW W KWHETHYECKONW IHEPTrril CUCTEMBI 10
KOOpAWHATAM W CKOPOCTAM C OCTABJIEHUEM JIUIIL YJIE€HOB BTOPO-
ro TOP4JIKA; TPU 3TOM YPaBHEHUA ABUXKEHUS JUHENHBI, B CBA3U C
9eM B 9TOM IPHUOINIKEHUN TOBOPAT O AUHETHIT KOIeOaHNIX. XOTs
TaKOe pa3JIoZKeHWe BIOJIHE 3aKOHHO IIPU YCJIOBUM JIOCTATOYHON Ma-
JIOCTH aMILIATYH KoJebaHni, OMHAKO YUEeT CHeAYIOMINX TTPUOIKe-
HIHT (TaK Ha3bIBAEMOU aH2APMOHUYHOCTIY NI HEAUHEUHOCTU KO-
ﬂe6aHm?1) TMPUBOANT K TIOSIBJIEHWIO HEKOTOPHIX XOTS W CIa0BIX, HO
Ka4yeCTBEHHO HOBBIX OCOOEHHOCTEN IBUYKEHUS.

[TponsBenem paznoxkenne (yukmun Jlarpam:ka 10 9JIeHOB Tpe-
THETO TIOPsi/IKa. B OTeHIINAJIbHON SHEPTUN TTPU STOM TOSIBSITCS “JIe-
HBI TPEThEHN CTeneHn Mo KOOpAWHATAM T;, B KHHETUYECKON Ke dHep-
TUU — YJIEHBI, COJIEpXKalllie MPOU3BEJIEHNs CKOPOCTeil M KOOPJAWHAT
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BUJA T;TkTy; 9TO OTJINYWE OT TIPEXKHEro Bbipaxkenns (23.3) cBs3aHO
C OCTaBJIEHWEM YJIEHOB MEPBOTO TOPSAAKA 10 T B PA3JIOKEHNN (DyHK-
it a;,(q). Takum obpasom, dbyuknus Jlarpanxka 6ymeT umers BUJ

1 .
L=3 Z(mikﬂﬁiﬂ?k — kirmizy) +

o + %Znikliii’kﬂ?l - %Zliklxixkxla (28.1)
ik, ik,
TIe N, lik; — HOBBIE IOCTOSHHBIE KOI(DDUIIEHTHI.

Ecian oT npon3BoIbHBIX KOOPAWHAT I; TEPEHTH K HOPMAaIbHBIM
KOOpauHATaM (JMHEHHOro pubmkenns) (Qy, TO B CUJLYy JIMHEHHO-
CTH 3TOr0 MPeobpa30BaHUs TPEThs W YeTBepTas CyMMbl B (28.1) me-
peiiyT B aHAJOrUYHBIE CyMMBbI, B KOTOPBIX BMECTO KOODIAWHAT T; W
ckopocTeit &; OyayT ctoath Qy n Q. Ob03HAUNB KOIDPUIINEHTHI
B 9THX CyMMax 9epe3 Aypy H Hopys IOy IUM dyuknnio Jlarpamxa
B BUJIE

L= (Q%-wlQd)+
+ 5 D Mgy @a@p@y — 5 Y HapyQu@pQy- (28.2)

o, By o,Byy
MpI He cTaHeM BBINUCHIBATH [OJHOCTHIO CJEAYIOINX U3 3TOH Ja-
rpaHKeBO# PyHKIINY ypaBHEHWH IBUKEHNA. Cyme(:TBeHHo, YTO OHU

UMEIOT BU[],
. ) B .o
QO(+ wo(Q(X - fO((Q,QaQ)? (283)
rie fo — OMHOpOAHBIE (DYHKIIUNA BTOPOrO MOPSIKa OT KOOpAUHAT ()
U UX IIPOU3BOAHLIX II0 BPEMEHM.
[Tpumensss MeTom MOCIEIOBATEIBHBIX TTPUOJIMKEHN, NIIEM pe-
IIeHWe 3TUX ypaBHEHUN B BUJIE

Qu = Q(l) +QY, (28.4)

rie Qg) < ro, a yHKIUN ch VIOBJIETBOPSAIOT «HEBO3MYIIEH-
HBIM» YPaBHEHUSIM

Q(l +w Q(l)
T.€. TIPEACTABIAIOT CODOM OOBIUHBIE rapMOHquCKHe KoJIebaHms
Qg) = 4y oS (Wt + Ky ). (28.5)

Coxpansisi B CJIeIyIOMEM TPUOJIMKEHUN B MPABON 4acTu ypas-
Hennit (28. 3) JIUITH 9JIeHBI BTOPOTO TIOPSAIKA MAJIOCTH, TIOJIYIUM 1151

BeJINIMH Q(x ypaBHEHUSA

Q9 + w2QP = £.(QV,QW, W), (28.6)
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rJie B TIPaBYIO 9acTh JOJKHBI OBITH TIOICTABJIEHBI BhIpaykeHns (28.5).
B pesyabrare MbI moyunM IUHEHHBIE HEOTHOPOAHBIE arddepeHIin-
aJbHBIE YpaBHEHUSsI, PaBble YaCTU KOTOPBIX MOXKHO Ipeo0pa30BaTh
K CyMMaM TIpOCTBIX mepuogmdeckux ¢pyukmuii. Tak, Hampumep,

Q@Qg) = agap cos (Wut + 0y ) cos (wpt + xp) =
= %a“aﬁ{cos [(Wo+wg)t+ g+ xpg]+cos [(Wwa—wp)t+aa—apl}.

Takum 06pa3oM, B IPABBIX YaCTAX ypasHeHuii (28.6) naxogsarcs
9JIEHBI, COOTBETCTBYIOIINE KOJIEDAHNSIM C 9aCTOTAMU, PABHBIMU CYM-
MaM 1 Pa3HOCTAM CO6CTB€HHBIX qaCTOT CUCTEMBI. PGH_IGHI/IC YpaBHE-
HU CJIIEAYET MCKATh B BUAE, COAEPZKAIIEM TaKUE 2KE TIEPUOINIECKUE
MHOXKUTEJIN, U Mbl IPUXOJAUM K BBIBOJY, 9TO BO BTOPOM HpI/I6.HI/I}Ke-
HUN Ha HOPMaJIbHBIE KOJIe6aHI/IH CHUCTEMBI C 9aCTOTaMUu W HaKJla-
ABIBAIOTCA JOIIOJIHUTEJIbHBIE KOJIe6a,HI/IH C 9aCTOTaMu

Wo + wg (28.7)
(B TOM [ucCJIe yABOEHHBIE YaCTOTHI 2V« 1 gacToTa ), COOTBETCTBYIO-
1asi OCTOSTHHOMY CMEIEHUIO). DTU YaCTOThI HA3BIBAIOTCA KOMOU-
HAUUOHHBLMU. AMILTHTY 1B KOMOMHAIMOHHBIX KOJIEOAHUI MPOTIOp-
[UOHAJIbHBI MPOU3BEIEHUAM A dp (nmu kBagpaTam a(zx) COOTBET-
CTBYIOIINX HOPMAJbHBIX KOJIEOAHMIA.

B cireayomux npubimKeHuaX IpU ydeTe WIeHOB 00Jee BBICO-
KO0 IOpsAKa B pasJjioxKeHnu (pyHKunn JlarpaH:ka BOSHUKAIOT KOM-
6I/IHaHHOHHbIe KOJIe6aHI/IH C 9aCTOTaMU, ABJIAOIIUMUCA CyMMaMu 1
pasHoCTsAMHU OOJIBIIErO YUCJIa YaCTOT Wy. Kpome Toro, ogqHako, BO3-
HUKAECT €I1e M HOBOE ABJICHUE.

Jlemo B TOM, 9TO yKe B TpeTheM MPUOJIMKEHNN Cpein KOMOUHA-
IIMOHHBIX YaCTOT MNOABJIIAIOTCA qaCTOTbI, COBIIaJar0mme C MCXOOHBI-
MI Wy (Wy+wp —wpg). [Ipu nprMeHeHNN OMICAHHOTO BBIIIE METOIA
B IIPaBOil 9acTH ypaBHEHUi IBUKEHUs OyIyT HAXOIUTHCH, CIEI0-
BaTeJIbHO, peBOHaHCHbIe t-I.HeH]':J, KOTOpre HpHBeﬂyT K BOSHUKHOBE-
HUIO B PEIIeHUH YJIEHOB C BO3DPACTAIOMIeil CO BPEMEHEM aMILIUTY-
noit. Mex iy Tem, pusndeckn 09€BUIHO, 9YTO B 3AMKHYTOH CUCTEME
B OTcyTCTBI/Ie BHEIITHETO MCTOYHUKA 3HepFI/H/I HE MOXKeT HpOI/ICXO,HI/ITb
CaMOTIPOM3BOJILHOE HapacTaHWe MHTEHCUBHOCTH KOJIeOaHMIA.

B ,ILeI';ICTBI/ITeJIbHOCTI/I B BBICIIHUX HpI/I6.HI/I}KeHI/IHX IIPOUCXOOUT M3-
MEHEHHE OCHOBHBIX YaCTOT Wy IIO CPABHEHHUIO C UX «HEBO3MYIICH-
(0

HBIMU» 3HAQUEHUSMU (ch), GUTypupyIOIImM B KBaJIPATHIHOM BBI-
pPakeHWW TOTEeHIINAJIbHONW 3Hepruu. [losgBiieHne YKe BO3pacTaIOIINX
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YJIEHOB B PEIMIEHUU CBA3aHO C PA3JIO?KEHUEM TUTIA

cos (CUE?) + Awg)t = cos (wg?)t) — tAwg sin (w((,?)t),

ABHO HE3AKOHHBIM TIPU JTOCTATOYHO OOJBINX t.

ITosromy mpm mepexoje K CHEAYIOMUM TPUOJIMKEHTAM METO/T
TOCTETOBATEIBHBIX TTPUOIMKEHNN JOJIXKEeH ObITh BUIOU3MEHEH TaK,
9TOOBI (PUTYPUPYIONTNE B PEIIeHNN TEePUOANTIECKTe MHOXKUTEIN C
€caMOTO HaYaja COIAEPKAJIU TOUHBIE, a He TPUOJIMKEHHbIE 3HAUECHUST
gacToT. I3MeHeHms Ke 9acTOT caMu OMPEIIENIATCS B Pe3yabTaTe pe-
IIEHUs yPaBHEHUIT KaK pa3 U3 YCJAOBUA OTCYTCTBUSA PE30HAHCHBIX
4JIEHOB.

[IpomeMoHCTPUPYEM 3TOT METOJI HAa aHMAPMOHUYECKHX Kojeba-
HUSAX C OJIHOU CTemeHbio cBOOOIBI, HamucaB (pyHKIuio Jlarpamxa B
BUIE

mi® mwy 2 mx_ 3  mp 4
—mi _ma,3_ mBaa 98.
L 5 TR 3 L 1L (28.8)
CooTBeTCTByOIIIEE YPABHEHNE JTBUKEHIS
i+ wir = —ax? — pad. (28.9)

Mpz1 OyieM UCKATh €ro pelieHne B BUE PsAJia TIOCIeI0BaTeIbHBIX
pUOIMKEHMIH

npuyem

M) = acos wt (28.10)
C TOYHBIM 3HaYEHUEM (U, KOTOPOE caMo Oy/ieM 3aTeM MCKATh B BUJIE
pama w = wq + w® + w® + ... (magaspuyio dasy B 2 moxHO

Bcerja obpaTuTh B HYJIb HAJJIEXKAIIUM BBIOODOM HavaJa OTCYETA
Bpemenn). [Tpu 3ToM, onHAKO, ypaBHeHUWe ABMXKeHus B Buje (28.9)
He BIOJIHE yJ00HO, TaK Kak Mpu nojcraHoBke B Hero (28.10) nesas
9acTh PABEHCTBA HE OOPATUTCs CTPOTO B HyJib. [l03TOMY TIepenuiiem
€ro TIPe/IBAPUTEIHHO B SKBUBAJEHTHOM BUJIE
2 2
G+ wie = —oz? — pa’ — (1—%) . (28.11)
Honoxus 3aech ¢ = (V422 w = wo+w®) u onycrus uens:
BBIIIIE BTOPOTO TOPSIKA MAJIocTH, Toaydnm mist (%) ypasrenne

2 cos® wt + 2w0w(1)a cos wt =

i w%m@) = —xa
2 2
xa xa
== — —cos (2wt) + 2wowMa cos wt.
VcjioBre OTCyTCTBUSI PE30HAHCHOTO |JjieHa B MPABOl 4acTU PaBeH-
CTBa Jae€T IIPOCTO w(l) — ( B COOTBETCTBUH C U3JIOKEHHBIM B HAYAJIE

maparpada MeTOoJIOM HaXOXKAEHHs BTOporo npubdbimkenns. Ilocse
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9TOTO, perrasi OOBIYHBIM CITOCOOOM HEOTHOPOIHOE JINHEITHOE ypaBHe-
HUE, TTOIY9nM )

(2) o _oa | aa”
T = o + 6z OO (2wt). (28.12)

Tanee, nonoxus B (28.11) z = 2 423 +20) | w = wo+w®,
HOﬂquM ypaBHeHI/Ie st 2(3)
WJIN, TIOJICTABUB B HpaBon YaCTh BbIpAXKEeHUS (28.10) u (28.12) mocie
IIPOCTOroO IPeodPa30BaAHMSI:

2
i3 4+ w2z® = —¢? {% 61%} cos (3wt)+

x

2 2
+a [2w0w(2) + baro” 3 2(3} cos wt.

6w 4
[IpupaBHuBasg HyIIO KO(DMUINEHT TPH PE30HAHCHOM MHOMKUTEJE
€os Wt, HalijieM MonpaBKy K OCHOBHOM 9acTOTe, IPOMOPINOHAIBHYIO
KBa/IpATy aMILIUTYAbl KOjaebaHusi:

0@ _ (ﬁ _ 5“23) a?. (28.13)

Swo 12w0

KoMmbunanuonsoe ke KojaebaHue TPEThEero MmOPsIIKa
3

B3 = 2 ( o + B) cos (3wt). (28.14)

16w2 \ 3w3

§ 29. Pe3onaHc B HEJIMHEWHBIX KOJI€OAHMAX

Yyer aHTapMOHUYECKHUX YJIEHOB IPU BBIHY?KJIEHHBIX KOJIeOaHU-
X CHCTEMBI IIPUBOJUT K TOABJIEHHUIO CYIIECTBEHHO HOBBIX OCOOEH-
HOCTEH B PE30HAHCHBIX SIBJICHUSX.

Jobasue B IpaBoii yactn ypasHenus (28.9) BHEIIHIOWO Nepuoan-
9ecKyIo (C 9acToTol Y) CuiLy, TOIyInM

i+ A 4+ Wiz = %cosyt — az? — Bz, (29.1)

3/1eCh HAIMCAHA TaKXKe CUJIa TPEHWS C TOKa3aTesieM 3aTyXaHwus A
(mpeanonaraembiM HuKE Masbim). CTPOro roBOpsi, Ipu ydUeTe HeJu-
HEWHBIX YJIEHOB B ypPaBHEHUN CBOOOIHBIX KOJEOAHWH IOJKHBI yUN-
THIBAThCS TaKyKe YJE€HBI BBICIINX TOPAJIKOB B aMILJINTYAE BBIHY K-
Jarolleil CUibl, COOTBETCTBYIOIINE BO3MOXKHON 3aBUCUMOCTHU €€ OT
cMerteHust . MbI He TIMIIEM 3TUX YJIEHOB JIWIH C IEJIhIO YIIPOIIe-
HUS (POPMYJI; OHU HE MEHSIOT KAYeCTBEHHOW KAPTUHBI SABJICHMUIA.
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ITycTh
Y=wo+E€
(c MasIBIM €), T.e. MBI HAXOUMCsI BOJIN3M OOBIYHOTO pe3oHaHca. Jliis
BBISICHEHNS XapaKTepa BO3HUKAIOIIEro IBUYKEHUS MOYXKHO O0OHTHCH
6€e3 HermoCpeICTBEHHOTO MCCeoBanus ypasHenus (29.1), ecan Boc-
MOJTL30BATHCS CIIEYIOINUME COOOPasKEeHUSAMU.

B nuneitHOM TpUOIMKEHNN 3aBUCUMOCTD AMILIATYIbI b BHIHY K-
JIEHHOTO KOJeOaHWs OT aMIINTYIbI f W 9acTOTHI 'Y BHEITHEH CHUJIbI
nmaercst BOM3U pe3oHaHca dopMysioit (26.7), KOTOPYIO HANWIIEM B
BUJIE )
B2+ = L (29.2)

dm2w?’

HesnmreiiHOCTD KOe6aHMI TPHBOIUT K MOSBIIEHIIO 3aBUCHMOCTH
UX COOCTBEHHOMN 9acTOTHI OT aMILINTY/Ibl; HAIUIIEM ee B BHIE
wo + sb?, (29.3)
IJle TIOCTOSIHHAS »¢ BBIPAXKAETCS ONPEJIEJIEHHBIM 00pa30M depe3 KO-
sbdunment anrapmorngaocTH (cM. (28.13)). CoOTBETCTBEHHO TO-
My 3aMeHsieM B dopmyste (29.2) (TodHee B MasIoi pasHOCTH Y — W)
W HA Wq + b2,

CoxpannB obo3HadeHme € = Yy — Wq, MOIYYNM B De3yJbTaTe
ypaBHeHUE e
2/ 32\2 27 _
Ple — ) + V] = (29.4)
I

s:sz\/(%wob)g—)\?.

Vpasrenne (29.4), kyGirdeckoe 1o oTHOTIEHNIO K b2, i1 €ro Beire-
CTBEHHBbIE KOPHU OINPEIESIIOT aMILIATY/Iy BBIHYKIEHHBIX Kojeba-
Huit. PaccMOTpuM 3aBUCHMOCTD 9TOH aMILIATY/IbI OT 9aCTOTHI BHEIII-
Hell CUJIBI IPH 3aJaHHON aMILIATYAe CHJIBI f.

[Tpu jmocraTrouro Majbix 3Ha4YeHUsAX f aMmmmTyaa b Toke Ma-
Ja, TaKk 9TO MOXKHO npeHebpeds B (29.4) crenensivu b Bblie BTO-
poii, u Mbl Bo3Bpalaemcs K 3asucumocrtu b(e) (cm. (29.2)), uzobpa-
2KAIoIIelicss CUMMETPUYHON KPUBOM C MakKCUMyMOM B Todke € = ()
(puc. 32 a). ITo mepe yBennuenus f kpusas qedbOpMUPYeTCs, COXpa-
HsIsl CHAYaJla CBOW XapaKTep — C OJHUM MakcuMyMmoMm (puc. 32 6);
nocjaenuunii cMmermaercs (mpu s > 0) B CTOPOHY MOJIOKUTETBHBIX €.
U3 Tpex xopHeit ypaBHeHus (29.4) mpu 5TOM BeIECTBEH JIUIITH OJIUH.

OpHako, HaYMHAsT C ONpPeJIeJIeHHOr0 3HavYenns [ = fi (koropoe
MBI OTIPEJIEJIMM HUKE), XapakTep KPuBOil mensercs. [Ipu kaxkmom
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3Hauenun f > fi cylmecTByeT ompemesieHHast 00JIacTh 9acToOT, B KO-
TOpOii ypaBHenue (29.4) nMeeT TPH BEIIECTBEHHBIX KODHSI; €ii 0TBeva-
et yaactok BC D FE xkpuBoii Ha puc. 32 6. b

I'panunsr 910it obsiacTu ompeelisi- Fo0
forcs ycaosuem db/de = oo B Toukax D .
u C. IlpoauddepennupoBas ypaBHeHMe
(29.4) o ¢, momyunm

db —eb + 3b® €
de €2+ A7 — dsceb? + 352b* b F<fi
[TosTomy monoxkenne Touexk D u C' omnpe- p
JIeJIIeTCsl COBMECTHBIM DEIIEHUEM yPaB-
HeHUI /

€2 —4ab®e + 320+ N2 =0 (29.5) €
7 (29.4); COOTBETCTBYIOINIIE 3HAYEHUS € b >
oba monoxutenbHbl. Hambosbinee 3Ha- B p c o
YeHNe aMILTATYIbl JOCTUTAETCS B TOYKE, DY |
rae db/de = 0. Ilpn atoM & = »b%, u u3 1_4/ K@F

£

(29.4) umeem

b _ fo. 20.6 Puc. 32
max = 5o (29.6)
9TO 3HAYEHHE COBHAJAET C MAKCHMYMOM, JaBAaE€MBIM 3aBUCUMOC-

ThI0 (29.2).

MozxkHo mokasarb (Ha 4eM Mbl He Oy/ieM 3/1eCh OCTAHABJINBATH-
cs '), 9TO U3 TPeX BeIeCTBeHHBIX KOpHeil ypaBuerus (29.4) cperHuii
(r.e. yaactok C'D KpuBoii, n306paKeHHbI Ha pUC. 32 6 MITPUXOBOIL
JIMHUEH) COOTBETCTBYET HEYCTONUMBBIM KOJIEOAHUSAM CHCTEMBI: JIFO-
60e ckoJib yromHO cyiaboe BO3/eiiCTBIE Ha CUCTEMY, HAXOSILYIOCS B
TAKOM COCTOSTHWH, IIPUBEJIO OBbI K MEPEXO/y K KojebaTeIbHOMY pe-
JKIMMY, OTBEYAIOIIEMY OOJIBIIEMY UM MEHbIIEMY KODHIO (T.e. ydacT-
kaM BC win DE).

Takum obpazom, peaabHBIM KOJIEOAHNAM CUCTEMBI COOTBETCTBY-
for jmmb BetBu ABC u DEF. 3amedaresibHON 0COOEHHOCTHIO
SIBJIIETCsI TIPU ITOM HaJU4Iue 00JIACTH YaCTOT, JOMYCKAIOIINX JIBE
pas/IndHbBIE aMILIUTY bl Koebaruii. Tak, mpu MOCTEeHHOM YBeJIH-
YEHUN YaCTOTHI BHEITHEH CHUJIBI aMILIUTY 18 BBIHYXKIECHHBIX KOJe6a-
Huit 6yger Bo3pacrtath, cieays kpuboit ABC. B touke C' mponsoii-

D JokazaTenbCTBO MOXKHO HaliTu, Hanpumep, B kaure H. H. Boromxo6osa
n FO.A. Murpononbckoro, «AcuMnrorudeckne METOAbI B TEOPHH HEJTMHEHHBIX
Kosiebanmity.—M.: Puzmarrus, 1958.



120 MAJIBIE KOJTEBAHUA TJI. V

JIeT «CPBIB» AMILIATY/IbI, KOTOPash CKAYKOM YTaJeT [0 3HAYEHWs,
orBevatorero Touke FE, w 3arvem (npm masbHERIIEM yBeJNYEHUN
9acTOTHI) OyIeT MeHAThCs BHOAb KpuBoit EF. Eciu reneps BHOBB
YMEHBINIATh 9aCTOTY, TO aMILIATY/Ia BBIHYKJIEHHBIX KoebaHnuit Oy-
JeT MEHATbCs BAOJb Kpupoii F'D, B Touke [ CKauKOM BO3PAacCTaeT
10 B u 3arem Oymer ymeHbIIaThCsa BIOJIL BA.

st Bbrauc/ieHust 3HaYeHus fr 3aMedaeM, 9TO 9TO €CTh TO 3Ha-
genne f, Ipu KOTOPOM 06a KOPHs KBaApaTHOro (1o b?) ypaBHeHus
(29.5) coBmamator; npu f = fr Bech yuactok C'D cBoguTcss K Ofi-
HOIl TouKe meperuba. [IpupaBHSB HYIIO JUCKPUMUHAHT KBaIPATHO-
ro ypaBHenus (29.5), mosydanm €2 = 37\2; COOTBETCTBYIOINIT KOPEHb
ypasuenns: »b’ = 2¢/3. Tlopctasnas stu sHavenns b u € B (29.4),
HaligeM

f2 _ 32m2wiA? (29 7)
k 3v3ls '

Hapsany c uamenenmeM XapaKTepa PE30HAHCHBIX dABJIEHUN MpU
qacToTax Y & Wy HEJUHEHHOCTb KOJeOAaHWil MPUBOIUT TaK:Ke K
MTOSIBJIEHUIO HOBBIX PE30HAHCOB, B KOTOPBIX KOJIEOAHWS C 9aCTOTOM,
OTM3KOM K (W(, BO3OYXKIAIOTCS BHEITHEH CHUJION C JacTOTOM, cyIie-
CTBEHHO OTJIHYAIOIIEHCI OT Wy.

[TycTh wacToTa BHEIIHEH CUJIbI Y & Wo/2, T.e.

Y = wp/2+e.

B mepBoMm, nuHeHOM, TPUOIMKEHUN OHA BO3DYXKIAET B CHCTEME
KoJebaHud ¢ TOU Ke 4acTOTON W aMILIUTYION, TPOTOPIIMOHATBHOMN
AMILTUTY/IE CUJIBI

4 w
M) = / = cos(—O + e)t
3mwyg 2
(cormacuo dopmyne (22.4)). Ho npu ydere HeJMHEHHBIX UJIEHOB,
BO BTOPOM TIPUOJIMYKEHWN, STU KOJeOAHUs MPUBEAYT K MOSIBJICHUIO
B TIpaBOii yacTh ypaBHeHus apwxkennsi (29.1) wiena ¢ gacroToit

(1)

2y =~ wg. Nmenno, moacrasus x'\'/ B ypaBHEeHME

72 ;o2 4 ng@) + a2 4 B$(2)3 - _(m;(l)Q7
BBeJII KOCUHYC yIBOEHHOTO YTJIa M COXPaHssl B MPABOM YaCT! JIUIITh
PE30HAHCHBIN YJIE€H, TTOTyIIM

2
% cos (wo + 2¢)t.
(29.8)
D10 ypaBHeHmME OTimYaeTcs OT ypasHeHus (29.1) jwumb Tem, 9TO
BMECTO aMILIUTYIbl CUJIbI f B HEM CTOUT BBIPAXKEHHE, IPOIIOPIHO-

$(2) + 2)\‘@(2) + w%x@) + 0(:6(2)2 + Bw(2)3 — _
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HaJIbHOE KBAJPATY f2. DTO 3HAUNT, YTO BOHUKAET PE3OHAHC TAKOTO

JKe XapaKTepa, KaK W PACCMOTPEHHBIN BBINIE PE30HAHC HA 9acTOTaX

Y & Wy, HO C MEHbIIIel HHTEHCHBHOCTHIO. 3aBUCHMOCTS b(€) moryda-

, 2 4 .

ercs 3amenoit f mHa —8af*/(9mwy) (u € Ha 2¢) B ypaBHenun (29.4):
2 r4
2 212 | 2 16 f

b7[(2e — 2b°)* + N] = —=. 29.9

( 2N = s (20.9)

[IycTh Tereph dacToTa BHEITHEH CHUJIBI
Y =2wq + €.

B nepBom npubamkennn nvmeem

2 = L _cos (2wo + ¢€)t.

3mw?
Ipu nopcranoske z = z(1) + 2(2) & ypasmenne (29.1) mbr me mo-
JIy9UM 9JIEHOB, MMEIOIINX XapaKTep PEe30HAHCHOW BHEIIHEH CHJIbI,
KaK 9TO OBLTIO B IIPEBIIYIEM Caydae. BO3HUKAET, OHAKO, pE30HAHC
[IapaMeTPUIECKOr0 THUIIA OT UI€HA TPeThero MopsiKa, IPOIOPINO-
manpaoro npomsseenmo z(Dz(?). Ecrm us Beex menmmeinbIx wie-
HOB COXPAHHITB JIAIIb 3TOT, TO s 2(2) moTyduM ypaBHeHue

i 4 e 4 w2e® = —202(Vz?
nJjm

i + 2@ + |1 - 22 cos (200 + e)t] 2 =0, (20.10)

4
0

T.e. ypaBHerme tuna (27.8) (¢ yderom TpeHWs), MPUBOASAINEe, KaK
MBI y’Ke 3HaeM, K HeyCTOWUMBOCTH KOJEOAHUI B OMPEIEJTeHHOM WH-
TepBaJe 9acToT.

OnHako I onpesesieHnsi Pe3yIbTUPYIONIEH aMILIUTYIbl KOJIe-
GaHuil 5TO0 ypaBHEHUE HEJOCTATOYHO. YCTAHOBJIEHHE KOHEYHON aM-
MITATYI6I CBA3aH0 ¢ 3¢ deKTaMyu HETMHEHHOCTH, IS y9eTa KOTOPhIX
B YPABHEHWN JIBUKEHUS JOJDKHBI OBITH COXPAHEHBI TAKKe HEeJIMHET -

HBIE TI0 x(2) YJICHBI:

i+ @ 4+ w2a® 4 ax?? 4 g3 =
= ﬁ cos [(2wp + €)t]z?).  (29.11)
UccnemoBanme 3TOM 33/1a9M MOXKHO OY€Hb YIPOCTUTH, OTMETUB
caeayromee 006CToATELCTBO. [10JI0KUB B TpaBoil dacTm ypapHe-
Hus (29.11)
232 = b cos [(wo + %) t+ 6}

(rme b — mckoMas aMIINTY1a PE30HAHCHBIX Kojtebanuii, § — Hecy-
HIECTBEHHBIN [Jid JaJbHENUIero NOCTOAHHBIN CIBUT (ba3bl) u upes-
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CTaBUB TIPDOU3BEAEHNE [OBYX TEPUOANYIECCKUX MHOXKUTeJIeit B BUIE
CYMMBI JIBYX KOCHMHYCOB, MMOJIy9UM 3J€CHh YJIEH

O‘be cos [(wo + %) t— 6]

3mwg

OOBIYHOTO PE30HAHCHOTO (IO OTHOIIEHUIO K COOCTBEHHON dYacToTe
cucreMbl Wq) Xapakrepa. [Tosromy 3azada CHOBa CBOAUTCS K PAc-
CMOTPEHHOI B Hadaje maparpada 3ajgade 06 0OLIYHOM pEe30HaHCEe B
HEJIMHEHHO} cucTeMe ¢ TeM JIMIIb OTIMYIHEM, YTO POJIb AMILIUTY/IbL
BHeTTHel CUIBI UrpaeT Tereph Bemmamma ofb/(3w3) (a BMecTo €
crout ¢/2). IlponsBens sty 3ameny B ypasHeHnun (29.4), momy<aum

b [(E _ %52)2 +7\2] _ ol

2 © 36m2ws

Pemast 370 ypaBHeHme oTHOCHTENHHO b, Haiimem CciiemyroIne BO3-
MOYKHBIE 3HAUEHNS aMTLIUTYIbI:

b=0, (29.12)

=iy (k) ) e

R/ s e

Ha puc. 33 n3obparkeHa moydaronasicss OTCIO/Ia 3aBUCUMOCTh b
or ¢ (mast 2 > 0; pu » < 0 KpWBbIe HANPABJEHBI B 00PATHYIO
cropony). Toukn B u C or-

b BEYAIOT 3HAYCHUAM
E 2
a
— e ==+ ( f3) — 42,
3mwg
——F Cnesa or Touku B BO3MOXK-
-
Vad HO Jnib 3Havenne b = 0, T.e.
S € €30HaHC OTCYTCTBYyeT U KO-
A B c D P yretey

JIebaHms ¢ 9acTOTOM TOPsiIKa
wo He BO3OyX)maroTcd. B wH-
reprasie mexay B u C umeem gBa kopusi: b = 0 (orpesok BC
Ha puc. 33) un Beipaxkenue (29.13) (Berep BE). Hakowemn, crnpasa
or toukn C' cymecTByioT Bce Tpu KopHst (29.12)-(29.14). Oxgmako
He BCE 9TU 3HAYEHWs] OTBEYAIOT YCTOWIMBOMY KOJIEOATEILHOMY De-

Puc. 33
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xumy. 3uadenne b = (0 Heycroitumso Ha yuactke BC' '), u MOXHO
MOKa3aTh TaK>Ke, 9TO BCETAa HEYCTOWYINB PEsKUM, COOTBETCTBYIOIINIA
KOpHIO (29.14) (mpomexkyTouHOMY MeXKay aByMsi apyrumu). Ha
puc. 33 HeyCTONYNBbIE 3HAUEHUS b M300paKEeHbI IIITPUXOBOM JTHHUEHH.

IIpocienum, HapuMep, 3a MOBEJEHNEM IIEPBOHAYAILHO <«IIOKOUB-
1mielics» 2) CUCTeMbI P IIOCTEIIEHHOM YMEHBIIEHNN YaCTOTHI BHEI-
meit cunbl. Jlo moctmkenns touku C octaercsa b = 0, a 3aTeM mpo-
HCXOIUT «CPBIB» 3TOrO COCTOSAHUSA C IEepexoJoM Ha BeTBb F B. Ilpu
JaJbHeReM yMEHBIIeHNA € aMILIATYy1a KoaeOaHuil yMeHbIIAeTC s
1o Hynd B Touke B. Ilpu obpaTHOM »Ke yBeIWYeHHM 9aCTOTHI aM-
IIATYda KojaebaHuii pacTeT BIOJb KpuBoit BE 2).

PaccMoTpenHbIe Cilydan DE30HAHCOB SABJISIOTCA OCHOBHBIMU U3
BO3HUKAIOIINX B HEJUHEHHOH KojebarebHOi cucteme. B Gosee BbI-
COKUX MPUOINKEHAAX MOABIIAIOTCA PE30HAHCHI U Ha JPYTUX YacTO-
tax. CTPOro roBopsi, PE30HAHC JIOJKEH BO3HMKATH HA BCAKON da-
cTOTE Y, I KOTOPOi Ny + mwg = wq (n,m — IeJible 9ucia), T.e.
Ipu BCSAKOM Y = pWy/q, Te p,q — CHOBa Tejble dnciaa. OmHako
C yBeJMYEHHeM CTeleHN NpuOJINKeHNs WHTEHCUBHOCTH PE30HAHC-
HBIX siBJeHuil (a Takzke mmpuHbI 00J1aCTEll 9aCTOT, B KOTOPBIX OHU
JIOJIZKHBI IMETH MECTO) CTOJIb OBICTPO yOBIBAET, UTO PEATHHO MOTYT
HaOJTIOIATHCS JIUIITH PE30HAHCHI HA 9acTOTaX Y & pWo/q ¢ HEGOTb-
UMY 3HAYCHUAMA P U q.

Bamgaua

OnpenenuTsd 3aBuCcUMOCTD b(€) U1l pE30HAHCA HA 9aCTOTax Yy A 3Wq.
Pemenune B nepsom npubiamxenun

!) Dror mETErpan KaK pa3 COOTBETCTBYET OBIACTH MAPAMETPHYECKOTO PE30-
manca (27.12), npuuem u3 cpasrenns (29.10) ¢ (27.8) umeem |h| = 2af /(3mwy).
Ycnosue xe 20f

> 4,

3mw3
IIpru KOTOPOM BO3MOZKHO CymeCTBOBaHHe pacCcMaTpUuBaEMOT'O ABJIEHUA, OTBE€YAE€T
HepaBeHCTBY h > hy.

2) HammoMHEM, 9TO MBI pACCMATPUBAEM 37€Ch JUIIb PE30HAHCHBIE KOJIEOAHMIS.
Ix oTcyTcTBHE HEe 03HAYAET MOITOMY OYKBAJIHHOTO MOKOsS CHCTEMBI, B KOTOPOIi
Oy/IyT IPOUCXOAUTH CJiabble BHIHYK/IEHHbIE KOJeOaHUs C 9aCTOTOM Y.

%) Crenyer, omHAKO, MOMHHTE, YTO BCE BHIBEAEHHBIE (DOPMYJIbI CIPABEIIN-
BBI JIWIIb JO T€X TOp, MOKa aMmumTyaa b (a Takske €) OCTaeTCs AOCTATOYHO
maJsoii. B mefictBurenbuoctu, kpusble BE u CF B cBoeM gajbHeRIIeM Xoue
OKAHYMBAIOTCS, COEIUHASCH B HEKOTOPOH TOUKe; IPHU JOCTHKEHUH ITOH TOUYKH
KoJIebATENIbHBI PEKUM «CPBIBaeTCsI» U cTaHoBUTCS b = 0.
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21 = —ﬁ cos[(3wo + €)t].

Jlns Broporo npubmmxenns () nonygaem uz (29.1) ypaBuenue
5 4 i@ 4 w2® 4 ar®? 4 pa® = 350422,
rZie B IPABOI 4aCTU PABEHCTBA HAIMCAH JIUIIb 4IEH, IPUBOAANIAN K PACCMATPY-
€
BaeMoMy pesonancy. Ilomoxus B vHem z'2) = b cos [(wo + g)t + 5} U BBIIENAA

U3 IPOU3BEJEHNS TPEX KOCUHYCOB PE30HAHCHBIH 4jIeH, [IOJIyYUM B IPAaBOil 4acTu
YPaBHEHUS BbIPAaXKEHUE

gy eos (w0 )
—5 COS w - t— 26} .
32mw? ot3
OTcroma BUAHO, 9TO 3aBUCUMOCTD b OT € MOy IUTCS 3aMEHOl B ypasHeHun (29.4)

b B f ma 3Bb%f/32w3E) u € na £/3:

2 (€ 2) 2 2 952f2 4 _ 434

Kopun sToro ypaBHeHus

€ b=0 b2_i+iil ed A_2_)\2
Puc. 34 - © 3 232 2V 33 4s )

Ha puc. 34 uzobpaxen rpaduuecku xapak-
Tep 3aBucumoctn b ot € (mpm s > 0). YCTONUMBBIM peKMMaM OTBEYAIOT JIMIIh
sHauenne b = 0 (ock abenuce) n BetBb AB. Touke A COOTBETCTBYIOT 3HAUEHUS

_3(4°N — A?) B2 4°N° + A?
k= 4A ’ - 452A

KonebaTenbHblll peXUM CYIIECTBYET JIUIIL TIPU € > €, NPUYEM AMILUITUTYIA
b > by. Ilockonbky cocrosinme b = 0 Bcerga ycToiiunBO, TO AJid BO30YKIeHUSA
KoJsiebaHn HeOOXOAUM HAYaJIbHBIA «TOTYOK».

ITosnyuennbie (popMyIIbl CIIPaBeIMBLI JIUIIb P MAJIbIX €. MajocTs € obec-
MEYNBAETCS MAJIOCTHIO A, €CJIU MTPU 9TOM aMILIUTYAA CUJIbI yIOBJIETBOPSAET yCJIO-
Buio A2 /wo < A/» < wo.

§ 30. /IBmxenne B OBICTPO OCIUJLINPYIOIIEM II0JIe

Paccmorpum nBukeHme 4acTuIlbl, HAXOIAIIEHCST OTHOBPEMEHHO
oJ1 IefiCTBUEM MOCTOsTHHOTO 1ot U 1 cuiibl
f = f1 coswt + fo sin wt, (30.1)
MEHSIOIIEHCst CO BpeMeHeM ¢ GoubImoi gactoroi w (f1, fo — dyHk-
WU TOJIBKO Koopm/IHaT). ITom «BombIIoity MBI TTOHUMAEM TTPU ITOM
YacTOTy, YJOBJIETBOpSAONLy0 yciaosuto w > 1/T, rne T — nops-
JOK BEJIMYUHBI TTEPpUOJa JABUXKEHUA, KOTOPOE YaCTUIla COBEPIIIAJIA
on1 B oguom nosie U. Tlo cBoeit Benmumue cusa f He mpemmoJiara-
ercsa cyiaboit o CpaBHEHUWIO C CUjaMu, JeficTByrommmu B moje U.
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Mpe1 6ymem, ogHaKO, TTPEANoIaraTh MAJIhIM BhI3HIBAEMOE ITOI CUI0H
KosiebaTesbHOE CMeleHre JacTuibl (0603HaYeHHOe HuKe depes &).
g yrnpoleHus BIYUCTIEHNH PACCMOTPUM CHAYAIA OJHOMEPHOE
JBUKEHWE B TOJIe, 3aBUCAINEM JIUIIb OT OJHON MTPOCTPAHCTBEHHOMN
KOOpAWHATHI x. Torna ypaBHeHNEe ABUKEHUs IaCTHUIHI 1)

. dU
mi = ——— + f. (30.2)

3 xapakrepa JIefiCTBYIONIEro HAa 9aCTUILy IMOJA 3apaHee siCHO,
4YTO ee JBUYKEHUWE OyJIeT NMpeCTaBIATh CO0O IepeMenenne BIo/Ib
HEKOTOPO#l IJIABHONH TPAEKTOPUM C OJHOBPEMEHHBIMU MAJIBIMU OC-
muAnuaMu (¢ 9acToToit w) BOKpyr Hee. COOTBETCTBEHHO TOMY
npeacrasum GyHKIWO T (t) B BUIE CyMMbI

z(t) = X(t) + &(1), (30.3)
rae x(t) npeacrasiasier coboil yKa3aHHBIE MAJIbIE OCHUJLISIIIUN.

Cpennee 3nauenne dbyuknun x(t) 3a Bpems ee nepuoga 27/ w 06-
pamaercs B Hysb, GbyHKIug ke X (t) 3a 370 BpeMsi MEHSAETCS OYEHb
maJjio. Obo3Havasi Takoe yCpeJHeHHe 4epToil HaJi OyKBOMH, mMmeeM:
T = X(t), r.e. bynkuusa X (t) onuceiBaeT ycpeIHeHHOE 10 OBICTPHIM
OCIMJIIAIAAM <IJIABHOE» JBUYKEHUE YacTUII. BbIBeIeM ypaBHe-
HEE, ONpeesiatonee 3Ty (MyHKIIIO 2).

[Moncrasaas (30.3) B (30.2) u pasnaras mo creneHsM §& ¢ TOTHO-
CTBIO JIO YJIEHOB NEPBOTO MOPSIKA, MOJLYyNM

mX +mé=-9 — eI+ f(X,t) + £ (30.4)

dX
B stom ypaBHeHUm hurypupyioT 4jaeHbl Pa3IMIHOTO XapaKTepa —
OCTIMJIIMPYIOIINE W «IJIABHBIE»; OHU JOJIYKHBI, OUYE€BUTHO, B3AMMHO
COKpAIaThCAd B KaXKJION W3 3TUX JBYX TPYIN B OTAedbHOCTU. [ls

OCHIJUIUPYIOMAX WIEHOB JIOCTATOYHO HAINCATDH

mé = f(X’ t)’ (305)
OCTaJIbHbIE COAEPIKAT MAJIBIH MHOXKHUTENb & U IOTOMY MAJIBI IIO CPaB-
HEHWIO C HAIIMCAHHBIMU (9TO KAcaeTCs IPOU3BOIHOIM & , TO OHA IIPO-
TOpPIHOHATbHA GOMBIION BemdImHe W? 1 moToMy He Mara). UHTe-
rpupys ypasaenue (30.5) ¢ dynkuumeit f u3 (30.1) (mpu sToMm Besn-
grHa X PacCMaTpPUBAETCsl KaK MOCTOSTHHAS ), TIOLYIUM

1) Koopanunara x — He 0043aTeJIbHO JeKAPTOBA, a KOIMUITUEHT M COOTBET-
CTBEHHO He 00S3aTeJIbHO €CTh MACCA YACTHUIBI U He 0053aTEIbHO IOCTOSHEH, KaK
aTo mpeanonoxkeno B (30.2). Takoe mpeanonokenne, OAHAKO, HE OTPAYKAETCSA HA
OKOHYATEJIBHOM pe3yJbTaTe (CM. HUXKE).

2) W nest manmaraemoro HuKe Merona npunagnexxut I1. JI. Kanuuye (1951).
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=t 30.6

&= mw?’ (30.6)

Yepemuum Teneps ypasaenue (30.4) mo BpemeHU (B yKa3aHHOM

BhIle cMbicie). [TockombKy cpejiHue 3HaYeHUs MEPBBIX CTeneHeii f
u § obpamaTcd B HYJb, TOJIYYAM yYPaBHEHUE

LA
X~ mw?’! 09X’

y_ _du , 9f _
mX =—ortix =

cozeprkarree yxe Toibko dyurunio X (t). Ilepenumem ero okonva-

TE€JIHbHO B BUJE

mX =—The, (30.7)

rae «d3pdeKTuBHAS TOTEHIINAIbHAS YHEPIUAy> ONPEIeIsIeTCa Clie-
JLyromum obpazom 1):

Ua(b:U+

1
2mw?2

P=U+_—(ff+f). (308

CpasunBast 310 BeIparkernne ¢ (30.6), Jerko BUAETH, UTO JOTOIHU-
TebHBIN (10 OTHOIIEHUIO K Toito U) 4jeH npejcraBisier coboil He
YTO UHOEe, KAK CPEIHIOI0 KUHETUYIECKYIO SHEPTHUIO OCIULIAIINOHHOTO
JIBUKEHU:

Usp = U + %52. (30.9)

Takum ob6pasom, ycpegHeHHOe MO OCHUJIIAINAM JIBUXKEHUE Ya-
CTHUIIBI TPOUCXOAUT TAK, KAK €CJIu Obl, IOMUMO MOCTOAHHOTO 11oJist U,
JIeICTBOBAJIO €llle U JIOIOJIHUTEIbHOE IIOCTOSIHHOE 110J1€, KB IpATHd-
HO 3aBUCAIIEE OT AMILITUTYIbI TEPEMEHHOTO TIOJIA.

[Tonyuennbrit pe3yibTaT MOYXKeT OBITH JIETKO OOOOINEH Ha CIIy-
Yail CUCTEMBI C JIIOOBIM YHUCJIOM CTeTeHeil CBOOObI, OMUCHIBAEMOI
OBOBIIEHHBIMI KOOpAWHATAMU ¢;. g 3 deKTuBHON MOTEHIIHATE-
HOit 9Heprun nosydaercs (Bmecto (30.8)) BeIpakeHune

1 177 ik i op
Ug=U+55d agifi =U+ Y “EEiEy, (30.10)

TJIe BeJIUIUHbI a;,gl (BoOGIIIE TOBOPSI, — (DYHKIMN KOOPAWHAT) — JJIe-
MEHTBI MaTPHUIIbI, 0OpPaTHO MaTpuile KOG UINEHTOB a;; B KUHE-
Traeckoii sHeprun cucremsbl (cM. (5.5)).

1) IIpoussenss HECKONBKO 6O AIMHHBIE BBIMACICHAS IIPU 3aBHCAIIEH OT X
BeIMYUHE M, JIeTKO ybemuThesa B ToM, uro dopmynsr (30.7),(30.8) ocratorca
CIpaBeJIUBLIMI U B 3TOM CIydae.
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agaumn

1. OHpe'Z[eJII/ITb IIOJIO?KEHU A yCTOﬁ‘{HBOFO PaBHOBECUA MadTHUKA, TOYKa MTOI-
BeCa KOTOPOTO COBEPIIAET BEPTUKAJIbHBbIE KOJIeHaHWA ¢ OOJBIION YacTo-
roit v (v > /g/l).

P e m e v ne. U3 nonyuennoii B 3anaqe 3, B) § 5 dynkuun Jlarpanxa sua-
HO, 9TO B JAHHOM CJIydae TePEMEHHAs CUJIa

2 .
f = —mlay” cosyt sin @

(B xavecTBe BeqMUMHBI T BRIOpaH yroa ). Ilostomy «3ddexTuBHas TOTEHIH-

aJIbHasl SHEPTUS»

2.2
Us¢y = mgl (7 cos @ + @Y sin? (p) .
4gl
TTosiokeHust ycTOWYMBOrO paBHOBECHS OTBEYAIOT MUHUMYMY 3T0i byHkumu. Ha-
mpaBJieHne BepTHKajbHO BHEM3 (@ = 0) Bcerma ycroiiunso. IIpu BbImOTHEHUN
yCJIOBUS
a’y? > 2gl

YCTOWUNBBIM SIBJISIETCS] TaKKe TOJIOKEHNE BePTUKAILHO BBEpX (@ = 7r).
2. To ke s MAasTHUKA C TOPU30HTAJIBHO KOJIEOJIONIEics: TOUKOi moaBeca.
Pemenue. Ilonoxysennoii B 3anage 3, 6) § 5 dynkuun Jlarpamxa Ha-
xomuM f = mlay? cosytcos @ u 3aTem
a2v?
4gl
Ecmn a®y? < 2gl, 1o ycroitauso nonoxenne @ = 0. Eciu xe a®y? > 2gl, To
YCTOMYMBOMY PABHOBECHIO OTBEYAET 3HAUCHUE
2gl
a2y?’

Usg = mgl | —cos @ + cos” @| .

cos @ =



Fr'TABA VI

ABUN2KEHWE TBEPAOI'O TEJIA

§ 31. YrimoBag cKopocTh

B mexanuke meepdoe meno MOXKHO OIIPeIeINTh KaK CUCTEMY Ma-
TePHUAJIbHBIX TOYEK, PACCTOSHNSA MKy KOTOPBIMU HEM3MeHHbI. Pe-
aJbHO CYHIIECTBYIOIIUE B IIPUPOJE CHUCTEMBI MOI'YT, KOHEYHO, YJIO-
BJIETBOPATH 3TOMY YCJIOBUIO JIUIIH pubsmkenno. Ho 6onpmuncTBO
TBEPJIBIX TeJ B OOBIYHBIX YCIOBUSX TAK MaJIO N3MEHSIET CBOIO (DOPMY
7 pa3Mepshl, 9TO NIPU M3YyYEeHNN 3aKOHOB JIBUKEHUS] TBEPJOTO TeJa,
paccMaTprUBaeMOI0 KaK HEeYTO IiejI0e, MOXKHO BIIOJIHE OTBJIEUbCA OT
9TUX U3MEHEHUMN.

B pmanbmeiiniem u3joKeHHM MbI OyJ/ileM 4YacTO pPacCMaTPHUBATH
TBEPZ0€ TeJIO KaK JUCKPETHYIO COBOKYIHOCTb MaTe€pPHUAJIbHBIX TO-
Y€K, 9eM JJOCTUTaeTCsi HEKOTOPOe YIPOIIEeHNEe BBIBOJIOB. DTO, OJHA-
KO, HI B KaKOIl CTEIeHU He IPOTUBOPEYHUT TOMY OOCTOSITENIHCTBY,
YTO B JIefICTBUTEJIBHOCTH TBEP/IbIe Tejla MOXKHO OOBIYHO PaCcCMaTpu-
BaTh B MeXaHMKEe KAaK CIIJIONIHBbIE, COBEPIIEHHO HE MHTEPECYSACh MX
BHyTpeHHell cTpykTypoii. [lepexox or dhopmys, comepkammx cym-
MUPOBAHME I10 JUCKPETHBIM TOYKaM, K (DOPMyJIaM st CILIOITHOTO
TeJla OCYIIECTBJIIETCS IIPOCTO 3aMEHON Macc JacTui] Ha maccy pdV,
3aKJIIOUEHHYIO B jeMenTe obbema dV (p — mioTHOCTH Macchl), u
MHTErPUPOBAHUEM II0 BCEMY 0ObEMy TeJa.

s onncaHms ABUXKEHUS TBEPAOTO Tejla BBEJEM JIBE CHUCTEMBI
KOOPJIVHAT: «HEMOJBUKHYIO» , T.€. MHEPIUAJIbHYIO cucremy XY 7,
7 JIBUKYHIIYIOCS CHUCTEMY KOODAWHAT T = T, T2 = Y, T3 = 2, KOTO-
pas IpearosaraeTcs *KeCTKO CBA3aHHOIT C TBEPABIM TEJIOM U ydacT-
BYIOIIIE!l BO BCEX ero JBMKeHUsX. Hadasao JBMKyIIeiics cucTeMbl
KOODJWHAT yJ00HO COBMECTHUTH C IIEHTPOM WHEPINU TeJIa.

[Tonoxkenne TBEPAOTO TeIa OTHOCUTEJBHO HEIOIBUKHOI CHCTe-
MBI KOODJWHAT BIIOJIHE OIPeIesseTcs 3aJaHueM IIOJIOKEHUs IBU-
xKymeiica cucrembl. [lycts paamyc-Bektop R ykaseiBaer mosioxke-
nue Hadana O apwxkymeiica cucrembr (puc. 35). Opuenramus xe
OcCell 3TOI CuCTeMbl OTHOCUTEIbHO HEIIOABUKHON OIIPeNeIdeTCda Tpe-
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MdA HEIaABUCUMBIMU yTJjIaMU, TaK 9TO BMeECTE C TPEMA KOMIIOHEHTaAMU

BekTopa R MBI mMeem Bcero mecth Koopanaar. Taknm 06pas3om, Bes-

KO€ TBEpJ0e TEJIO IPEICTABIISIeT Z

c000if MEeXaHWYeCKYI0 CHUCTEMY T3

C IIECTBIO CTEIEHAMU CBOOOIEI.
Paccmorprm nponsBosibHOE T2

OECKOHEYHO MaJioe TTepeMerre- T

HHMe TBEPJIOTO Teja. Kro Mox- o)

HO MIPEACTaBUTH B BUJAE CYMMbI

aByx dacteit. OmgHa U3 HUX €CTh

OECKOHEYHO MAaJIbIi ITapaJiieb-

HBIN TIEPEHOC TeJjia, B Pe3yJib-

TaT€ KOTOPOTO IIEHTP MHEPpIUM X

MePEeXoanT U3 HAYaAJIHhHOTO TIO- Puc. 35

JIOXKEeHWS B KOHETHOE TIPU HEM3-

MEHHOI OpHEHTAINN OCEell IOABUKHOII cCuCcTeMbI KOOpauHaT. Bropas

— OEeCKOHEYHO MaJIblii TIOBOPOT BOKPYT IEHTPA WHEPINU, B PEIYJIb-

TaTe KOTOPOTO TBEPOE TEJIO TIPUXOANUT B KOHETHOE TIOJIOXKEHUE.
Ob6o3HaYNM paanyc-BeKTOP MPOW3BOJBHON TOYKH P TBepaoro

TeJla B TIOABUXKHOM cucTeMe KOODAWHAT Yepe3 I, a PaJuyCc-BEKTOP

TOI 2Ke TOYKH B HEIIOABUXKHOII cucreme — 4depe3 t. Torga 6eckoned-

HO MaJjIoe cMernenne dt Touku P ckiiapiBaeTcs u3 nepemernenns dR

BMeCTe C HEHTPOM WMHEDPIUH U NepeMenieHus [d@-r| oTHOCUTEeIbHO

TIOCJIEJIHETO LIPY [I0BOPOTE Ha GeCKOHEYHO MaJblii yroa d@ (cm. (9.1)):

de=dR+ [do - 7].

Paznenus 310 paBeHCTBO Ha BpeMs di, B TeUeHNE KOTOPOTO TTPOU30-
10 PacCMaTPUBAEMOe TIepeMEIeHNe, W BBEId CKOPOCTHU

de @ . d_(p .
a2V -V - Q, (31.1)
IOy IMM COOTHOTIIEHNE MEKLy HUMU
v =V + [Qr] (31.2)

BekTop V ecTb CKOPOCTH [EHTPA WHEPIMN TBEPJIOTO TEJIa; ee Ha-
3BIBAIOT TaK¥Ke CKOPOCTHIO €r0 MOCMYNnamesbHo20 JIBUKEHUsI; BEK-
Top ) — ya.n08a4 CKOpOCMb BPAIEHUs TBEPAOTO TeJIa; ero HalpaB-
nenve (Kak M HampaBieHue dW) COBIAJAET C HANPABJIEHHEM OCH
Bpamenus. Takum 06pa3oM, CKOPOCThb V JII000i TOYKE Tesa (OTHO-
CUTEJIBHO HeHOﬂBI/I}KHOI';I CUCTEMBI KOOp'HI/IHa,T) MOZKET 6]E)IT]E) BbIDa-
JKEeHA Yepe3 MOCTyTaTeJbHYI0 CKOPOCTh TeJla M YIVIOBYIO CKOPOCTh
€ro BpalleHusl.
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Cuieyer moaepkHyTh, 9TO Tipn BbIBOze hopmyuibl (31.2) crenn-
(I)I/I‘-IGCKI/IG CBOIiCTBa HadJaJa KOOpAWHAT KaK HEHTPpa WHEPHIUU TeEJla
COBEPINIEHHO He ObLIN UCIOIB30BaHbI. IIpenMymiecTBa 3TO0ro BHIOO-
pa BBISICHATCS JIWIIH IIO32Ke MPU BBIYUCIEHUN SHEPTUU JIBUKYIIE-
rocsi Tesa.

JomycTuM Tenepb, YTO KECTKO CBA3aHHAS C TBEPIABIM TEJIOM CHU-
cTeMa KOOPJAWHAT BbIOpaHa TakK, 9TO ee HadajIo HAXOAUTCS He B IeH-
tpe nnepruu O, a B HeKoTOpoii Touke O/ Ha pacCTOAHMU & OT TOY-
ku O. CkopocTh nepeMertienns Hadanaa O 3Toit cucTeMbl 0603HAYIM
yepe3 V', a yriosyio ckopocTh ee Bpamenust — depes .

Paccmorpum crHOBa Kakyo-aubo Touky P TBepmoro Tema m 0bo-
3HAYNM €€ paJnlyC-BeKTOp oTHocuTeabHo Hadana O’ gepes r’. Torma
r =r’ + a u noxgcranoska B (31.2) maer

v = V+[Qa] + [Qr'].

C apyroii croponbl, o onpeaenernio V' u Q) gomkuao 6pith v =
= V' + [Q'r']. TTosToOMy MBI IDEXOANM K BBIBOLY, 9TO

V' =V+[Qa], =Q. (31.3)

Bropoe u3 3Tux paBeHCTB BecbMa CyIecTBeHHO. Mbl BuanM, 910
YTJIOBasl CKOPOCTh, C KOTOPOW B KaXAbIH JaHHBIIT MOMEHT BPEMEHU
BpAIIAETCs YKECTKO CBsI3aHHAsl C TEJIOM CHCTEeMa KOOPJIWHAT, OKa-
3BIBAETCsI COBEPIIEHHO He 3aBUCAINEH OT 3TOi cucTreMbl. Bce Ttakune
CHUCTEMBI BPAITAIOTCA B 33JaHHBIIT MOMEHT BPEMEHN BOKPYT TapaJi-
JIETLHBIX APYT APYTY OCeil ¢ OMMHAKOBOM TI0 abCOTIOTHON BeJINIIHE
ckopocThio ). DT0 06CTOATENHCTBO U JIaeT HAM MPaBO HA3bIBATH ()
YIJIOBO# CKOPOCTBIO BpAIllEHUsI TBEPIOrO Tejla KaK TakoBoro. Cko-
POCTH K€ TOCTYyNaTEJIbHOTO ABUXKEHUA TaKOTO «a6COJIIOTHOFO>> Xa-
paxTepa OTHIOAL HE MMeeT.

U3 nepgoit dopmyssr (31.3) Bugro, uro eciin 'V u Q (B maHHbI
MOMEHT BPEMEHM ) B3AMMHO TI€PIEHIUKYISPHBI IPU KAKOM-JI00 BbI-
6ope Hagasna koopauaat O, To oru (T.e. V' u Q') B3anmuo neprenu-
KYJISIDHBI U TIPU OTPeJIeIEHUN TI0 OTHOIIEHUIO K JII0OOMY JIpyromy
navany O'. Uz dopmynst (31.2) BugHO, 9TO B 3TOM ClIydae CKO-
pocTM VvV BCeX TOYEK TeJjia JieXKaT B OAHOW M TOW Ke TJIOCKOCTH —
TLJIOCKOCTH, TiepneHanKyasaproii k 2. TIpm sToMm Beerma MOKHO BbI-
6path Takoe Hauaao O’ 1), ckopocth V' KoToporo pasBHa HyJIIO, 94TO
JIBUKEHUE TBEPIOTrO Tesa (B JAHHBI MOMEHT) Oy/IeT IpeICTaBIeHO

1
) Ono MO2KE€T, KOHEYHO, HaXOAUTHCA BHE obbeMa Teja.
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KaK 4YMCTOe BpallleHne BOKPYT ocH, npoxoadamieii yepes O'. DTy och
HA3BIBAIOT M2HOBEHHOT, 0CbI0 BPAUEHUSA Tesa b).

B nanpHeiimmem Mbl OyseM Bcerja IpeJrnosaraTb, YTO HAYaso
JIBUKYIIENCS CHCTEMbI KOODINHAT BBIOPAHO B IEHTPE WHEPIUH Te-
Jla, TaK 9TO U OCh BpAIIEHHs TeJa MPOXOIUT Yepes3 3ToT meHTp. [Ipu
JIBU2KEHUU TeJla MEHAIOTCH, BOODIIE TOBOPS, KaK abCOMOTHAS BEJIU-
ynHa (), TaK ¥ HaIpaBJIeHNe OCH BPAICHUS.

§ 32. Tenzop mHEpIUMN

,H.J'IH BBIYUCJIEHUS KUHETUYECKON QHEePruu TBEPAOI'O TeJjia pPac-
CMOTPUM €T'0 KaK AUCKPETHYIO CUCTEMY MaTEPUAJIbHBIX TOYEK:

2
muv

rJie CyMMUPOBAHUE ITPOU3BOAUTCS 110 BCEM TOYKAM, COCTABJISIONIM
TeJs10. 371eCh U HUYKE MBI OILyCKAeM WHJIEKCHI, HyMePYIOLe 3T TOY-
KM, C [EJIBIO YIPOIIEHNUs 3aiCH (POPMY.JI.

[Moxcrasus crioga (31.2), nomyanm

T = ZmV—I—Qr ZmV2+ZmVQr +Zmﬂr

Ckopocrr V u ) 0IMHAKOBBI JJId BCEX TOYEK TBEPAOro Tema. Ilo-
9TOMY B TIepBOM ujleHe V2 /2 BBIHOCHTCA 3a 3HAK CYMMBI, a CyMMa
3 m ecth Macca Tena, KOTOPYIO MbI GyzieM 0603HAYATH OYKBOil (L.
Bropoii wien 3amnuiiem Tak:
> mV[Qr] =Y mr[VQ] = [VQ]>_ mr.

OTcroza BUIHO, 9TO €C/IM HA4YaJI0 JABUXKYIIENHCsT CUCTEMbI KOOPANHAT
BBIOpAHO, KaK YCJIOBJIEHO, B IIEHTPE WHEPIINW, TO ITOT |jieH obpa-
MAeTcs B HyJb, TaK Kak B 9ToM ciaydae »,mr = (. Hakower, B
TPEThEM YJIEHE PaCKPbIBA€M KBa/JIpaT BEKTOPHOT'O TIPOU3BEACHUA U
B pe3yJbTaTe HAXOIUM

_wv? o1 2.2 2
=2+ 2Zm{ﬂ r? — (Qr)?}. (32.1)
Takum obpazom, KWHETHYECKAsT SHEPTUsT TBEPIOTO TeJla MOYKET

ObITH IIpeJCTaBIeHa B BHUJE CyMMBI AByX dacreil. IlepBblil unen B
(32.1) ecTp KuHeTHYECKAs] SHEPIUS OCTYIATEIHHOIO JABUKEHUS —

HB obmiem 2ke Ciry4ae He B3auMHO IEePIeHIUKYIaPHbIX Hanpasaeanii V u
HadvaJo KOOPAWHAT MOYXKHO BbIOpATh TaKUM 00pas3oM, 9Tobnl V 1 ) cTanm mapaJi-
JIEIbHBIMY, T.€. ABUXKEHWE (B JAHHBIA MOMEHT BPEMEHH) OyJeT COBOKYIHOCTBIO
BpallleHus BOKPYT HEKOTOPOIl OCH U MOCTYNATEIbHOIO IePEMEIIEHN BIOIb ITOMI
JKe OCH.
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OHA MMeeT TaKOW BUJ, KaK ecjaum OBl BCS Macca Teja Oblaa cocpe-
AJOTOY€E€Ha B €TI0 IEHTPE MHEPIIUN. BTOpOfI YJIEH €CTh KNMHETU4YECKad
SHeprus BPaIlaTelIbHOTO ABUKEHUS C YTJIOBOH CKOPOCTHIO {) BOKPYT
ocH, IPOXOoAdAIeil Yepes neHTp uHepuuu. [loquepKaeM, 9T0 BOZMOK-
HOCTb TAKOI'O pa3jiesleHnsl KHHeTHIEeCKO SHepIun Ha JBe 9acTu 00y-
CJIOBJIEHA BBIOOPOM Ha4aJia CBA3AHHON C TEJIOM CHCTeMbI KOODIUHAT
UMEHHO B €ro IeHTpe MHEePIWHL.

[TepenuimeM KMHETHYECKYIO SHEPIHUIO BPAIEHUSA B TEH30PHBIX
0b03HAYEHNAX, T.€. Yepe3 KOMIOHEHTHI T;, (); BekTopos r, 1)

TBp = %Z m{szlQ — szlﬂkxk} =
1 1

31mech MCTOIH30BAHO TOXKIAECTBO (); = 0, 2k, TOe O;; — eaMHIMIHBIH
TeH30p (KOMIOHEHTHI KOTOPOTO PABHbI €JWHUIE NPU 1 = Kk W HYJIIO
npu ¢ # k). Bexs Tenzop

2
Iik: = Zm (xl 6ik — a:ixk), (32.2)
TOJIYYUM OKOHYaATE/JIbHOE BbIDAXKEHUE IJId KUHETUYIECKOM SHEeprum
TBEPAOTO TeJIa B BUIE

2
T = % + %Ikﬂlﬁk (32.3)

®Oynkuus Jlarpanxka TBepmoro Tesa nonydaercs u3 (32.3) BbI-
YUTAHUEM HOTeHHHaﬂbHOﬁ SHEprum

2
L= % 4 %IkQQk _U (32.4)

[ToTennuaabHasg SHEPTHUS ABIIETCA B 00IEM ciaydae (pyHKITHed 1re-
CTU TIEPEMEHHBIX, ONPEIeAIONINX MOJ0KEHNEe TBEPJOTO Teja, Ha-
npuMep, Tpex koopamHaT X,Y,Z IeHTpa WHEPIUU U TPeX YTJIOB,
OIIPEAEIAIONINX OPUEHTAINIO ABUKYIIUXCS OCell KOOPJAWHAT OTHO-
CATEJIbHO HEMOIBUKHBIX.

Tenzop I;; Ha3BIBAETCI MEH3OPOM MOMEHMOE UHEPUUL TIN
IPOCTO MEH3OPOM UHEPYUL mena. Kak scHO u3 onpeaesenns (32.2),

1) B sroit rnase GykBamu i, j k 0603HAUAIOTCS TEH30PHbIE WHIEKCHI, TPOGE-
rafomue 3HadeHnda 1, 2, 3. IIpm 3TOM Be3ae IpUMeHSETCS M3BECHOE MPABUJIIO
CyMMUPOBAHNS, COIJIACHO KOTOPOMY 3HAKU CyMM OITyCKAIOTCs, a 110 BCEM B~
2KABI TIOBTOPAOIINMCA (TaK Ha3bIBA€EMbIM «HeMI)IM») MHIEKCaM Ho,u;paSyMeBaeT—
¢l CyMMHEPOBAHHE 10 3Ha4eHusaM 1, 2, 3; tak, A;B; = AB, A? = 4jA; = A% n
T. . O603HaquHe HEMBIX MHIAEKCOB MOXXHO, OY€EBUJHO, MEHATH ITPOU3BOJIBHBIM
06pazom (sumb GBI OHO HE COBHAJIO ¢ 0603HAYEHUEM APYTUX (DUTyPHUPYIOMUX B
JaHHOM BBIDAKEHUUN TEH3O0PHBIX I/IH,ILeKCOB).
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OH CHUMMETPUYEH, T.€.
Lig = Ii;. (32.5)
Brmmumnrem JJId HaVIAJHOCTHU €0 KOMIIOHEHTBI B ABHOM BUJIE B
creayromeit Tabme:

Ym(y?+2%)  —Ymay —2_mzz
L, = -y myzx Sm(x? + 22) -y myz . (32.6)
-y - mzx -y mzy Som(z? + y?)

Kowmmnonentor Iy, Iyy, I., nHOrma Ha3hIBAIOT MOMEHTAMN WHEPIUN
OTHOCHUTEJIbHO COOTBETCTBYIOIIUX OCEHA.

Tensop mHepIUU, OYEBUIHO, AIIATUBEH — MOMEHTBI HHEPIUN
TeJla paBHBI CyMMaM MOMEHTOB WHEPIINH €r0 JacTeil.

Ecnmu TtBepmoe Temo MOXKHO pacCMaTpHUBATh KaK CILIOIIHOE, TO
B onpenenennn (32.2) cymma 3aMeHsIeTCsl WHTETPAIOM I10 0ObeMy
Tesa:

Ik = / p(xidip — xizy,) dV. (32.7)

Kak u BCcskmit ciMMeTpUYHBINT TEH30P BTOPOTO PaHTa, TEH30D
MHEPINY MOXKET OBITh MPUBEJIEH K JIMaroHAJILHOMY BUJY MyTEeM CO-
OTBETCTBYIOIET0 BBIOOpa HAIpaBJIeHWI Oceil X1, Ta, T3. ITH Ha-
MIpaBJIEHNST HA3bIBAIOT 2AGBHLLMU OCAMU UHEPYUUU, & COOTBETCTBYIO-
(e 3HAYEHNS KOMITIOHEHT TE€H30PA — 24A6HbMU MOMEHMAMU UHED-
yuu; obozmaumMm wux kKak Iy, Ia, I3. Tlpm Takom BBIOOpE OCEI
Z1, T2, T3 BpallaTejbHas KNHETUYIECKAasi SHEPIUsl BHIPAYKAETCH OCO-
OeHHO TTPOCTO:

Thp = L1102 + LO2 + 1,03). (32.8)
2

OTMmeTuM, 9TO KaXKIbIil 13 TPEX IVIABHBIX MOMEHTOB UHEPIINH He

MOKeT OBITH OOJIbIIIe CYMMBI IBYX APYTHUX. Tak,

L4L=Ym?+z3+222)>Ym@? +23) =1 (32.9)

Tesi0, y KOTOPOro BCE TPH IVIABHBIX MOMEHTA WHEPIUH PAa3/IHY-
HBI, HA3BIBAIOT ACUMMEMPUUECKUM BONUKOM.

Eciu 1Ba riaBHBIX MOMEHTA WHEDIUH PaBHBI APYT Apyry, I =
= Iy # I3, TO TBEPIOE TEJIO HA3BIBAIOT CUMMEMPUHECKUM BONUKOM.
B sT0M ciiydae BBIOOD HAIPaBJIEHNUS [VIABHBIX OCEil B IUIOCKOCTH X1 X2
[IPOM3BOJIEH.

Ecim ke Bce TPM TJIABHBIX MOMEHTA WHEPIUH COBIAAIOT, TO Te-
JIO HA3bIBAIOT WAPOEHIM BOAYKOM. B 9TOM Cilydae MPOM3BOJIEH BbI-
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O0Op BCEX TPEX TJIABHBIX OCEl MHEPIMN: B KA9eCTBE WX MOYKHO B3STh
JI00bIe TP B3aWMMHO TEPIEHINKYISPHBIE OCH.

HaxoxkmeHne riiaBHBIX OCell WHEPIIMHM OY€HBb YIPOIIAETCs, eCIn
TBEpZ0e Tesio 00JIaaeT TOW WM WHOW CUMMeTpHueil; siCHO, 9TO TIO-
JIO’KCHUE IIEHTPA WHEPIUW U HANPABJIEHUA TJIABHBIX OCEH WHEpIUN
JIOJIPKHBI 001aaTh TOM YK€ CUMMeTpHUeii.

Tak, ecnmn Teso obsiafaeT IMJIOCKOCTBIO CHMMETPHUHU, TO LEHTP
MHEPIINK JIOJIYKEH JIeYKaTh B 3TOH TIocKocTH. B Heil »Ke jexar JiBe
rJIaBHBIE OCU WHEPIINU, U TPEThsl — MEPHEHInKYyIsipHa K Heil. Ode-
BUJAHBIM C/1y4aeM TaKOI'o POJa ABJAETCA CUCTEMa JaCTUlL, PacCIIOJIO-
JKEHHBIX B OJIHOI TJI0CKOCTH. B 3TOM ciydae CyIecTByeT MpOCTOe
COOTHOIIIEHNE MEXKy TPeMs IJIAaBHBIMM MOMEHTaMu wHepimu. FKcim
IIJIOCKOCTh CUCTEMbI BbIODaHA B KAadecTBe IIOCKOCTU Z1X2, TO IO-
CKOJIbKY J1j1d Bcex dactull 3 = (0, nmeem

I :mega I :me%v I3:Zm(x%+x%)’
TaK 9TO
Is =11 + Is. (3210)

Ecmu Teno obmamaer ochbi0 CHMMETPHU KAaKOIO-JIHOO IIOPSIKA,
TO IEHTD WHEPINU JIeKUT Ha 3Toit ocu. C Hell Ke COBIAJAeT OHA
U3 TJIABHBIX OCell MHEpIUHU, a JBe JApPyTHhe — IepPIeHIuKYIIPHbl K
ueit. [Ipu 3TOM ecnu MOPAIOK OCH CHUMMETPHUU BBIIIIE BTOPOTO, TO
TEJIO ABJSIETCS CHMMETPUYECKUM BOJYKOM. JleficTBUTETBHO, KaXK-
JIYIO TJIABHYIO OCh (IEPIEHANKYISPHYIO K OCH CUMMETDPUM) MOYKHO
MOBEPHYTH TOTJA HAa YroJi, OTan4HbIi oT 180°, T.e. BBIOOD 3THUX OCeii
CTaHOBUTCA HEOJHO3HAYHBIM, a 3TO BO3MOXKHO JIUIITh B C/lIy4Yae CUM-
METPUYECKOTO BOJIYKA.

OcobbiM citydaeM SIBISIETCS CHCTEMAa YACTHUIL, PACIIOJIOKEHHBIX
BJIOJIb OJHOM TIpsAMOit uHuN. K BHIOpaTh 9Ty NMpsiMyo B Ka9ecTBe
och T3, TO JJisl BCeX 4YacTuil 1 = o9 = 0, ¥ TOTOMY [Ba TJIABHBIX
MOMEHTa WHEPIIMU COBMA/IAIOT, a TPETUil paBeH HYJIO:

I =L =Y mz3 I3=0. (32.11)

Takyio cucremy Ha3BIBAIOT POMAMOPOM. XaPAKTEPHON OCOOEHHO-
CTBIO POTATOPa B OTJIMYHE OT OOILIEro Crydasi IPOU3BOJIBHOIO TeJia
SIBJISIETCST TO, YTO OH UMEET BCEro JiBe (a He TPH) BpalllaTeabHbIe CTe-
NeHn CBOOOJIBI, COOTBETCTBYIOIINE BPAIIEHUAM BOKPYT OCell £1 W T2;
TOBOPHUTbH K€ O BPAIIEHUN MPSMON BOKPYT caMoiil cebsi, 09eBUIHO,
He MMeeT CMBICTIA.

Hakower, caenaeM erme 0fHO 3aMeYaHue MO TOBO/LY BBIYUCIEHUST
TE€H30pa WHEPIMH. XOTs MbI OMPEAEIUJIA ITOT TEH30D 110 OTHOIIe-
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HUIO K CUCTEME KOOpAWHAT C Ha4YaJIOM B HEHTPE MHEPIUN (TOJIBKO
NPU TAKOM ONPEJIEJIEHNN CIpaBeInBa OCHOBHas dopmyra (32.3)),
JJIsl ero BBIYUCICHHs, OJHAKO, MOKET MHOT/IA OKA3aThCA YAOOHBIM
BBIYUC/INTE NPEIBAPUTENILHO aHAJOTUYIHBIN TEH30D

I = Som(a' i — aliat),
OIpeIeIeHHbII 1T0 OTHOIIeHUIo K apyromy Hagaxy O'. Ecim paccro-
aane OO0’ naerca Bekropom a, Tor =’ + a, z; = .+a;; yaureBas
Takxke, ato » ,mr = 0, mo onpenesennio Toukn O, Haiigem:

Iy = Lk + n(a®8iy, — ajay). (32.12)

ITo sToit popmyae, 3Has I z{k’ JIETKO BBIYUCIUTH UCKOMBIH TE€H30D [;f.

agmgaum

1. OnpenenuTth riIaBHbIE MOMEHTHI WHEDIWH JJI MOJIEKYJI, pACCMAaTPUBAae-
MBIX KaK CUCTeMbl JaCTHUIl, HAXOAAIINXCA HA HEU3MEHHBIX PACCTOAHUAX APy OT
IpyTra, B CJAEeOYIOIUX CAydadx:

a) Mousiekyna n3 aToMOB, PACHOJIOKEHHBIX HA OIHOI MPSIMOii.

OrBem:

I =1 = lzmambliba I3 =0,
B a#b
IJIe Ma — MACCHI ATOMOB, lqp — PACCTOSHIE MEZKIy ATO-
MaMU a 1 b; CyMMI/IpOBaHHe TIPOU3BOAUTCA IO BCEM TIa-
pPaM aTOMOB B MoJIeKyJe (MpIdeM Kaskaas Tapa 3Hate-
HUii @, b BXOOUT B CyMMy 11O OZHOMY Da3y). Puc. 36
ILHH ﬂByXaTOMHOI‘/‘I MOJIEKYJIBI CyMMa CBOOAUTCA K

OIHOMY dYJIEHY, JaBas 3apaHee OUEBHUIHBIN Pe3yJIbTAT — NPOU3BEIEHUE IPUBE-
JIEHHO} MACChI OBOMX ATOMOB HA KBAIPAT PACCTOSHUA MEKy HUMMI:

mimz o
=1, = ——]°.
mi + ma
6) TpexaTomHas MOJEKyJIa B BIE PABHOOEAPEHHOTO Tpeyronbhuka (puc. 36).
O rBer: lleHTp WMHEpPHMH JIEXKUT HA BBICOTE TPEY- Mo

rOJIbHMKA HA PAcCTOsHUU X9 = mah/|L OT ero oCHOBaHMS.
MowmenTsr naepun:

2mima o mi 2
L =—h", Ih=—7a", Izs=1 + I
i 2
B) YeThIpexaTOMHAA MOJEKyJa C ATOMAMH, PACIONO-
JKEHHBIMU B BEPIIMHAX MPABUJIbHOW TPEXYyroJIbHON mnupa-
mugst (puc. 37).

O 1 B e 1: llenTp nHepuum JI€>KUT HA BHICOTE TUPAMU-

Puc. 37

bl Ha paccrosHnn X3 = moh/|L oT ee ocHoBauusi. MOMEHTHI MHEpUNN:

3mims o mia’ 2
= + R I3 =mia”.
[ 2
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Ilpn my1 = ma, h = a4/2/3 MBI IMeeM TeTPa3IPUIECKYIO MOJIEKYJly C MOMEHTA-
MU UHEPpOUn
2
Ilzlgzlgzmla .

2. OnpenenuTh TJAABHBIE MOMEHTHI MHEPIAU CIJIOMTHBIX OJHODPOTHBIX TEJI.
a) ToHkmit cTep>KeHb ANMMHOI 1.
Orser I =1 =w?/12, I3 = 0 (Tommuuoii cTep>kusa mpeHebperaem).
6) Illap pammyca R.
OrBem:
2 o
11212:_[323},LR
(BpramcnaTe cnepyer cymmy It + Lo + Is = 2p f rde).

B) Kpyrosoii nuumuap pagnyca R n BbICOTOI h.
OrBerm:

11:12:E<R2+—), I = SR

(rs — och muIMHAPA).
r) IIpamoyronpHbIil napaanerenunes ¢ qauaamu pedep a, b, c.
OrBem:
L = %(ﬁ 1), L= 1—*;((;2 +d), Iy= %(oﬂ + %)
(ocm 1, T2, 3 mapanenbHBI pebpaM a, b, ¢).
1) Kpyrosoit koryc ¢ BBICOTOI h M pagycom ocHOBaHuUA R.
, Pemre nue. Boruncngem caauana tensop Iy
T3, T3 MO0 OTHOIIEHWIO K OCSM C HaYaJOM B BepITUHE KOHY-
ca (puc. 38). Beruuciienue Jierko IpOU3BOLUTCS B
MUIWHIPUYECKAX KOOPAMHATAX U JTAET

3 (R? 3
- I=I=2u(=+n*), I,=-"uR%.
o - 1 2= % u8 ( 1 + T u8
_7*__

HeHTp TAXKECTU Ha,XOrZ[I/ITCSI, KaK ITOKa3bIBaeT HpO—

|

| CTOe BBIYHCJIEHUE, Ha OCH KOHYCa Ha DPACCTOSHHUU
l a = 3h/4 or sepmmubl. Ilo dopmyne (32.12) na-
|
|

XOAUM OKOH4YaATEJIbHO

Z1
3 h?
/O/ T2 11=I2=I{*ua2=2—0u<R2+Z>,
x) / 3 o
Puc. 38 Is =13 = EuR .

e) TpexocHsIii asmuncons, ¢ moayocsaMu a, b, c.

Pemenue. lenrp uHepnuu COBNAIAET C MEHTPOM JIIUTICOUIA, & TJIAB-
HBIE OCH MHEPIUU — C €ro ocaMm. VIHTerpmpoBaHue 1mo o6beMmy SJLIHIICOUIA
MOKeT OBbITh CBEJIEHO K MHTErPUPOBAHMIO TI0 00beMy cdephl myTeM 1mpeodbpaso-
BaHus koopauHat = af, y = b1, z = ¢(, IPeBPAIAIOIIEr0 YyPABHEHNE TOBEPX-
HOCTH 3JIJIUTICOUIA

72 . y? . 52 .
a’? b c?
B ypaBHEHUE TMOBEPXHOCTH €IUHUYHOMN cheph

E4n+ =1
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Tak, st MOMEHTa WHEPINU OTHOCUTEJIHHO OCH T IIOJIy9aeM

Ilzp// (v’ + 2°)dedydz =

:pd@///w%?+88m&mﬂ—““1w-r)

rae I' — MOMeHT WHepIuM mapa eJIuHIYHOTO Pajuyca.
YuaureiBas, aTo 06beM asmnnconna pases 4mabe/3, momyunM OKOHYATENBLHO
MOMEHTBI WHEPIUN

_gW+ﬁ,b=§W+ﬁ,hzgw+#y

3. OmnpenenuTsh 9acTOTy MasbIX KostebaHuii (pusndeckoro MasTHUKA (TBEpI0€e
TeJI0, KAYAIOIIeecsl B MOJIE TAYKECTH OKOJIO HENOIBUKHOM TOPU30HTAIBHOM OCH).

Pemenne Ilycts | — paccrodgHme OT MEHTPAa WHEPIUHA MAATHUKA IO
OoCHU BpAIllleHWsl, a &, 3,y — yIJibl MEXK/y HAIPABJIEHUSIMU €ro IJIaBHBIX OCeil
MHEPIIUN U OChIO BpAIlleHNd. B KauecTBe MepeMEeHHON KOOPAUHATHI BBOIUM YT OJI
(© MEXKIy BEPTHUKAJIBIO U MEPINEHINKYIAPOM, ONMYyIIEHHBIM N3 MEHTPA WHEPIUH
Ha och BpameHusi. CKopocTh meHTpa mHepunu V = [@, a TPOeKInn yrjaoBoii
CKOPOCTHU Ha TJIaBHBIE OCH WHEPIWHU: (P COS X, P cos 3, ¢ cosy. Cuntasg yroa @
MaJIbIM, HAXOIUM TOTEHIUAJbHYIO SHEPTUIO B BHIIE

1
U=pngl(l—coso) =~ Eugl(pz.
TTostomy dyukmua Jlarpanxa

I? 1 . 12
L—%cp + = (11COSQOC+IQCOSQ|3+I3COSQ'Y)(0 —%(p
OTcroga mjig 9aCTOThI KOJIe6aHI/IfI nMeeM

2 pgl

T w2+ T cos?x+ Ipcos? B+ I3cos?y’
4. HaiiTu KNHETUYECKYIO SHEPIUIO0 CUCTEMbI, H300parkKeHHoit Ha puc. 39; OA
n AB — TOHKHME OJHODPOOHBIE CTEPXKHW IJWHON [, MAapHUPHO CKPENJIEHHBIE B
Touke A. Crepxkenb OA Bpamaercs (B IJIOCKOCTH PUCYHKA) BOKPYT Touku O,
a koHer B crepxxuaa AB ckonb3ut Baoab ocu Ox. |
Pemenue CKOPOCTH IEHTpa WHEPIUU :
crepxkHsg OA (HaxXo#sIIerocs Ha ero cepeuHe) |
ectb [ /2, rme @ — yron AOB. Ilostomy KuHe- :
|
|
|

Y

TUYeCKas dHePIud CTep}KHH OA

(n — macca omHOTO CTep)KHSI).

JlekapToBBl KOOPAWHATHI IEHTPA WHEPIIUU Puc. 39
crepxusa AB : X = (31/2)cos@ Y = (I/2)sin ¢. Tak kak yrioBag CKOPOCTb
BPAIEHUS ITOTO CTEPXKHSA TOXKE PaBHA (0, TO €r0 KAHETUYECKAsA IHEPTUs

Rogpa  ovoy, L.o w? I¢’2
Ty = —(X Y —
2= X7 Y+ 007 =7

= (1+8sin® @)p? + —
Ilonmnas kuHeTMYeCKas SHEPrud CHUCTEMBbI

2
T= %(1 + 3sin” @) §?

(momcrasmeno I = ul?/12 cornacuo 3amaue 2, a)).
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5. Haiitn kureTnyeckyio snepruio mumaapa (pamnyca R), KaTamerocs mo
miockoctu. Macca nuianHapa pacnpe/iesieHa mno ero 0obeMy TakuM 06pasoM, 49To
OJIHA W3 TJIABHBIX OCEHl MHEpIWHW NapaJijieJbHA OCH IUJIWHAPA W MPOXOIUT HA
pPacCTOAHUY @ OT HEe; MOMEHT WHEPIUU OTHOCHTEIBHO 3TOH TJIABHOM ocu ecThb 1.

Pemenue Bpomgum yron ¢ mexnay BepTu-
KaJIbl0 U TMEPIEeHIUKYJSPOM, OMYIIEHHBIM W3 IEH-
Tpa Macc Ha och nuimHapa (puc. 40). IBuxkenue
OMJIMHAPA B KaXKIBI MOMEHT BPEMEHU MOXKHO Pac-
CMaTPUBATh KaK YUCTOE BPAIEHNEe BOKPYT MIHOBEH-
a HOM ocCH, COBHaJarIleil ¢ JUHUENH ero COMpPUKOCHO-
BEHHA C HENOABUKHOHM IIJIOCKOCTBIO; YIJIOBas CKO-
R POCTh 3TOTO BpamieHnsi ecth ¢ (yriaoBas CKOPOCTH
BpallleHus BOKPYT BCEX MapaJljiesIbHBIX oceil oquHa-
koBa). LleHTD MHEPIUM HAXOQWTCS HA PACCTOSHUU
va?2 + R? — 2aR cos ¢ OT MIHOBEHHOIl OCH U IIOTO-
Puc. 40 My ero ckopoctk ecth V = @+v/a?2 + R? — 2aR cos @.

TMonHas KUHETUYECKas SHEPTUS

, I,
T = %(a2 + R® —2aRcos ©)¢° + 5@2'

6. Haiitu KuHETHYECKYIO SHEPTHUI0 OIHOPOIHOrO IWJINHAPA paguyca a,

KATSAIIErocs [0 BHYTPEHHEH CTOpOHe Iu-
JIMHIPUYECKOH NOBepXHOCTH pagmyca R
(puc. 41).

P emenwne Baogum yrom @ mex-
Jy JUHUEH, COeUHSIOMEN IIEHTPhl 000mX
OUJINHAPOB, U BEPTHUKAJIBIO. LleHTp nHep-
U7 KaTAMIEroCcHd NMJINHAPA HAXOJUTCA HA
ocu u ero ckopocts V = @(R —a). Yruo-
BYIO CKOPOCTB BBIYHCJISIEM, KAK CKOPOCTh

Puc. 41

YUCTOr0 BPAIlleHUsl BOKPYT MTHOBEHHOM OCH, COBIIQIAIONIEN C IMHUEN COIPUKOC-
HOBEHUS IWJINHIPOB; OHA pPaBHA

v .R—a

Q = —=Q—.

a a

ECIII/I Ig — MOMEHT MHEPIUN OTHOCUTEJIBHO OCH HNUJIMHAPA, TO

98 2.9 I3(R—a)2.2 3 2.9
T— (R - e S e = (R — 32.13
5 (B—a) "+ 5@ = Tu(R—a)¢ ( )
(Is — u3 3amaun 2, B)).
7. HaiitTu KuHETHYECKYIO SHEPTUI0 OJHOPOIHOTO KOHYCA, KATAIIErOCsd IO
IIJIOCKOCTHU.

Pemenne O603naunm gepes 0 yron mexay nuameit O A conpukocHOBe-
HUA KOHyCa, C MMJIOCKOCTHhIO N Ka.KI/IM—JII/I6O HENIOABU?KHBIM HAIIDABJIEHUEM B ITOM
mnockoctu (puc. 42). LlenTp nHEpINN HAXOJUTCS HA OCU KOHYCA M €r0 CKOPOCTh
V = acosa- 0, rme 20 — yroa pacTBopa KOHyCa, & G — PACCTOSHUE LEHTPA
WHEepIUU OT BEPUINHBI. yI‘JIOByIO CKOPOCTHh BPpall€HUA BbIYUC/IAEM, KaK CKOPOCTH
YHUCTOrO BpAIeHNsI BOKPYT MTHOBeHHO# ocu OA:

v

Q= — :éctgoc.
asin «
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Onna n3 rnasHBIX oceil nHepny (OCh T3) COBMAAAET C OChI0 KOHYCA, & JIPY-
ryio (och Z2) BHIOMpaeM meprneHaAnKyaapHO K ocn kKouyca un jmann OA. Torma
npoeknuu BekTopa ) (HanpasieHHOro napaneasao O A) Ha rIaBHbBIE OCH UHED-
uuu 6yayr 2sin «, 0, 2 cos . B pesysbrare HaxoguM Jijis UCKOMOMW KUHETUYE-
CKOIf 3Hepruu:

2

T—uTacos o - 02 +I—cos o - 02 —|—I3COS ‘xe _Suh

2 sin? x 40
(h — BBICOTA KOHYCa; I1, I2, a — u3 3amaun 2 0)).

0> (1+5cos” )

Puc. 42 Puc. 43

8. HaiiTn xmHETHYECKYIO YHEPTHUIO OJHOPOIHOTO KOHYCA, OCHOBAHMUE KOTO-
pOTO KATWUTCS TO TJIOCKOCTHU, a BEPIINHA TOCTOSHHO HAXOAWTCS B TOYKE HAT
IJIOCKOCTBIO Ha BBICOTE, PABHON paamyCy OCHOBaHHSA (TAK 9TO OCh KOHYCa IIa-
PaJIeIbHA TJIOCKOCTH).

Pemenue Bpogum yros 0 mexy 3aaHHBIM HAIPABJIEHUEM B ILJIOCKO-
CTH ¥ TIpoeKnmei Ha Hee ocu KoHyca (puc. 43). Torma cKOpocTh IeHTpa NHEPINN
V = ab (obo3navenus Te xe, 9To B 3amade 7). MrHOBEHHOW OCHIO BpalleHUs
aBjgeTcss obpasyiomas Konyca OA, mpoBeeHHAs B TOYKY €ro COMPUKOCHOBE-
HUS C TJIOCKOCTHIO. L[eHTP MHEpIUN HAXOIUTCSA HA PACCTOSHUU 4 Sin X OT ITOM
ocn u HOTOMy .
v 0

asinx  sina’

IIpoeknun BexTOpa {2 Ha rIaBHBIE OCH nHEPIHU (OCH T2 BHIOMPAEM NEPIIEHIUKY-
ngapHOi K ocu koryca u guann OA): Qsino = 0, 0, Qcos o = 0 ctg . TToaTomy
KWHeTHYeCcKas 3HePTus
P—az vo I e I3 2 3Hh2 42 1
T=% 050ty 0cdea="70 (cos2oc+5)'

9. HaliTn KMHETUYECKYIO YHEPTIHUIO OJHOPOJHOrO TPEXOCHOTO 3JLIUICOWJA,
BPAIIAIOIIETOCS BOKPYT OXHON m3 cBoux oceil (AB, puc. 44), mpuuem mocnien-
Hslsl caMa BpallaeTcsa BOKPYT Hanpasienus CD, |
MEPHNEHIUKYIAPHOTO K HEH U IPOXOJAIIETO de- D
pPE€3 IEeHTP JLINTICONIA. A B

Pemenwue VYrom noBopora BOKpyr ocu ]

¢

CD ob6oznaunm dyepe3 0, a yrojg moBopoTa BO-
kpyr ocu AB (yron mexxy CD um ocwio uuep-
uu Z1, NepHeHanKyaaproii k AB) — [epes @.
Torma npoekmuu 2 Ha ocu WHEPIUU OYIYT:

c(l)é
Ocos@, Osing, ¢ Puc. 44
(mpuvem ock x3 comamaer ¢ AB). ITocKOIbKY IEHTD MHEPLINHU, COBIALAIONIHI
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C HEHTPOM 3JLIUTICONA, HETOABWIKEH, TO KNHETHYeCKasT SHEPTUs
{ 1 . : 1 .
T= E(Il cos® @ + Iysin® @) 0% + 513@2.

10. Haiitu KuHETHYECKYIO YHEPIrHUIO0 OJHOPO-
HOTO TPEXOCHOTO 3JITUIICOUA, BPAIIAIOIIErocss BO-
\ Kpyr omHOil m3 coux oceii (AB, puc. 45), npuuem
IC MOC/IEIHAS HAKJIOHEHA, a JJLIMIICOU], CHUMMETPUYEH
(|_)9 OTHOCHTEJIBHO 3TOH OCH.

' Pemenmne. Ilpoeknmu  wa ocb AB u Ha

Puc. 45 NepHeHIuKYJIsiDHbIE K HEll [ABe APyTrue rjIaBHbIE OCH
uHepuu (KOTOPBbIE MOXKHO BBIOPATH MPOU3BOJIBHO):

0 cosxcos@, O cosasing, @+ 0 sin«.
Kunernueckas sneprus

I : Is, . -
T= Elcos2cx-82+?3(cp+esinoc)2.

§ 33. MomeHT MMIyJIbca TBEPIOTO TeJIa

Bennunna MoMeHTa MMITYJIbCA CHCTEMbBI 3aBUCHUT, KAK MbI 3HAEM,
OoT BBIDOpA TOYKHU, OTHOCUTEILHO KOTOPOIl OH ompezeseH. B mexa-
HIKEe TBEPIOTO TeJjia Hambojee palioHaIeH BhIOOP B KAYeCTBE 3TOM
TOYKW Hadvaja TOABUYKHONW CUCTEMBI KOOPAWHAT, T.e. IEHTPa WHEP-
v tega. Huske mMbl 6ymem mornMath o M MoMeHT, ompegeseH-
HBIT UMEHHO TaKnM 0OPa30M.

Cormacuo dopmysie (9.6) mpu BbIOOpe Hadaj a KOODAWHAT B
LIEHTPpe MHEPIUU TeJja ero MoMeHT IV COBIIaIaeT ¢ «COOCTBEHHBIM
MOMEHTOM» , CBSI3aHHBIM JIWIIIb C JIBUYKEHUEM TOYEK Tejla OTHO-
CUTEJbHO IeHTpa wWHepiuu. JlpyruMu cjioBaMu, B ONpPEIEIeHUN
M = " m[rv] mago 3amernuts v Ha [Qr]:

M = Y m[r[Qr]] = 3 m{r’Q — r(rQ)},
nJjin B TEH30PHDBIX O603HaquI/IHX:
M; = Z m{mfﬂz - Zczkak} = kam{xlzézk — .’L‘ka}

Hakownen, yunrbiBas onpezgenenue (32.2) TeH30pa WHEPIMU, MOJY-
YaeM OKOHYATeJIhHO:
M; = Iy (33.1)
Ecmu ocu x1, o, T3 HapaBJeHbl BJI0Jb IJIaBHBIX Ooceil nHepHIun
Tesa, To 3Ta GOpMyJIa JaeT:
M, = 1191, My = IQQQ, M3 = I30Q3. (332)
B wacrrOCTHM, A1 mIApOBOrO BOJYKA, KOTJA BCE TPHU TJIABHBIX
MOMEHTa, MHEePIUKM COBIa Ial0T, UMeeM IIPOCTO:
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M = IQ, (33.3)
T.e. BEKTOP MOMEHTA MPOMOPIMOHAJIEH BEKTOPY YTJIOBOW CKOPOCTH
U UMeeT OJMHAKOBOE C HUM HAIPaBJIEHUE.

B obmem ke caydae mpomsBoJBLHOrO Tena BekTop M, BooOIme
rOBOpsl, HE COBIIAJAeT IO CBOEMY HAIPABJIEHUIO ¢ BeKTOpoMm 2, u
JIUTIT TIPY BPAIIEHUN TeJjia BOKPYT KAKO#W-IMO0 W3 ero riaBHbIX OCei
nuepruu M u ) uMeOT 0JUHAKOBOE HAIIDABJIEHUE.

PaccmoTpum cBoGOmHOE IBUXKEHUE TBEPJOTO Tea, He MOABEp-
JKEHHOTO JIENCTBUIO KAaKUX-1100 BHemmHuX cuit. He npencraBngroriee
MHTEpeca PaBHOMEPHOE MOCTyTaTeIhHOe JIBUYKEHME OyIeM TTpeosia-
raTh UCKJIIOYEHHBIM, TaK 9TO PEYb UIET O CBOOOIHOM BPAIIEHUHN TeJIa.

Kak n y Bcskoit 3aMKHYTOI CHCTEMBI, MOMEHT UMITYJIhCa CBOOOI-
HO BPAIIAIOIIEroCs TeJia ToCTosiHeH. J[Jist mapoBOro BOIYKa yCIOBHE
M = const npuoguT npocro kK 2 = const. 10 3HAUUT, YTO OOIIUM
cIydaeM cBOOOJIHOTO BpAIIEHUS IIaPOBOTO BOIYKA SIBJISETCS IIPOCTO
PaBHOMEDHOE BpAIlleHNe BOKPYT HMOCTOSHHON OCH.

Cronn ke mpocT ciaydaii poratopa. 3aeck Toxke M = €}, npu-
yem BekTOp () MEpHeHAuKYyJIsSApeH K ocu poraTopa. [lo3romy CBO-
60/HOE BpaIlleHIe POTATOpa €CTh PAaBHOMEDHOE BPAIEHUE B OJHOMN
ILJIOCKOCTH BOKPYT HAIPABJIEHWS, TIEPTIEH UK YJISIPHOTO K 9TOM TII0C-
KOCTH.

3akoH coxpaHeHUsI MOMEHTa JOCTATOYEH U JJIsl ONpeeseH st 60-
Jiee CJIOKHOTO CBODOJHOTO BPAIIEHUS] CUMMETPUYECKOTO BOJTIKA.

Bocmonb30BaBImmcs  mpon3BOIBHO-
CTHIO BBIOOpA HAIPABJIEHUN TJIABHBIX
oceit mHepIyu 1, T9 (MEPIEHANKYIAD-
HBIX K OCH CHUMMETPHUU BOJTYKA X3 ), BbI-
OepeM OCb Tg TIEPIEHIUKYISIPHON K
MJIOCKOCTH,  OTPEJIEJISIEMO  TIOCTOSTH-
HBIM BeKTOpoM M U MIHOBEHHBIM ITO-
JioxkerueM ocu x3. Torma My = 0, a u3
dopmyn (33.2) Bugso, uro m Q9 = 0.
D10 3HaunT, 9TO HanpasaeHus M, Q u
OCH BOJTYKA B KaXKIbIi MOMEHT BpeMe-
HU JIEZKAT B OJIHOI miockocTu (puc. 46).
Ho orciona B cBoto ouepennb ciiemyer,
910 ckopocTu v = [{dr] Bcex TOYek Ha Puc. 46
OCH BOJTYKA B KaXKJIbIi MOMEHT BPEMEHU MEPHEHINKYJISIPHBI K yKa-
3aHHOM TIJIOCKOCTH; JIPDYTUMHM CJIOBAMHU, OCh BOJYKA PABHOMEPHO (CM.
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HUYKE) BPAIAeTcsi BOKPYT HampasieHusi MM, onuceiBasi KpyroBoit
KOHyC (Tak Ha3blBaeMas pe2yAsapHas npeyeccus Bomdka). OmHOBpe-
MEHHO C TIperieccueil caM BOJTYOK PABHOMEPHO BPAIAETCSd BOKPYT
cOOCTBEHHO OCH.

VroBble CKOPOCTH 000UX STUX BpAINEHUN JIETKO BBIPA3UTH He-
pe3 3aJaHHy0 BeJudnHy MomeHTa M u yros HakjaoHa O ocu BOTIKA
K Hampaienuio M. YrioBag CKOpOCTH BpaIlleHUsd BOJTYIKA BOKPYT
CBOell OCH ecTh MPOCTO Mpoekmus (23 BekTopa ) Ha 3Ty OCh:

Q3 =M = M coso. (33.4)
13 13

st onpenesiennst e CKOpoCTH mpeneccun {ln, HALO Pa3JIOKUThH
BekTOp ) MO MpaBmly NapasIeaorpaMMa Ha COCTABJIAIONINE BIOJIb
x3 m Baosb M. VI3 Hux mepBas He MPUBOANT HU K KAKOMY TIepe-
MEIIEHNI0 CaMO# OCKM BOJIYKA, a MMOTOMY BTOpPas U JAET MCKOMYIO
YTJIOBYIO CKOPOCTH Tiperieccun. M3 mocrpoennst va puc. 46 sicHO, UTO
Qyp sin® = Qy, a nockomeky Qy = My /I; = M sin0/1;, To noydaem

Qup = M/11. (33.5)

§ 34. YpaBHeHNS JIBUKEHWS TBEPIOTO TeJIa

TTockonmbky TBepmoe Tesio obJiamaeT B OOIEM CIydae IMeCThIO
cremneHsiMu CBOOOIBI, TO 00IIasi CUCTEMa YPaBHEHUHN JIBUKEHUS J10JI-
JKHA COIEPKATH IECTh He3aBUCUMbBIX ypaBHeHUi. VX MOKHO TIpe-
CTaBUTH B BHUJE, OIIPEACJIAIOIIEM ITPOU3BOJHBIC II0 BPEMEHU OT ABYX
BEKTOPOB! I/IMHy.Hbca " MOMEHTaQ TeJia.

IlepBoe m3 3TMX ypaBHEHUI MOJIYyYaeTCd MPOCTO ITYyTEM CYMMU-
poBaHusi ypaBHeHuii p = f s KaXK7I0# U3 COCTABJSIONIAX TEJIO
9aCTUIl, TJIe P — WUMIYJbC dacTtuilbl, a f — melicTBytomas Ha Hee
cuta. BBosist MOTHBI UMITYJIBC TeJa

U TOJIHYIO JeiicTBytontyto Ha Hero cuty . f = F, nomyuanm
P
=~ =F (34.1)

Xorsa mbl onpegenan F kak cymmy Bcex cua f, nmelicrByrommx
Ha KaXKJIyl0 WX YaCTUIl, B TOM YHCJI€ CO CTOPOHBI JIPYTUX YaCTHUIIL
Tena, pakTudecku B F BXoAgaT JUIb CUJIbI, AefICTBYIOIINE CO CTO-
POHBI BHEITHUX NCTOYHUKOB. Bce CUiIbl B3anMOIefiCTBIST MEXK /Iy |Ya-
CTHUIIAMY CAMOTO TeJIa B3aNMHO COKPAIIAIOTCS; IeCTBUTEIHHO, TTPH
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OTCYTCTBUW BHEITHUX CUJI UMIIYJIHC TeJia, KaK U BCSIKOW 3aMKHYTOM
CUCTEMBI, JOJIKEH COXPAHSATHCH, T.€. JOKHO ObiTh F = (.

Eciu U — noreHnmanbHas SHEprus TBEPIOTO TeJia BO BHEITHEM
moje, To cuna F mMoxeT ObITH ompenesneHa myTeM anddepeHITnpo-
BaHUs €e 0 KOOPAUHATAM IeHTpa WHEPIIUN TeJa:

oUu
F = IR (34.2)

JleficTBuTEILHO, TIPU TIOCTYHATETHHOM TE€PEMEIEHNN Tejla Ha
OR HaCTOMBKO Ke MEHSIOTCSI W PAANYC-BEKTOPHI T KAXKIOW TOYKH
Tejia, a MOTOMY M3MEHEeHHe MOTeHIMAJbHON SHEPrun

sU=Y" %—féc =R 56—2] - —sRY f - -FsR.

OrmernM B 9T0i1 cBsi3H, 9To ypasHeHue (34.1) Moxer GBITH mO-
JIy9eHO M KaK ypaBHeHHe JlarpaHzka 110 OTHOIIEHHUIO K KOOPAUHATAM
LIEHTPa MHepIun

d oL _ oL
dtovV ~ OR
¢ dyuxumeii Jlarpanxka (32.4), a5 KoTopoit
oL oL oUu
v W =P m=m—F

[Tepeiimem K BBIBOIY BTOPOTO YPABHEHUS JBUYKEHUsI, OTPEIEIIO-
IIIero TPOU3BOJHYIO IO BpEeMEHM OT MoMeHTa ummyiabca M. [lna
YTIPOIIEHNsI BBIBOJIA Y I00HO BBIOPATH «HEMOIBUKHYIO» (MHEPIINATH-
HYIO) CHCTEMY OTCYeTa TaKUM 00pa30M, YTOOBI B JAHHBIA MOMEHT
BpEeMEHH IIeHTP MHEPINU TeJla MOKOUJICSI OTHOCUTEJIBHO Hee.

Uneem

M = 2 Y[rp] = L lip] + L [rp).

B cmty cmemaHHOrO Hamu BBIOOpA CHCTEMBI OTCYeTa (B KOTOPOM
V = 0) 3Ha4eHune I B JaHHBLIH MOMEHT BPEMEHM COBIAAET CO CKO-
poctbio v = t. [IoCKOIBKY 2Ke BEKTOPbl V U P = MV UMEIOT OJIH-
HaKoOBoe HampasJienne, 1o [Fp] = 0. 3amenuB Takxke p Ha cuiy f,
TOJIYYUM OKOHYATEJIHbHO!:
dM
dt

K = S[rf]. (34.4)

[Tockonbky MomenT M ompejiesieH OTHOCUTEIBLHO IEHTPA WHEP-
mun (cM. Hagasio § 33), OH He MEHsIeTCsl TP [EPeXoje OT OJHOM

=K, (34.3)
e
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MHEPINAJILHON CHCTEMBI OTCYeTa K JAPYroi. DTo BUIHO n3 (op-
myaibl (9.5) ¢ R = 0. Orcrona ciemyer, 9T0 ypaBHEHWE JIBUKEHUsI
(34.3), mony4eHHOE 37€Ch NIPHU ONPEIETIEHHOM BBIOOPE CHCTEMBI OT-
cYera, TeM CaMbIM, B CHJIY TAJIMIEEBCKOTO TPUHIIUIIA OTHOCUTEIBHO-
CTH, CIPaBEIINBO B JIIOOON MHEPINAJILHON CHCTEME.

Bekrop [rf] maseBaercsa wmomenmom cuavs f, Tak aro K ectb
CyMMa MOMEHTOB BCEX CWJI, JeHCTBYIOMUX Ha Tejo. Kak u B mos-
uoit cuiie F, B cymme (34.4) daxTudeckn OKHBI yIUTHIBATHCS
JIUIITH BHEITHWE CUJIBI; B COOTBETCTBUU C 3aKOHOM COXPAHEHWsT MO-
MEHTa UMITyJIbCa CyMMa MOMEHTOB BCEX CWUJI, ﬂeﬁCTByIOIHHX BHYTpPU
3aMKHYTOW CHCTEMBI, JOKHA OOPAIATHCSA B HYJIb.

MomeHT cuiibl, KAK U MOMEHT HUMILYJIbCA, 3aBUCUT, BOOOIIE TO-
BODsI, OT BBIOOpa Hadajia KOODIWHAT, OTHOCHTEIBHO KOTOPOLO OH
ompegener. B (34.3), (34.4) MOMEHTBI OIIPEIEIISIOTCS OTHOCUTEIBHO
OEHTPpa MHEPIOUU TeEJIa.

[Tpu mepenoce HaUAIA KOOPAWHAT HA PACCTOSHIE & HOBBIE DAJIN-
YC-BEKTODHI I’ TOYEK Tejla CBA3aHBLI CO CTAPBIMU I 4epe3 r = r’ + a.

[TosTomy
K = S[rf] = St + Ylaf

K = K' + [aF]. (34.5)
Orcioga BUIHO, B YaCTHOCTH, YTO BEJMYMHA MOMEHTa CHJI He
3aBUCAT OT BBIOOpA Hadaja KOOpAUHAT, ecan noiaHas cuta F = 0 (B
TAKOM CJIydae TOBOPST, 9TO K TEeJIy NPUJIOKEHA Napa CUA).
Ypasuenus (34.3) MOKHO paccmaTpuBaTh Kak ypasHeHue Jla-
rpaHzKa

nJjm

d oL _ oL

atoQ ~ de
110 OTHOTIIEHUIO K «BPAIaTeJbHBIM KOOpauHaTaMmy. /leficTBuTesbHO,
nuddepentupys dysakmmio Jlarpanxka (32.4) mo KOMIOHEHTaM BeK-

Topa {2, ToIydIrM
oL

o
WNzmenenne ke moTeHIUAABHON 3Heprun U mpu MOBOpPOTE Teja Ha
OeCKOHEYHO MaJbIii yroa 8¢ paBHO:

dU = =Y for = - f[6@p -r] = —6¢ > [rf] = — Kb,

OTKY/Ia

= L;xQ, = M;.

v
o’

(34.6)

TaK 9TO
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oL  aU
99 s

[Tpennonoxkum, uto BekTOopsl F 1 K B3auMHO meprieH UKy Isp-
HbIL. B 9TOM ciiy4dae Bcerga MOXKHO HAWTH TaKOi BEKTOP a, YTOOBI B
dbopmyne (34.5) K' obparmiocsk B Hyb, Tak 9TO Oyer:

K = [aF]. (34.7)
[Tpm sTOM BHIOOP a HEOOHO3HAUEH: MPUOABIEHWE K HEMY JIFOOOTO
BEKTOpa, mapasiesbaoro F| He mamenur paBencrsa (34.7), Tak 4ro
yenosue K' = 0 macr He ompemeneHHYIO TOYKY B HMOJBUKHOIN CH-
cTeMe KOOPIWHAT, & JIUIIb ONPEIeIeHHYI0 TIPAMYIO JUHUIO. TakuMm
obpasom, mpu K | F meiicTBue BCcexX MPUIIOKEHHBIX K HEMY CUJI
MOKeT OBITH CBeleHO K omHoit cuime F, meficTByromieit BIoam ompe-
JEJIeHHOI NPAMON JIMHUH.

TakoB, B wacTHOCTH, CIAy4ail OTHOPOJHOTO CHUJIOBOTO TIOJNSA, B
KOTOPOM JIefiCTByIOIIasd Ha MATEpPHUAJbHYIO TOYKY CHJIa UMeeT BUJ
f = eE, rme E — mocTogHHBIA BEKTOp, XapaKTepU3YIOIU II0JIe,
a BeIUYWHA € XapaKTepu3yeT CBOWCTBA YACTHIILI IO OTHOIIEHUIO K
JanHoMy moso !). B aTom ciaydae numeem

F=EYe K=[Yer-E.
[peanonarasi, uto » e # 0, BBeJeM pajuyCc-BEKTOP T, ONPEJIEJICH-
HBII COTJIaCHO Ter
rog = . 34.8
0 e ( )
Torma MBI TIOJYYUM CJIeIyIOIIee IPOCTOe BhIParKeHUe JIJIs MOJHOTO
MOMEHTa, CHJI:

K = [roF]. (34.9)

Taxmm ob6pazoM, TpM ABUKEHWM TBEPJIOTO TeJla B OJHOPOITHOM

ToJie BAUAHUE TIOJT CBOJUTCA K JEHCTBUIO OnHOM cuibl F, «mpu-

JIOXKeHHOI» B Touke ¢ pamuyc-BektopoM (34.8). IMonoxkenue 31oi

TOYKH BCEIEJIO OIPEJIeIAeTCsl CBOCTBAMM CaMOIr'0 TeJja; B IoJie Ts-
2KECTH, HAIIPUMED, OHA COBIIQ IA€T C MEHTPOM MHEPIINHU TeJa.

§ 35. DiinepoBsI yrJIbI

Kax yke yKa3bIBaJIOCh, JIJId ONMUCAHUS JIBUXKEHUS TBEPJIOTO TesIa
MOYKHO TOJIb30BATHCA TPeMd KOOPAWHATAMU €ro HEeHTPa WHEPIUU U
KaKUMU-JU00 TpeMs yTJIaMU, ONPEesIIIONIMI OPUEHTAITHI0 OCeit

D) Tak, B ogHOpogHOM 3jieKTprdecKoM moe E ecTh HANPsAKEHHOCTH MOJId,
a e — 3aps yactuipl. B ogHOpOoaHOM 10iie Tsixkectu E ecTb ycKopeHue cBOOOI-
HOTO HaJleHud g, a € — Macca JacCTUIBL m.
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x1, Tg, T3 JBUKYIIEHCS CUCTEMBI KOODAWHAT OTHOCUTEIHHO HEIO-
nBrKHON cuctembl X, Y, Z. B KadecTBe 3TUX yIJIOB YaCTO OKa3bIBa-
IOTCS YIOOHBIMU TAK HA3bIBAEMbIE
21AepPOBHL Y2Abl.

Tak Kak Hac ceiitac HHTepPeCy-
FOT TOJTBKO YTJIbI MEKJIYy OCSIMU KO-
OpJWHAT, MBI BbIOEpeM HadaJia obe-
UX CHCTEeM B OZ1HOI TouKe (puc. 47).
[ToaBmKHas TIIOCKOCTD X1X2 TEpe-
cekaeT HemoaBHKHYIO XY 1o He-
KoTOopoii npsimoii (ON Ha puc. 47),
KOTOPYIO HA3BIBAIOT AUHUET Y3A06.
Ora JMHUS, OYE€BUIHO, TTEPIIEH INKY-

Puc. 47 JIAPHA KaK K OCU Z, TaK W K OCH I3;
ee TIOJIOKWUTETLHOE HAIPaBJIEHNe BBIOEPEM Tak, YTOOBI OHO COOT-
BETCTBOBAJIO HAIMPABJIEHUIO BEKTOPHOIO MpOM3BeAeHus [zx3] (rae
Z, X3 — ODPTHI B HAIIPABJIEHUNU OCeit Z U X3).

B kadecTBe BeTMUMH, OIPeIEISIONINX [TOJIOYKEHNE OCeit X1, T2, T3
OTHOCUTEIHLHO oceit X, Y, Z, mpumem CIeayroIre yribl: yroa 0 Mek-
Iy ocaMU Z U x3, yroa @ Mexay ocamu X u N, yroa \p MexKIay ocs-
v N u z1. YTiIbl @ u \POTCINTHIBAIOTCS B HAITPABJIEHUSIX, OITPEIEIIsi-
€MBbIX TIPABUJIOM BUHTA, COOTBETCTBEHHO BOKPYT oceit Z u x3. Yroma 0
npoberaeT 3HAYEHUsT OT HyJIsl JI0 7T, & YTJIbI () 1) — OT HyJIs 10 271 1).

BripasuMm Temepb KOMIOHEHTHI BEKTOPa yIJIOBO#H ckopoctu {2 1o
MOJIBVKHBIM OCSIM T1, T9, L3 Y€pPe3 MIEPOBBI YTJIBI U UX TPOU3BOJI-
uele. /I1s 3TOro Ha10 CIrpoenupoBaTh Ha ITH OCH yTJIOBBIE CKOPOCTH
0, @, V. YrioBas ckopoctb 0 HampabjaeHa 1o Juauu y37g0B ON u
€e COCTABJISIONINE TI0 OCIM X1, T2, T3 PABHBI:

01 =0 cosyP, 0Oy =-0sinyp, 0O3=0.
VrioBast CKOPOCTh (© HampaBjeHa BIOJb OCH Z; ee MPOEKINs Ha
OCh I3 paBHa (3 = @ cos 0, a TPOEKINda Ha IIJIOCKOCTb X1T9 PaBHA

@ sin 0. Paznmaras mocaeqHIO Ha COCTABJSIONINE O OCAM T1 U X2,
MOJLy YUM

Z
(b T2

@1 = @ sin0 sin, @2 = @ sin 0O cos.
Hakonern, yrioBasi CKOpocTh 1) HalrpaBJjIeHa M0 OCH T'3.

D) Vraer 0 m @ — 70/2 TpeACTaBISIOT COOOH COOTBETCTBEHHO MOJSPHBINA yroJ
¥ a3UMyT HAIPaBJIEHHs T3 IO OTHOMEHUIO K ocsim X, Y, Z. B 1o xke Bpems 0 u
71/2 —1) ABAAIOTCA COOTBETCTBEHHO MOJAPHBIM YIJIOM U a3MMyTOM HANPABIECHUS
7/ 10 OTHOIIEHUIO K OCAM X1, T2, L3-
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Cobupast Bce 3T COCTABJSIONINE TI0 KaXKI0H W3 oceil, moIydnm
OKOHYATEJIbHO:

Q1 = @ sin O sin\ + 0 cos,
Q9 = ¢ sin O cos — Osinp, (35.1)
Q3 = @ cosO +1).
Ecmn ocn x1, x2, 3 BEIOpAHBI 1O NJIABHBIM OCSIM WHEPIUU TBEP-
JIOTO  TeJia, TO BPAIATEIbHYI0 KHHETHIECKYIO SHEPTHUIO, BhIPAsKEHHYTO
9epe3 MIePOBbI yTJIbl, MbI IOTyanM nogcTanoskoii (10) B (32.8).

Jlns cumMerpudeckoro BosdKa, y Kotoporo Iy = Iy # I3, naii-
JIEM TIOCJIE TIPOCTOrO TIPUBEICHUS:

Top = 2(@?sin? 0+ 0%) + 2 (¢ cos 0 +1)?. (35.2)

3aMeTuM, 9YTO 9TO BbIPAYKEHNE MOYKHO IOJIYIATDh U IPOIIE, BOCIIOIb-
30BABIINACH TPOU3BOIUTEILHOCTHIO BBHIOOpA HAINPABJIEHUN TJIABHBIX
oceil MHEPIUHU X1, T2 Y CUMMETPUIECKOr0 Bosdka. CamuTasi, ITO OCh
x1 coBmagaer ¢ ockio y3y10B ON, T.e. uro P = 0, Oyzaem nMmeTh s
COCTABJIAIOIINX YIJIOBOM CKOPOCTU OO0JI€e TTPOCTHIE BHIPAYKEHUS

Q1 = 9, QQ = (p sin 9, Qg = (p cos 0 + ll) (353)

B kadecTBe mnpocroro nmpumepa HmpuUMeHEHUS MJIEPOBBIX YIJIOB
OTIPEIETUM C UX TIOMOIIIBIO U3BECTHOE YV3Ke HaM CBOOOIHOE JIBUKEHUE
CUMMETPHUYIECKOTO BOJTUKA.

Bribepem och Z HEMOABUKHOM CUCTEMBI KOOPJIUHAT B HAIIPABJIE-
HIAW TIOCTOSTHHOTO MoMeHTa Bodka M. Och T3 MOIBUKHOM CUCTEMBI
HaIlpaBJIeHa TIO OCH BOJYKA, a OCh X1 MYCTh COBNAJAET B JTAHHBIN
MOMEHT BPEMEHU C OChbI0 y3J0B. Torma /g KOMIOHEHT BeKTopa M
HAXOIUM € ToMoIbio dhopmy (35.3):

M1 == Ilﬂl == 119, MQ == IQQQ == Ig(p sin 9,

M3 = 1393 = I3((p cos 0 +1]))

C nmpyroit CTOPOHBI, HOCKOJIbKY OCh %1 (JMHUS y3JI0B) MEPIEHINKY-
JIIpHA K OCH Z, IMEeeM

My =0, M= Msin0, Ms= M cos6.
[TpupaBuMBast JApyr JAPYTY 3THU BBIPAYKEHWS, TOJIYYUM CJIETYIONINe
YpaBHEHWUS:

0=0, Lip=M, I3(pcosd+11YP)= M cosb. (35.4)

[TepBoe u3 3Tux ypasuenuii gaer 0 = const, T.e. MOCTOAHCTBO yrjia

HaKJOHA oOcu BoJ4Yka K Hanpasjgennio M. Bropoe omnpenesnser
(B cormacum ¢ (33.5)) yrmomyio ckopocth npeneccun @ = M/I4.
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Haxkomern, Tperhe onpeensieT yrioBylo CKOPOCTh BPAIEHNUST BOTIKA
BOKpyYT cobcrrennoii ocu 23 = M cos0/13.

B3agaumn

1. IlpuBecTn K KBaApaTypaMm 3aJa4y O JBUKEHUU TAYKEJIOTO CHMMETPUYIE-
CKOTO BOJTYKA C HEMOABWIKHON HMKHEH Toukoi (puc. 48).

Pemenue CoBmecrHoe HadaslO0 IOABUXKHON M HEIOABUXKHON CHCTEM

KOODJUHAT BBHIOWpAEM B HEMOIBUXKHOW TOYKe

Bosiuka O, a 0Ch Z HAINPABJSEM [0 BEPTUKAIN

(puc. 48). @yuknus JlarpaH:ka BOJYKa B TOJIE

TAXKECTU

Il + ul2
2

+ 12—3(11) + ¢ cos0)® — uglcos O

L= (6 + ¢*sin 0) +

(1 — macca Bomuka, [ — paccToguue OT HUKHEH
TOYKHU OO0 LEeHTPa I/IHepL[I/II/I).

Koopmurnare:r P n @ — nukimueckue. [To-
9TOMY MMe€EeM JBa WHTerpaJja JBUKEHUS:

Dy :g—lli;—lg(lj)—i—(bcose)—constEMg, (1)
Do = g—i = (I} sin® 0 + I5 cos® 0) @ + Iz cos 0 = const = M., (2)

rie BBegeno obosmadenue I§ = I + wi? (BewumHBI py U Py TPEACTABIAIOT
€000t COCTABJIAIONINE BPAIIATEJIHHOIO MOMEHTA, OMPEIEIEHHOTO OTHOCUTEHHO
Toukm O, COOTBETCTBEHHO MO OCAM T3 U Z ). Kpome TOro, COXpaHseTcs SHeprus

! . .
E = %(G2 + ¢*sin” 0) + 12—3(11) + ¢ cos0)® + ugl cos 0. (3)
U3 ypasrenuii (1) n (2) maxomum
. M, - Mscos0

-z o 4
¢ Iisin?0 ’ 4)

. M3 M, — Ms cos 0
= — —cos—————. 5
R A T T )

Vckmi09uB ¢ TOMOIIBIO 3TUX PaBeHCTB ¢ u 1 u3 sueprun (3), monydum

E = %92 + Usgp (0),

rIe BBeIEHbl 0003HAYEHUS

/ M3 (M, — M3 cos 0)?
E =F— — —ugl, U,(0)= — ugl(1 — 0). 6
a1, ~ Meh +(0) 2T, sin? 0 ngl(l —cos0).  (6)
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Onpepnensisi orcroga 0 v pa3jesisisi IepeMeHHBIE, TTOJLY IUM

/¢,,—3¢

(umrerpan — saguntuuecknii). [locie sToro yrnr @ m P BhipaxaioTca Kak
dyuxnuu ot 0 B Bune kBaaparyp ¢ nomompio ypasaenuii (4), (5).

O6nacTh naMeHeHus yria O mpu ABUXKEHUM ompejesserca yciaosuem E' >

Uso (0). @yuxuma Us,g, (0) (mpu Ms # M) cTpemuTcs K +00 PU 3HAYEHUAX

2
0 =0mu 0 =7, aBIPOMEXKYT-
K€ MEXK/Iy HHUMU MPOXOJUT Ye-
pe3 muaumywMm. [TosTomy ypas- 09 02
uerne E' = U,q,(0) nmeer apa 91 0, 0,
KOPHsl, OIIPEIEIIAOIINX TIPeIe-
JibHBIE yribl 01 u 02 HaKJIOHA
OCH BOJTYKA K BEPTUKAJIN.
IIpu usmenenuun yria 6 or
01 g0 02 3HAK TTPOM3BOAHON @

OCTAeTCsT HEM3MEHHBIM UJIH  Mée- 6
HSETCs, CMOTPSI 110 TOMY, OCTa- Puc. 49
€TCs JIM HEM3MEHHBIM WJIU Me-
HSETCS B 9TOM HHTepBaJjie 3HAaK pasnoctu M, — M3 cos 8. B nepsom ciaydae och
BOJTYKA MTPEHECCUPYET BOKPYT BEPTUKAJIM MOHOTOHHO, OJHOBPEMEHHO COBEPINAs
kosebanns (Tak Ha3BIBAEMYIO HYyMayuto) BBEpX n BHU3 (puc. 49 a; nuaNa n306-
paxKaer Cjefl, KOTOPBI OCh BOJUKA YePTUJIa ObI Ha TOBEPXHOCTH ChEpHI C IeH-
TPOM B HETIOJIBUKHOM TOYKE BOMYKA). Bo BTOpOM CiTydyae HATpABJICHHUE IPEIECUN
MPOTUBOMOJIOXKHO HA JIByX TPAHUYHBIX OKPYYKHOCTSX, TaK YTO OCh BOJTYKA TIEpe-
MeIaeTcss BOKPYT BEPTUKAJM, OnuchiBas et (puc. 49 6). Hakownen, ecim 0180
n3 3Haudennit 01, Oz coBnagaer ¢ Hysem, paduoctu M, — Mj3cos® Ha coorBer-
CTBYIOIIEH TPeIebHON OKPYKHOCTH (P 1 0 OHOBPEMEHHO 00palllaloTcsl B HYJIb,
TaK YTO OChb BOJIYKA OMUCHIBAET TPACKTOPUIO N300PaKeHHOro Ha puc. 49 6 Tuna.
2. Haiitu yciioBue, npr KOTOPOM BpPAIIlEHWE BOJIYKA BOKPYT BEPTUKAJIBHO
ocu OyHeT yCTONYMBBIM.
Pemenune. Ilpu 6 = 0 ocu 3 u Z cosnamator, tak uro Mz = M,,
E' = 0. Bpamenue BOKpYT 3Toi ocu GyJeT yCTOHUMBLIM, eciu 3HaueHne 0 = 0
orBedaer MunuMyMmy byskuun Usg (0). [Ipu massix 6 umeem

M?? pgl 2
Usgy & — 50 e,
o <8I; 2

oTKyga Haxomum yciaosue Mi > AT ugl wim
Q3 > Alipgl
5
3. OmpenennTh IBUXKEHNE BOMYKA B CIydae, KOT/Ia KUHeTHYecKas SHePrusi
€ro cOOCTBEHHOTO BPAIEHNS BEJIMKA [0 CDABHEHHIO C YHEPIHEll B IIOJIE TAKECTH
(Tax HA3BIBAEMBIN «OBICTPBIN» BOTHYOK).
Pemenue Bnepsom npubnmxxennu, eciu npeHE6PETb MOIEM TSKECTH,
IPOUCXOAUT CBOOOAHAS MIPENeCCust OCH BOITIKA BOKPYT HAIPABJIEHUS MOMEHTa M
(oTBeuaroImas B JaHHOM CJlydae HyTAI[UM BOJIYKA); OHA IPOUCXOTUT COIJIACHO

(7)
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(33.5) ¢ yruoBoit cKOpOCTHIO M
ngvp == ﬁ (].)

B cnexyromeM npubuiKeHNN NOSBISETC MEJIEHHAs! [IPENecChs MOMEHTa
M Bokpyr manpasnenus Beprukann (puc. 50). s onpenenernst CKOPOCTH ITOMH
TIPENeCcCuy yCPeHNM TOYHOe ypaBHeHne neukenus (34.3)

dM K

dt
1o nepuoxy HyTaruu. MOMEHT CHJI TAXKeCTH, AefICTBYIONINX HA BOJYOK, PABEH
K = ul[nsgl], rme ns — eIWHWYHBIA BEKTOD B HANPABJIEHWUH OCH BOTYKa. U3

COOBpakeHUil CUMMETPUH OYEBUIHO, HUTO pe-
3ynbTaT ycpemuenua K mo «KOHycy HyTanum»
CBOJIUTCS K 3aM€He BEKTOpa Nj €ro IpoeKiueit
cos o-M /M ua nanpasserne M (x — yromn Mex-
ny M u ocero Bosuka). Takum o6pa3om, mosy-
gmumM ypaBHeHI/Ie
m = — cos ocil[gM].
dt M
Omno osHavaer, uTo BekTOp M TpeneccupyeT Bo-
KpyT HampapjieHus g (BEpTUKAIM) CO CpemHei

YIJIOBO# CKOPOCTBIO

5 _  Hlcosx
Qup = - L1022 (2)

(Mautoit o cpaBHEHHIO € (nyr).

B paccMaTpuBaeMOM NPUGINKEHUN BXOZ-

mue B popmyanst (1) u (2) Beamaunst M u cos &

HOCTOSTHHBI (XOTSL W HE SBJIAIOTCS, CTPOTO TOBOPsi, MHTErPATAMHE JBUIKEHUS).

OHu CBSI3aHBI, ¢ TOH YK€ TOYHOCTHIO, CO CTPOTO COXPAHSIOIMINMUCS BEJUINHAME
FE u M3 coorHOmEHnAMU

M? [cos® ¢  sin? «
Ms =M F~ — _
3 CoS &, ) < T + T

§ 36. YpaBuenus diiyiepa

Hammcannbie B § 34 ypaBHeHWST JBMKEHWS OTHOCHATCH K HETIO-
JIBUKHON cucTeme KoopauHat: npousomabie dP/dt w dM/dt
ypasHenusx (34.1) u (34.3) npeacrapisitor cobOi M3MEHEHWsT BEK-
Topos P n M mo orHoternio k 3Toit cucreme. Mexmay Tem, Hanbo-
Jiee TIPOCTasi CBSA3b MK/ Iy KOMIIOHEHTAMW BPAIIATEIhHOTO MOMEHTA
M TBepsoro Tena M KOMIIOHEHTAMU YTJIOBOII CKOPOCTH WMeeT Me-
CTO B TIOABUKHO CUCTEME KOODAMHAT C OCSIMU, HATIPABJIEHHBIMH 10
[JIABHBIM OCAM wHepruu. J[7s1 TOro 4robbl BOCIOIB30BATHCS ITOM
CBSI3bI0, HEOOXOJIMMO IIPEIBAPUTEJIBHO IIPeo0Pa3oBaTh yPaBHEHUS
JIBV2KEHUS K IIO/IBUKHBIM KOODAMHATAM L1, T2, T3.
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ITycts dA/dt — ckopocTh M3MeHeHHUsT KaKoro-ambo BekTopa A
M0 OTHOIEHNIO K HEMOABUXKHOIN crcTeMe KoopamHat. FKcam mo or-
HOIIIEHUIO K BPAIAOINIeNcs CUCTeMe BeKTOD A He U3MeHsIeTCs, TO
€ro m3MeHeHNe OTHOCUTEIHHO HETOJABUKHOM CUCTeMbI 00yCIOBIEHO
TOJIBKO BpAIlleHWeM, U TOTJIa
dA

dat = [QA}

(cm. § 9, rae 6bLIO yKazaHo, uTo Takue dopmyibl, kak (9.1), (9.2),
CrpaBe MBI 115 JIO0ro BekTopa). B obmiem ciryuae Kk npasoii 4a-
CTH 3TOTO pPaBeHCTBa HaJIO0 J0OABUTH CKOPOCTH M3MEHEHUs] BEKTOPa
A 110 OTHOIIEHNIO K MOABUKHOI cucTeMe; 0O03HAYUB 3Ty CKOPOCTh,
kak d'A /dt, nomyanm

dA _ dA
a2 =2 104l (36.1)

C nomoripio 91oit 001eit hopMysbl Mbl MOYXKEM Cpa3y Ieper-
carb ypasHenus (34.1) u (34.3) B Buze
! !
M
P 1P =F, “MijoM =K. (36.2)
[Tockoabky anddepeHnmpoBaHre O BPEMEHN TTPOU3BOINTCS 3€CH
B IIOJIBUKHOMN CHUCTEME KOODIMHAT, TO Mbl MOYKEM HEIOCPEICTBEHHO
CIIPOEIUPOBAThH yPABHEHMS HA OCH CUCTEMbI, HAIMCAB

(d’_P) _ap (d’M) _dM;,
dt /1 dt 7 dt )1 dt 77

IJIe UHJEKCHI 1, 2, 3 03HAYA0T KOMIIOHEHTHI TI0 OCAM X1, T3, x3. [Ipn
9TOM B IIepBOM ypaBHeHuu 3amenseMm P #Ha WV u mnomydaem

0 (dVl + Qo V3 — Q3V2) = Iy,

dt

0 (% OV — leg) — B, (36.3)
d

88 (% + Ql‘/g — QQVl) = Fj3.

[Ipennmonaras ocu x1, T2, T3 BEIOPAHHBIMY IO TJIABHBIM OCSIM HHEp-
UM, BO BTOpOM u3 ypaBHenwuii (36.2) nmumem My = 1) u 1.1

dy

L—+ (I3 — I2)Q22Q23 = K,
IQdd—Qtz + (I — 13)Q23Q; = Ko, (36.4)

ds2
I3d—t3 + (12 — 11)9192 = Ksj.

Ypasuenus (36.4) HA3BIBAIOTCHA YPABHEHUAMUY DTiaepa.
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[Tpu croboaroMm Bpamennn K = 0 n ypaBHeHus Jitaepa mpuHM-
MalOT BUJ

dq Is — I -

dat + TQ2Q3 - Oa

dQ I - I

T L 23 =0, (36.5)
dQs | L — I B

B kagecTBe mnpumepa TpUMEHUM 3TH ypPaBHEHUsI K yIKE€ pac-
CMaTPUBABIIIEMYCSI HAMU CBOOOIHOMY BPAIIEHUIO CUMMETPUIECKOTO
Bouka. [lomoxkus I} = Iy, mmeem u3 Tperhero ypasuenusi {23 = 0,
T.e. {3 = const. [locre 3Toro mepsbie aBa ypaBHEHWS HATUIIEM B
BUJIE ) )

Ql = *(.UQQ, QQ = (UQl,

1€ BB€JEHa IIOCTOAHHAA BEJIMYMHA

w = 93%. (36.6)

YMHOXKIUB BTOPOE YPAaBHEHUE HA % U CJIOKUB C TIEPBBIM, TTOJIYIUM

2 (2 + i) = iw( + i),
OTKYyIa '
O + 10y = Aezwt’
riae A — MOCTOsIHHAS MOCJIEIHIOI0 MOXKHO CYUTATH BEIIECTBEHHOMN
(3TO CBOAWMTCA K HAJIeXKANIeMy BbIOOPY Havaja OTCYeTa BPEMEHH ),
U TOr/a
Oy = Acoswt, o= A sinwt. (36.7)
ODTOT pe3yJbTaT MOKA3BIBAET, YTO MPOEKIINSA YTJIOBON CKOPOCTH
Ha TJIOCKOCTh, TEPTEHINKYIIPHYIO K OCU BOJTUKA, BPAIAETCsd B TOI
MJIOCKOCTHU C YTJIOBOII CKOPOCTBHIO (U, OCTABAafACh MOCTOSAHHOI MO Be-
mmanne (1/QF + Q3 = A). Tlockombky mpoekmust {3 Ha 0Ch BOTIKA
TOXKE MOCTOSTHHA, TO U BeCh BEeKTOP () paBHOMEPHO BPAIIAETCS C yT-
JIOBOIT CKOPOCTHIO (U BOKPYT OCH BOJIYKA, OCTABASICh HEM3MEHHBIM I10
Besmunbe. Beuny cssasu My = [1Qq, My = [,Qs, M3 = 1303 mex-
J1y KommoHeHTaMn BeKTopoB 2 m M takoe ke gBuxkeHne (110 OTHO-
MIEHWIO K OCH BOJTYKA) COBEPIIAET, OYEBUIHO, U BEKTOP MOMEHTA M.
[Tonyuyennast kKapTuHa MpeCTaBIsSeT COOOM, PA3yMeeTcs, JIUIIh
JIPYTOit aCmeKT TOrO Ke JIBUKEHUs BOJIYKA, KOTOPOe yzKe OBLIO pac-
cMOoTpeHo B § 33 m 35 110 OTHOIITEHNTO K HETIOJIBUYKHO CHUCTEMe KOOp-
nuraaT. B wacTHOCTH, yrioBas ckopocTh Bpamenns BekTopa M (och
Z wma puc. 48) BOKPYI HANpaBJIeHWs T3 COBIAJIAET, B TEDMHUHAX ii-
JIEPOBBIX YIJIOB, C yIJIOBOi CKOPOCThIO — . C moMoIpio ypaBHeHMI
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(35.4) nmeem

i Mcos® . o 1 1
w—T (pcosG—McosE)(I3 Il)
unu B cornacuu ¢ (36.6),
o Is — I
- =Q3 7

§ 37. AcummMeTpuYecKuii BOTIOK

[Tpumennm ypaBHeHus: Ditepa kK OoJiee CIOXKHOIM 3a7a49€e O CBO-
00/ITHOM BpAIIEHNN ACKMMMETPUIECKOTO BOIYKA, Y KOTOPOTO BCE TPHU
MOMEHTa WHEPIINN pa3andnbl. {1 ompeaeenHOCTH Oy 1eM CIUTaTh,
qTOo

I3 > Ir > 1. (37.1)

JlBa wHTErpasa ypaBHeHuit ditnepa u3BecTusl 3apanee. OHu ma-
IOTCS 3aKOHAMM COXPAHEHUs SHEPTUU U MOMEHTA U BBIPAXKAIOTCS
paBeHCTBaAMM

193 + L2 + 303 = 2F,

OF + 1303 + 305 = M?,

rae sHeprusg E u abcontorHas BenmdwHa MomeHTa M — 3aJaHHBIE

MIOCTOSTHHBIE. DTU K€ JBa PABEHCTBA, BbIPAXKEHHBIE Yepe3 KOMIIO-

HEHTHI BeKTopa M, nMeroT BU,

M? | M3 M3

T + o T 2E, (37.3)

MP+ M3+ M3§ = M?. (37.4)

Vake 0TCIO/Ia MOXKHO CJIeJIaTh HEKOTOPbIE 3aKJIIOYEHUs O XapakK-
Tepe JBWXKEeHUs BOMYKa. st 9Toro 3amernm, uro ypasaenus (37.3)
u (37.4) npeacrasasior coboii, reomerpudeckn B ocsax My, My, Ms,
YPaBHEHUS COOTBETCTBEHHO MOBEPXHOCTHU SJLJIMIICOUIA C ITOJIyOCSIMU

V2EI;, +/2EIL,, +/2EI;

u chepsr paguycom M. Ilpu nepememenun Bektopa M (oTHOCH-
TeJIbHO OCell MHEPIMU BOJYKA) ero KOHEI| JBUXKETCS BIOJb JIMHUH
nepeceveHnsi yKa3aHHBIX NOBEpXHOCTeH (Ha puc. 51 mzobparken psi
TaKWUX JIUHUH TTepecedeHns JIUTICONIA CO chepaMu Pa3InIHBIX Pa-
nuyco). Camoe Hajm4ue nepecedenus 00ECIIEIMBAETCA OYEBU IHbBI-
MU HEPaBEHCTBAMU

(37.2)

2EI < M? < 2EIs3, (37.5)
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Puc. 51
reOMEeTPUYECKY O3HAYAIONMMH, ITO pagmyc cdepsl (37.4) nexwur
MeXKJy HauMeHbIIell 1 HanbobIeii u3 mosyoceit snmnconsa (37.3).

[Tpocnenum 3a 3MeHEHNEM XapaKTepa ITUX «TPAECKTOPUity KOH-
1a BekTopa M ') mo Mepe m3menenus Bemansbl M (npu 3a1aHHOl
sueprun F). Korma M 2 numpb wHemuormMm mpesbimaer 2E1, cdepa
TiepecekaeT SJLIUTICOU TI0 JBYM 3aMKHYTBIM MaJIeHbKUM KPHUBbBIM,
OKPYKAIOIINM OCh 2] BOJU3U COOTBETCTBYIOIINX JBYX TOJIIOCOB 3JI-
munconga (mpu M 2 5 2FEI, 5Tu KpUBBIE CTATUBAIOTCS B TOUKH —
nosocsl ). [lo mepe ysenmaenuss M 2 KpHBBIE PACIIAPSIOTCS, & IPH
M? = 2EI, npeBpamaiorcs B JBe ILIOCKHE KPUBbIE (SJLIATICHI), TTe-
pecekaromecss APyr C APYroM B TIOIIOCAX JLIUTICOMJIA HA OCH I9.
Ilpu manbHeitmem ysesnaennu M2 BHOBL BO3HUKAIOT [BE Pa3Iehb-
Hble 3AMKHYTbIE TPAEKTOPHUH, HO OKPYKAIOIINE YK€ MTOTI0CHI Ha OCH
x3; upu M? — 2FEI3 OHU CTSrMBAIOTCS B 9TU JBE TOUYKU.

OTMeTnM, TpexkKe BCETO, UTO 3aMKHYTOCTh TPAEKTOPUIl O3Ha-
YaeT MepUOoAUYHOCTH TepeMerenns BekTopa M 1o OTHOIIEHUI0 K
TeJIy BOJIYKA; 32 BpeMs repuosga BekTop M omnucbiBaeT HEKOTOPYIO
KOHWYECKYIO TTOBEPXHOCTH, BO3BPAIAACh B IIPeXKHEe TOJIOKEHNE.

Jlasiee oTMeTUM CYIIIECTBEHHO PA3JIMYHBIN XapaKTep TPAaeKTO-
puit, OM3KUX K PA3INIHBIM TTOJTIOCAM JLIUIICONIa. BOm3n oceit a1
U T3 TPAEKTOPUM PACIIOJIOKEHBI IEJTUKOM B OKPECTHOCTHU TIOJIFOCOB,

1
) AHasormuHBIE KpUBbIE, ONUCHIBAEMBIE KOHIIOM BEKTOpa ), HA3bIBAIOTCH
n0A0UAMU.
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a TPAeKTOPWW, MPOXOAAIINE BOJIW3U TIOJIOCOB HA OCH T3, B CBOEM
JAJIbHENRIIeM X0/e YIAISI0TCS Ha OOIbIIe PACCTOSHASA OT 3TUX TO-
gyek. Takoe paszimyame COOTBETCTBYET Pa3HOMY XapaKTepy yCTOHdn-
BOCTH BpalleHns BOJTYKA BOKPYT €ro Tpex oceil maepnun. Bpamenne
BOKDYT Oceii 1 u x3 (OTBeYarOmux HAuOOIbIIEMY U HAMMEHBIIEMY
U3 TpexX MOMEHTOB MHEPIMU BOJIYKA) YCTONUUBO B TOM CMBICJIE, UTO
[IpU MaJIOM OTKJIOHEHHHU OT 9TUX COCTOAHUI BOTYOK OymeT mpoios-
JKaTh COBEpINATh JBUXKEHHe, OJN3KOe K IIepBOHavYaIbHOMY. Bpare-
HUE K€ BOKPYT OCH T HEYCTOWYIMBO; JOCTATOYHO MAJIOTO OTKJIOHE-
HUsT, 9TOOBI BO3HWKJIO JIBUXKEHWE, YBOJISAIIEE BOTIOK B TIOJIOKEHMUS,
JaJleKe OT IIePBOHAYAILHOrO.

Hns onpenenerus 3apucumMoctu KOMIOHEHT () (M Ipomnopuuo-
HAJIBHBIX UM KOMIOHeHT M) oT BpeMeHn o6paTuMcst K ypaBHEHUAM
Ditnepa (36.5). Bopasus Q1 u Q3 gepe3s 0y u3 nByx ypaBHEHHI
(37.2), (37.3)

2 1
Q] =

a2y _ 2
11(137111){(21”3 M7) — Ix(I3 — I2)$s5},
2 2 _ _ _ 2
U MOJICTABUB BO BTOpOE m3 ypasuenuit (36.5), naitgem

€ _L-ho o, = L (2B — M?)—

dt I, 1>/ 1113

— I(I3 — L)Q3[(M? — 2EL) — I(I, — )3}/, (37.7)

PaB,ZLeJIHH B 3TOM YPaBHEHUU TMEPEMEHHBIC 1 MHTETPUPYA, IIOJIYyIUM

dbyukumio ¢(Q9) B Bue a/umnTHYeckoro nHTerpaia. [lpu npuseme-

HUN €70 K CTAaHJaPTHOMY BUILY 6y,ILeM CHUTaThb JJId OIIPEeAEJIEHHOCTH,
qTo

(37.6)

M? > 2EI
(B obpaTHOM ciIy4dae BO BCeX CJIEAYIONMX HUKe (bOpMyJsax HaJlo
TIePEeCTaBUTh MHIEKCHI 1 T 3). BBomum BMecTo t u ()9 HOBBIE mepe-
MEHHBIE

S t\/(I?, - L)(M?* —2EL) Q[ 22Uz = ) (37.8)

I 1,15 ’ 2EI; — M?
U TOJIOKUTETbHBIN TapaMeTp k? < 1 cornacuo
B2 — (I, — I,)(2EI3 — M?)

" (Is — L)(M? —2EL) (37.9)

Torna nmomyanm

T:/S ds
/ V(1 —82)(1 — k2s2)
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(HayaJo0 OTCUeTa BPEMEHM YCIOBHO BBIOMPAEM B MOMEHT, KOTJa
Qo = 0). ITpu obpameHnn 3T0ro MHTErpaaa BOZHUKAET, KAK N3BECT-
HO, OJHA U3 DIIUNTUIECKUX PYHKIHUH AKoOm

s =sn T,
9eM ¥ OMpeJeJIsieTCsl 3aBUCUMOCTh ()9 oT Bpemenn. Oyukunn ()
u 3(t) BeIpakatorcs anarebpandecku depes (2a(t) corsiacHO paBeH-
crBaMm (37.6). YunrbiBasi onpejiesieHue IByX APYIUX JLIUTTHIECKAX

dyHKIIIit
cnT=1+/1—-sn?t, dnTt=+V1-k2sn?T,

MTOJIy9IMM OKOHYATEIHHO CIeytomnine (hOPMYJIbI:

_ |2EI; - M?
M= L
_ |2EI; — M? 1

M? — 2EI
Dy =4/——"""dn T.
3 Is(Is — Ih)

Oyukrun (37.10) — mepuonudeckue, IpuYeM UX MEPHOJ 1O IIe-
PEMEHHOII T paBeH, KaK n3BecTHO, Beguunie 4K, e K ecTb MOJIHBIHI
JUINIITUYIECKUI MHTErpaJs MmepBoOro pojia:

/2

1
K — ds _ du
V(1 —82)(1 — k2s?) V1-k2sin?u
0 0
[Tepuos ke 10 BpeMeHu JaeTcs, CJIeJ0BATe/IbHO, BhIPArKeHUEM

B L1]s
T_4K\/(13_12)(M2_2E11). (37.12)

[To ucredeHnn 3Toro BpeMeHH BeKTOp ) BO3BpaIlaeTcs B CBOe
HAYAJIbHOE MOJI0ZKEHNEe OTHOCUTEIBHO oceli Boraka. (Camblii 2ke BoJI-
9OK IIPU 9TOM OTHIO/Ib HE BO3BPAIIAETCS B CBOE IIPEXKHEE TIOJIOXKEHIE
OTHOCHUTEJIbHO HEIIOJIBUKHON CUCTEMbI KOODJMHAT — CM. HUZKE. )

[pu I} = Iy bopmyast (37.10), pazymeercsi, mpuBoasTcs K hop-
MyJIaM, TIOJIy9YeHHBIM B TIPEJbIAYINEM maparpade /Ijis CUMMeTPpude-
ckoro Bomuka. JeiicrBurensuo, npu I; — Ip mapamerp k2 — 0,
SIUTITUYeCKe (DYHKIINN BBIPOYKIAIOTCS B KPYTOBbIE:

(37.11)

snT—sinT, cnT—cosT, dnT— 1,
u MbI Bo3Bpamaemcs K dpopmyaam (36.7).



§ 37 ACUMMETPUYECKN BOJTYOK 157

Ipu M? = 2EI3 umeem: 1 = Qy = 0, Q3 = const, T.e. Bek-
Top ) MOCTOAHHO HANPABJIEH BIOJIHL OCH WHEPIWW I3; ITOT CIydaii
COOTBETCTBYET PABHOMEDHOMY BPAIIEHUIO BOJYKA BOKPYT OCH I3.
Anasormansm o6pazom mpn M? = 2EI (npu stom T = 0) nMeem
paBHOMEpHOE BpallleHne BOKPYT OCH 1.

[Tepeiigem Kk onpejeneHnio abCOMIOTHOTO (IO OTHOIIEHUIO K He-
MOJIBUKHOMN cucteme koopauHaT X, Y, Z) IBUKEHUsT BOIYKA B ITPO-
cTpaHcTBe Kak GyHKIuu Bpemenn. J[jisg 9Toro BBOAWM 3HIEPOBBHI
yrael P, @, 0 Mexmay ocaMu BOJYKA X1, T, £3 n ocavu X, Y, Z,
BBIOPAB TIPW 9TOM HETIOABUYKHYIO OCh Z BIOJIh HATIPABJIEHUS TTOCTO-
arHoTo BekTopa M. [locKombKy TOAApHBIN YyTOa U a3uMyT HApaB-
JIeHUs1 Z TI0 OTHOTIEHWIO K OCIM X1, L9, L3 PABHBI COOTBETCTBEHHO
0 u /2 — 1 (cm. npumeu. wa c. 146), To, npoernupysi Bektop M Ha
ocn r1, o, r3, NOJIyINM

M Sinesinll) = M1 = Ilﬂl,
M sin®cos\p = My = I,Qo, (37.13)
M cos© = Mz = 130Q3.
Orcrona
cos0 = 1333, tg = g—gz, (37.14)
u, ucnosb3ys dhopmyssl (37.10), Haiimem

I3(M? - 2E@L)

cos 0 = > dn T,
1]\(41 (131)11) (37.15)
o 1ds —12) cn T
tgl])_ Iz(I3—Il) sn’r’

YeM U OIpeJIesIseTCs 3aBUCUMOCTh yrjioB O m ) oT BpemeHu; Bme-
CTe ¢ KOMIIOHEHTaMH BeKTopa ) OHM ABJIAIOTCA TMEPUOINIECKAMN
dbynakumavu ¢ mepuogom (37.12).

Yroa @ B dopmynnt (37.13) He BXOaUT, M JJIsA €10 BLIYUC/IEHUS
Hago obparuTthea K dpopmyaam (10), Beipakaromum KOMIOHEHTHI {2
yepes MPOM3BOJHBIE 110 BPEMeHH! 3i1epoBbIX yrioB. Vckarodas 0 us
PaBEHCTB

0 = (bsinesinll)—i—écosd),
Q9 = @sinBcosP — Osinp,

TTOJTy YUM

. Qisiny + Qacos @
¢ = sin 0

nocJie 4ero, ucnoab3ys (opmysst (37.13), naiigzem

bl
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do _ 1O} + 1,93
dt 2O+ 1202
Orcroma dynkums @(t) onpenensiercs KBaapaTypol, HO MOJBIHTE-
I'PAJIbHOE BBIPA?KEHNE COAEPIKUT CJOXKHBIM 00PA30M SJLIMIITUIECKHIE
dynkmun. Ilyrem psma DOBOIBHO CIOKHBIX TMPEOOPA30OBAHMA 3TOT
MHTErpaj MOXKeT ObITh BhIPAsKeH Yepe3 TaK Ha3bIBaeMble TITa-(pyH-
KIIMW; He TPHUBOASA BBIYMCICHUIT 1), yKaykKeM JIMITb UX OKOHYATE b
HBIII pe3yJbTar.
Dyukrms @(t) MoKeT OBITH IPEJCTaBIeHA (C TOYHOCTHIO 10 TIPO-
U3BOJIBHON A IJINTUBHON HOCTOHHHOﬁ) B BHU/JI€ CYMMBI JIBYX 4JICHOB

@(t) = @1(t) + @2(t), (37.17)
OJIMH M3 KOTOPBIX JTaeTcsd (POPMYJIOit
2ip1(t) _ D01 (2t/T — ix)
€ o1 (2t/T + i)’ (37.18)
rae Vg1 — TITa-QYHKIWMS, a X — BellleCTBeHHas MOCTOSTHHAS, Olpe-
JejisieMasi paBeHCTBOM

(37.16)

. . [Is(M?* - 2E@L)
sn(i-2aK) =1 T, (2B, — 3% (37.19)
(KuT —wu3 (37.11), (37.12)). ®yukuus B npasoii sactu (37.18) —
nepuojuyeckas ¢ nepuogom 1'/2, tak uro @q(t) nsmensiercs Ha 27
3a Bpemsa 1. Bropoe cinaraemoe B (37.17) maerca dpopmyioit
t 1 M i 951 (i
Ca2(t) =2m75, =g ﬁsiglgmﬁ'
Dra GYHKIWS UCOBITHIBAECT IpHUpalieHne 27t 3a Bpems 1.
TakumM 00pa3oM, JABUKEHUE 10 yIly ( HPEeACTaBJsieT coboit co-
BOKYITHOCTb JIBYX II€PUOJMYECKUX M3MEHEHUH, IPUYeM OIUH U3 T1e-
puogos (T') coBnagaer ¢ mepnogoM u3MeHenns yrios P u 0, a mpy-
roit (T') — HecomsmepuMm ¢ mepBbIM. IlociemHee 0GCTOATETBCTBO
NPUBOJWUT K TOMY, YTO TIPM CBOEM JIBUJKEHUHM BOJMOK HUKOTA He

BO3BPAIIIAETCH, CTPOTO T'OBOPA, B CBOE TIEPBOHAYAJIBHOE TOJIOXKEHUE.

(37.20)

agaumn

1. Oupenenuts cBOGOIHOE BpAIEHIE BOJIYKA BOKDPYL OCH, OJIU3KON K OCH
naepunu r3 (wm z1).

Pemenue. Ilycrs k nHanpasnenuto M 6su3ka ock x3. Torga KOMIoOHeH-
Tol M1 u My gaBAgiOTCa MaJIBIMU BeJIMInHAMU, a KoMmnoHenta Ms ~ M (c TOY-

1 .
) Vix moxxHO HafiTu B Kuure: E. T. Yurrekep. Ananurudeckas JUHAME-

ka.—M.: OHTU, 1937.
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HOCTBIO JIO0 BEJINYMH IIEPBOTO nopsinka majoctu). C 970l ke TOIHOCTBIO IIEPBBIE
nBa u3 ypasHeHnit Diinepa (36.5) sanumem B Buge

dM1 13 sz 13
=(1-2)QMy, —=2=(2-
dt < > 04VL2, <Il

Iy dt

TJIe MBI BBeJM MTOCTOAHHYIO g = M /I5. Cnenyst obmum nmpaBmiiaM, UIIEM pPerre-
uue ang My, Mo B Buze, nponopuuonansaoM e’ !, i m1a yacToTs W moTydaem

3Ha4YeHue
B I I
wanf(B 1) (2 1) o

Hna camux xe Beqmuuna My u Ms nonydaum

[T [T
My = Ma I_3 —1 coswt, My = Ma I_B — 1 sin wt, (2)
2 1

rie a — IpPOUW3BOJIbHAS MaJjasi NOCTOSTHHAA. DTHUMH (DOPMYJIAME OIPEIEIIIeTCst
ABUKeHNe BeKTopa M OTHOCHTENBHO BOJIYKA; B IIOCTPOeHUH Ha puc. 51 KoHer
BekTopa M onnceiBaer (¢ 9aCTOTOMN (W) MAJIBIf SJLINIC BOKPYT MOTIOCA HA OCH T'3.
Jlna ompenesneHus abCOTIOTHOTO NBUKEHHS BOJIYKA B IIPOCTPAHCTBE OIpe-
JesseM ero 3iiaepoBsl yribl. B qanHOM ciydae yros HakjoHa 6 ocu x3 K ocu Z
(mampasnenmio M) man, n corsracHo dbopmynam (37.14)
2 2
tg = %, 62z2(1—00s6):2(1—%> R‘JM;
Mo M M?

noxacrasisas (2), mosydaem

1) Qo M,

[ Ii(I3s — I)
e = Iy (I3 — I)

9% = 42 [(% — 1> cos? wt + <§—i’ - 1) sin? wt] . (3)

st BBIMWCTEHWS yTyia (@ 3aMedaeM, 9TO COTJIACHO Tperhell m3 dopmys (10)
npu 0 < 1 : .
Qo ~ Q3 =P+ ©.

¢ =Qot —Y (4)
(HpOI/I3BOJIbHyIO IIOCTOAAHHY IO MHTETPUPOBaHUA OHyCKa,eM).

Bonee marnaamHoe mpeacTaBiieHNEe O XapaKTepe IBUXKEHUS BOJIYKA IOJIY-
qaeTcd, €CIU IPOCIeIUTh HEIOCPEICTBEHHO 33 M3MEHEHUEM HAIIPABJIEHUA €ro
Tpex ocelf WHepHMU (€JUHWYHBIE BEKTODHI BIOJb 3THX Oceil 0603HAYNM Yepe3s
ni, no, n3). BekTOpsl N1 W N2 PAaBHOMEPHO BPAIMIAIOTCA B IIOCKOCTH XY ¢
qacToToii )9, ONHOBPEMEHHO UCIBITHIBAA MAaJIble KOIeOaHUs ¢ 9acTOTOH (W B ITO-
[IEPEYHOM HAIPABJIEHNH; 9TH KOJeOaHUsI ONPEIEISIOTCS Z-KOMIOHEHTAMM yKa-
3aHHBIX BEKTOPOB, JJIs KOTOPBIX NMeeM

n NMl—a Iaflcoswt
Y TN ’
M /T
ﬁ:a f—lsinwt.

ctg wt,

TTosTomy

Q

n2z
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s BeKTOpa N3 MMeeM C TOH Ke TOYHOCTHIO:
n3g ~ O0sin@, n3y ~ —0cos@, mnz, <1
(monspHLBI yroa m asuMyT HANpaBJEHUs N3 IO OTHOWEHWIO K ocam X, Y, Z

paBHBI O m @ — 71/2; cm. npumed. Ha c. 146). Janee mmmem (Mcroman3ys npm
sToM popmyasr (37.13)):

ng, = 0sin (Qot — P) = Osin Lot cosP — O cos Lot sinp = % sin Qot —

M /1. [T
fﬁlcosQot:a I—?flsinQOt sin wt — a ﬁflcosQot cos wt,

NJIN OKOHYATEJIFHO!:

I
ngI:*g _3_1+\/ cos [(Q0 + w)t] +
2 I
+ 2
2

<\/— —-1- \/— — 1) COS[(QO *(,U)t}.
I
AmnasiorudnsiM 06pazoM

nay = — 5 <\/—1+\/ )sm Q0 + w)t] +
9( El\/%1>sin[(90w)t}.

Orcioma BUAHO, YTO ABUMKEHNE BEKTOPA N3 MPEICTABISET COOOIl HATOKEHNE
JIByX BpamleHmuit BOKPYT ocu Z ¢ gacrotamu (o + w).

2. Onpenenurs cBoGogHOE Bpamenue Boraka npu M2 = 2E],.

Pemenue IDToT cayuail OTBEYaeT B MOCTPOEHUM HA puc. 51 mepemerne-
HHUIO KOHIIA BeKTopa M mo KpupBoii, MpOXOasIneil uepe3 MOJI0C Ha OCH T3.

VYpasuenue (37.7) npuHuMaer Bux

ds 2 \/(12—11)(13—12) QQ
S T I1]3 0 S QO’

dt

rze BBemeHo obosHauenue g = M /I, = 2E /M. Varerpupys 310 ypaBHeHue, a
3aTeM BOCIOIB30BaBIMUCH hbopmynamu (37.6), nosryanm

LIz — )
Q0 =Q
VTN (s —h) )ChT
ngﬂothT,
Qs = Q0 L(I,-I5L) 1

13(.[3 7.[1) ch T.

s onucanusi abCOIIOTHOrO JBUXKEHUsI BOJYKA BBOIUM SilJIEDOBBI YIJIBI,
ompenenue 0 kKak yron Mmexay ocbio Z (mampasnenumem M) m ocbro mHEprum
BoJIUKa T2 (a HE T3, KaK B TekcTe). B dopmyrnax (37.14), (37.16), cBa3bIBarommx
KOMITOHEHTHI BeKTopa {2 ¢ 3i11epoBbIMY yryiaMu, HAZ0 IPU 3TOM CAEJAThH [UKJIV-
YeCKyI0 mnepectaHoBKy mHaekcoB 123 — 312. IToacraBus 3areM B 3T (DOPMYJIBI
BhIpaenus (1), momydnm
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cos® =tht, @ = Qot+ const, tg =

U3 nosywerHbIX (bOPMyYJT BUAHO, 9TO BeKTOp €2 acummroruaecku (npu ¢ — 00)
NpubIMKAETCS K OCH T2, KOTOPas OJHOBPEMEHHO ACHUMIITOTUYECKH TPUOJIUKA-
€TCsl K HEMOJABUXKHON ocu /.

§ 38. ConpuKocHOBeHHE TBEPJBIX TeJ

Ycaoeus pasrosecus TBEpIOro Teja, KaK 9TO BUIHO U3 ypaB-
Hennit aerkenns (34.1) u (34.3), MoxkHO chOPMYIMPOBATH B BHJIE
paBEeHCTBa HYJIO JIEHCTBYIOMINX HA HErO IOJHOW CHJIBI U ITOJTHOTO
MOMEHTa, CHLT:

F=f=0, K=) [rf]=0. (38.1)
CyMMmupoBaHue MPOU3BOANTCS 3/€CHh M0 BCEM MPUJIOKEHHBIM K Te-
JIy BHEIITHUM CHUJIaM, & I' — PaJINyC-BEKTOPBI «TOYEK TPUIOKEHIIS>
CWJI; TIPM 3TOM TOYKa (HAYAJO KOOPAWHAT), OTHOCUTEJHHO KOTO-
pOil OTpPeIe/IAI0OTCS MOMEHTBI, MOYKET OBITh BBhIOpaHa MPOU3BOJIb-
HbIM obpazom: nipu F = 0 3madenne K He 3aBUCHT OT 5TOr0 BBHI-
6opa (cm. (34.5)).

Ecnu Mbr nMeeM f1e710 ¢ crucTeMOil COTPUKACAIONINXCS IPYT C JAPY-
TOM TBEPJBIX TeJ, TO B paBHOBecHH yCyioBus (38.1) MOIKHBI BBIIIO/-
HATBHCS /I KayKJI0T0 U3 Tesl B oTAebHOCTH. [Ipu 9TOM B 9ucio cu
JIOJI?KHBI OBITH BKJIIOYEHBI TAKKE W CUJIBI, JIEHCTBYIONINE HA JaHHOE
TEJI0 CO CTOPOHBI OCTAJBHBIX COMPUKACAIOIIUXCI € HUM TeJl. IJTHU
CUJIBI TIPUJIOXKEHBI B TOYKAX CONPUKOCHOBEHUsI TeJ W HA3bIBAIOTCS
cunamu pearyuu. OUEeBUIHO, YTO I KaXKJBIX JIBYX TeJ UX B3a-
WMHBIE CUJIbI PEaKINU PABHBI 110 BEJUYNHE U MTPOTUBOTIOJIOXKHBI IO
HAIIPABJIEHUIO.

B obmmem ciydae Kak BeTWYMHBI, TaK W HATPABJIECHUSA PEAKITUIT
OTIPE/IEJISIIOTCST B PE3YJIbTATe COBMECTHOTO PEIIeHUsi CHCTEMBI yPaB-
HeHuit paBaOBecus (38.1) myist Beex Tesr. B HEKOTOPBIX crydasx, OJ1-
HAKO, HAIPABJIEHNE CUJI PEAKINU 3a/IaeTCs yIKe YCIOBUSMU 3aIa4N.
Tak, eciu gBa Tejga MOTYT CBOOOIHO CKOJIB3UTH TI0 MMOBEPXHOCTU
JIpYT JIpyra, TO CHJIbI PEAKIMU MEXKJ/Iy HUMU HAIPaBJIEHbI TIO0 HOD-
MaJjiu K MMOBEPXHOCTH.

Ecmu conpukacarommecs: Tema IBUXKYTCS APYT OTHOCUTETBHO
JIpyra, TO, KPOME CUJ PEAKIINU, TMOSBJIAIOTCSI TaKKe CHUJIbI JUCCHU-
MATUBHOTO XapaKTepa — CUAbL MPEHU.

BoaMoxkHBI J1Ba THINA JIBUKEHUsI CONMPUKACAIOIINXCS TeJT —
ckoavorcenue n kavenue. IIpu CKONbYKEHUN DPEAKINH TEPIIEH INKY-
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JIAPDHBI K CONPUKaACAIIMUMCA TIOBEPXHOCTAM, a CUJIbl TPEHUd Ha-
TpaBJIEHBI TTO KaCaTEJIbHBIM K HUM.

Yucroe kaueHne xapakKTepU3yeTCsi TeM, YTO B TOYKAX COMPUKOC-
HOBE€HHNYA HET OTHOCUTEJIbHOI'O ABUXKEHUA TeJI; APYyTruMH CJIOBaMU,
KaTsIeecss TeJI0 B KaXKIbIii MOMEHT BPEMEHU KaK Obl 3aKPEILIeHO
B TO4YKE COIIPUMKOCHOBCHUAI. HpH 9TOM HalIPpaBJIECHUE CHJIbI PECaKIUN
MIPOW3BOJILHO, T.€. He 00s13aTeJIhbHO HOPMAJIbHO K CONMPUKACAIOIINM-
Cd TTOBEPXHOCTAM. TpeHI/Ie 2Ke€ TIPpU KQUeHUUN TPOABJIAETCA B BUIE
AOTIOJTHUTEJIbBHOTO MOMEHTa CUJI, MPENATCTBYIOIIETO Ka9€HUIO.

ECJII/I Ipu CKOJIBZKEHUN TPEHUE HACTOJJIBKO MaJiO, 9TO UM MOXK-
HO BOBCE TIPEHeOPedh, TO MOBEPXHOCTHU TeJI HA3hIBAIOTCSA GOCOANOM-
HO enadkumu. HampoTtus, eciu cBOWCTBA TMOBEPXHOCTH JIOIYCKAIOT
JIAIIBb YUCTOE KadeHue TeT 6e3 CKOMbKEeHUs, & TPEHUEM TP KadeHUn
MOKHO TpeHeOpedh, TO TIOBEPXHOCTH HA3BIBAIOT GOCOAIOMHO ULEPO-
TOBAMBLMU.

B oboux ciaydasx cuibl Tperus He (GUTYPUPYIOT SBHBIM 00Pa3oM
B 3a/a4€ O ABUXKEHUUN TeJI, 1 TTOTOMY 3a/Ja4va ABJIAETCA YUCTO Me-
XaHUYEeCKO. Kcim ke KOHKpeTHbIE CBOWCTBA TPEHUS CYIIeCTBEHHBI
JJIS IBUYKEHUs, TO TIOCJTedHee He ABJIAeTCd yyKe YUCTO MeXaHude-
ckum mporeccom (cp. § 25).

ComnpuKOCHOBEHNE TEJ YMEHBIIAET UHUCIO0 UX CTEIeHell CBOOOIbI
II0 CPaABHEHHUIO C TeM, KOTOPBLIM OHHK 00Jiamaan ObI IpHU CBOOOITHOM
nBuzkennu. JIo cux mop mpu pacCMOTPEHUH TAKOro POJA 3a7a9 MbI
YUIUTBIBAIN 3TO 0OCTOSATEIHCTBO ITyTEM BBEJIEHUS KOODIUHAT, HEIO-
CPEJICTBEHHO COOTBETCTBYIOIINX PEAJLHOMY YHUCIY CTereHeil cBoOo-
npel. [1pn kavenun Tes, oHAKO, TAKO BIOOD KOOPIMHAT MOXKET OKa-
3aThCA HEBO3MOYKHBIM.

VceioBre, HaK/JIaIbIBaeMOe Ha JIBUKEHHUE TeJl PU KAaueHU!, 3a-
KJIIOYAeTCsl B PABEHCTBE CKOPOCTEl COMPUKACAIONINXCHA TOYEK (Tak,
IIp1 Ka49eHuun TeJia 110 HeHOlLBI/I}KHOﬁ IIOBEPXHOCTU CKOPOCTHb TOYKH
COIPUKOCHOBEHUs JIOJKHA ObITh paBHa HyJ110). B 0bmem ciyvae ta-
KO€e YCJIOBHE BBIPAYKAETCS YPAGHEHUAMYU CEA31U BUIA

> Caii = 0, (38.2)
5

TJIe Coi — DYHKIMU TOJTHKO KOOPAWHAT (MHIEKC X HYMEpyeT ypaBHe-
Hus cBsizeit). Ecim sieBble yacTu paBeHCTBA HE ABJISIOTCA TTOJHBIMU
MMPOM3BOJAHBIMY 110 BPEMEHU KaKWX-J1n00 (PyHKIMI KOOPIMWHAT, TO
9T ypaBHEHUS HE MOTYT ObITh MPOWHTErpupoBaHbl. /Ipyrumu cio-
BaMU, OHM He CBEAYTCA K COOTHOIIEHUSAM MEXKJY OJHUMU TOJIBKO
KOOP/JIMHATAMM, KOTOPBIMU MOXKHO ObLIIO ObI BOCIIOJIb30BATHCS st
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TOTO, YTOOBI BBIPA3UTH TIOJIOKEHWE TeJI Yepe3 MeHbIee YNCI0 KO-
opaAruHaT B COOTBETCTBUU C PEAJIBHBIM YUCJIOM cTeneHemn CBO6OIH:>I.
Takue CBsI3U HA3BIBAIOT HE20A0HOMHBLMU (B MPOTUBOIIOIOKHOCTE
20M0HOMHBLM, CBSI3BIBAIOIINM JIUIIb KOODAUHATHI CHCTEMBI).

Paccmorpum, Hampumep, KadueHue IIapa IO ILJIOCKOW TOBEPX-
voctu. Kak oOBIYHO, 0O03HAUMM dYepe3 V CKOPOCTH IIOCTYIATE Ib-
HOTO JBUKeHNs (CKOPOCTHh IEHTpa Imapa), a depe3 ) — yriaoByio
CKOPOCTh Bparienns ero. CKOPOCTh TOYKHU KACAHUS IIapa C ILIOC-
KOCTBIO TIOJIYUUTCS, €CJIM TOJOXKHUTh ' = —an B o0meit ¢popmy.te
v = V+ [Qr] (e — paauyc mapa, n — eJMHIIHBI BEKTOP HOPMAJIN
K IJIOCKOCTU KadeHWsl B TOYKe COINPUKOCHOBeHus ). lckomast cBs3b
MIpeJICTaBJIAeT CODOIl YyCIOBHE OTCYTCTBUS CKOJIbYKEHHUS B TOUYKE Ka-
caHus, T.e. JAeTCd YpaBHEHUEM

V —a[Qn] = 0. (38.3)
OnO HE MOXKeT OBITh MPOMHTErPUPOBAHO: XOTsI CKOPOCTH V. TIpeJI-
cTaBiseT coOO MOTHYIO MPOU3BOIHYIO 110 BPEMEHU OT PAJINyC-BEK-
TOpa [EHTpA Iapa, HO 3aTO yIJIOBasi CKOPOCTh HE SIBJISIETCS B 00IIIEM
cIydae MOJIHON TTPOM3BOMHON KaKWX-1nb0 KoopamHat. Takum obpa-
30M, cBsA3b (38.3) HerosoHOMHA ).

HOCKOJIBKy YpaBHEHUA HETrOJIOHOMHBIX CBsI3ell HeJIb34d MCIOJIb-
30BaTh OJId YMEHbBINIEHUA YNC/la KOOPAWHAT, TO MPU HAJIUYNUN TaKNUX
CBsI3eit HeI/I36e}KHO OPUXOAUTCHA TTOJIB30BATHCA KOOPpANHATAMU, KOTO-
PbI€ HE BCE HE3aBUCUMBI. ,HJIH COCTaBJIEHNA COOTBETCTBYIOIINX YPaBHE-
Huit Jlarpamyka CHOBa BEpHEMCs K TIPUHITAITY HANMEHBITIETO IeHCTBIUS.

Hasmawe cesizeit Buzga (38.2) Hanaraer onpe/iesieHHbIE OrDaHIYIe-
HUS HAa BO3MOYKHBIE 3HAUEHWS Bapuanmii koopanHat. ViMenHo, yMmHO-
JKWB 9TU ypaBHeHUs Ha Of, MBI HaiigeMm, 94TO Bapuamun dq; He He3a-
BUCHUMBI, a CBA3aHbl COOTHOIICHUAMU

Zcm-éqi = 0. (384)

D10 00CTOATEIBCTBO JOJKHO OBITH YYTEHO IIPU BapbUPOBAHUY JIeii-
crBusi. CorytacHo obiemy Merosy JlarpaH:ka jijis HAXOXKIEHUs yC-
JIOBHBIX 3KCTPEMYMOB, Ha/J10 K INOABIHTETPDAJIbHOMY BbIDAXKEHUIO Ba-
pranum neficTBusd

) SameruM, 4TO Takad Ke CBA3b [JId Ka4eHMsd IUIXHAPA ObLIa ObI rojo-
HOMHOfI. B 9TOM C.quae OChb BpameHHH COXpaHHeT HpI/I Ka4deHUU IIOCTOAHHOE
HATPABJIEHNE B MPOCTPAHCTBE, u moromy ) = d¢/dt asnserca monHON Tpous-
BOJHOI OT yIJIa MOBOPOTA (P MUJIUHIpa BOKPYT cBoeil ocu. CoorHomernue (38.3)
IPU 3TOM HHTErPUPYETCHA U JaeT CBA3b MEXKY KOOPJAMHATON IIEHTPa MHepLun
U YyTJIOM .
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oL d OL
55 = [ S8 (- - S 5% ) at

- % (9q,- dt qu

(2
npubaBUTH YMHOYKEHHBIE HA HEOIpPeJIe/IeHHbIe MHOXKUTEIN ((hyHK-
UM KOOPAUHAT) Ay ypaBHeHus (38.4), mocsie 4ero morpeboBaTh 00-
palleHus MHTerpaja B HyJb. IIpH 3TOM MOXKHO YK€ CUYHTATh BCE
Bapuanuu d¢; He3aBUCUMBIMH, U MBI MOJIYyYUM ypaBHEHNS

d 6L OL .
Ea_ql — 8—% = %:Aacocz- (38'5)

Bumecre ¢ ypaBaeHusimu cBsizedi (38.2) OHU COCTABJSIOT MOJHYIO CU-
CTeMy yPaBHEHWI i HEM3BECTHBIX BEJUYNH ¢ U Ay.

B uznoxkennoMm MeTojie cuiibl peakimm BooOIe He (DUurypupyior;
COTIPUKOCHOBEHUE TEJI IeJTMKOM YINTHIBAETCS YPABHEHUSIMU CBSA3€I.
CyrecTByeT, 0OIHAKO, 1 IPYTOH METO COCTABJIEHUST YPABHEHM IBU-
JKEHUsT COTTPUKACAIONINXCS T€JI, B KOTOPOM CHUJIbI PEAKIINH BBOISATCS
aBHBIM 00pa3oM. CyImmHOCTH 3TOro Merona (COCTABISAIONIETO COMEP-
JKaHWe TaK Ha3bIBAEMOrO npuhnuyuna 0’Aaambepa) COCTOMT B TOM,
9TO I KazKJIOTO W3 COMPUKACAIONINXCS TeJI AN TCA YPABHEHUS

-yt -y, (38.6)
MpUYeM B YUCIO JEHCTBYIOMNUX HA TeJIO CHJI f BKJIOYAIOTCS TaKKe
U CUJIBI PEAKITNU; 9TU CUJIbI 3apaHee HEM3BECTHBI M CAMU OIpeIesd-
IOTCSI BMECTe C JBUKEHUEM TeJa B Pe3yJIbTaTe pellleHus YpaBHEeHUH.
DTOT METOJ B PAaBHOW CTENeHN MPUMEHUM KaK MPU TOJOHOMHBIX,
TaK W MIPU HETOJOHOMHBIX CBA3HAX.

amgaumn

1. Ilonb3ysace npurmunoM n Anambepa, HafiTH ypaBHEHHS IBUKEHHS OfI-
HOPOIHOTO Tapa, KaTSIIerocs Mo MJIOCKOCTH Mof, AeHCTBHeM TPUIOXKEHHBIX K
HeMmy BHemHedl cuibl F n momenta cun K.

Pemenne Ypasuenne ceasu (38.3) manucano yxke B TekcTe. Beoms cu-
sy peakmun (06o3HauNM ee OykBoil R), IpHiIoKeHHYIO B TOYKE KacaHWs IIapa
€ TIOCKOCThIO, HanumieM ypasHeHus (38.6):

av
n— +R, (1)
I% =K — a[nR] (2)

(3mech yureno, uro P = puV u uro gms maposoro Bomuka M = IQ). dudde-
PeHIupys ypaBHeHne cBsasu (38.3) Mo BpeMeHW, mOJTydnM

V= a[Qn}.
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Ioncrasus B ypasuenue (1) n nckuouas € ¢ momompio (2), Hafimem ypasHeHMe

i(F + R) = [Kn] — aR + an(nR),
ap
cesizpiBaromiee cuity peakunu ¢ F u K. Pacnucas 310 ypaBHeHne B KOMIIOHEHTAX
u nogcrasus I = (2/5)ua’ (cm. 3amauy 2 6) § 32), 6ymem mmern
5 2 5 2
R, = %Ky — ?Fz, R, = f%Kz — ?Fy, R,=—F,

(mnockocTh Ty BHIOpAHA B IJIOCKOCTH KadeHWs ). HakoHeN, OJCTABUB 9TH BbI-
paxenus B (1), nosyunm ypaBHEHWs ABHKEHHs, COLEPIKAIINE YK€ TOJIBKO 3a-
JAaHHbIE BHEIITHUE CUJIy 1 MOMEHT!:

av., 5 Jo K, av, 5 K,

dt77u<z+a)’ dt77u(y a)'
Kowmmnonentst 2, {2, yriaoBoi ckopocTu BeIpazkaoTcs depe3 V; u Vy ¢ IOMOIIBIo
ypaBHeHus ceasu (38.3), a qya 2, uMeeM ypaBHeHHe D

2 5dQ,

sHa g =
(# — xoMmOHeHTa ypaBHeHH: (2)).

2. Ognopoxnnsrii crepxenb BD Becom P u aymnoii [
OIMPAETCs HA CTEHY, KAK MIOKA3aHO HA PUC. H2; ero HUXK-
Huii Kouery B yaepxkuBaercsa Huthbio AB. Omnpemennts
PeaKINio OIOp U HATSKEHNEe HUTH.

P e mr e n ue. Bec crepxus npencrasisiercs: npu-
JIO’KEHHOM K ero cepeaune cujioii P, HanpaBJIeHHON Bep-
TukajabHO BHU3. Cuiibl peakiuun Rp n R HANpaBieHbI
COOTBETCTBEHHO BEPTUKAJIBHO BBEPX U MEPIEHIUKY/ISAD-
HO K CTePXKHIO; HaTdXKeHne HUTH 1 HamnpasiaeHO oT B A

Kk A. Pemenue ypaBHeHHii paBHOBECHUd JaeT B
yp P A Puc. 52

Pl
Rc = Esin%c, Rp =P — Recsinax, T = R¢ cos «.

3. Crepxenr AB Becom P
ONUPAETCsi CBOMMHU KOHIIAMH Ha
TOPU30HTAJILHYIO W BEPTUKAJIBHYIO
mockocTn (puc. 53) u yaep:KuBa-
eTCsi B 9TOM TIOJIOXKEHUU JIBYMs
rOPU30OHTAJBHBIMU HUTAMEU AD
n BC; vure BC Haxomurcsi B Of1-
HOIl (BEPTHKAJIBHOMN) IJIOCKOCTH
co crepxkaem AB. Onpenenurs pe-
aKIUN OMOP M HATSAYKEHUST HUTEH.

Pemeunue Haraxenus
muteit T4 u Tp HanpasieHsl oT A Puc. 53
K D uor B x C. Peakuun R4 u Rp nepneHguky/asipHbl K COOTBETCTBY OLIAM
TJIOCKOCTSIM. Pelienne ypaBHeHNIT paBHOBECHUS TaeT

P
Rp = P, ngictgoc, Ra=Tgsinfpp, Ta =Tpcosp.

4. /IBa cTep:kHeA AuHONH L coeaMHEHBI CBepXy IMIapHUPOM, a CHU3Y CKperLIe-
uel HuThi0 AB (puc. 54). K cepenune ogHoro u3 crep:xkHeil mpuioxera cuia F'



166 JBUXKEHUE TBEPIOI'O TEJIA I'JI. VI

(Becom creprkHeit mpenebperaem). ONpeaennTh CHIbI PEAKIINH.

P e m e v u e. Harsxenue uuru T neficTByer B
Touke A or A k B, a B touke B — or B k A. Pe-
akiun R4 u Rp B Toukax A u B nepneHauKyJIsipHbI
K 1yiockoctu onopsl. [locpeacrsom Re obGo3nauum
CUJIy PEaKIWW B IIAPHUDpE, AEHCTBYIOUIYIO HA CTEp-
xenb AC; Torma Ha crepxkenb BC neficTByeT peak-
unsi —R. YcimoBrue paBeHCTBA HYJIIO CyMMbI MOMEH-
toB cust Rp, T u —R¢, meficTByiomux Ha CTepKEHb
BC, npuBomuT K pe3yabrary, 94ro BeKTOp R Ha-
npasisier Broib BC. OcranbHble yCi0BHsI DABHOBE-
cus (J1g KaXKJI0To W3 JABYX CTEpPXKHEH) NpUBOIAT K
3HAYEHUAM

F F 1

Re = rmnw gl cte

rae o — yron CAB.

§ 39. /IBmkeHue B HeMHEPIUAJIbHOW CHCTEME OTCYETa

o cux mop, paccMaTpuBasg ABUKEHNE 000 MeXaHUIEeCKON CH-
CTeMBbI, MbI BCerjja OTHOCUJIN €ro K HHepPUUaJbHOI cucTeMe OTCYeTa.
Tonpko B mHepHUAIbHBIX cHUCTeMax orTcdeTa (yukmumsa Jlarpamnxa,
HalpuMep, O,ZLHOI?i YaCTUIhI BO BHEIITHEM TIOJIE€ MMEET BUJ]

2
Ly="0 -1, (39.1)
u COOTBETCTBEHHO yPaBHEHUE [IBU2KEHUA
dvo _ _0U
dt ~ Oor

(Mbr Gyzsem B 3ToM naparpade oramyarh uHAEeKCoM ( BeJMYMHBI,
OTHOCAIIMECS K WHEPIMAJBHON CuCTeMe OTCYeTa).
3aitmemMcst Tereph BOTTPOCOM O TOM, KaK BBITJISAAT yPaBHEHUS
JIBUKEHUsT 9aCTHUIbl B HEMHEPIUAJILHON cucreme orcuera. OTnpas-
HBIM MTYHKTOM TP PEIEHWH 9TOTO BOMIPOCA CHOBA ABJIAETCS TTPUH-
VT HAWMEHBITIEr0 IeWCTRUs, TTPUMEHNMOCThH KOTOPOTO HEe OTPaHu-
YeHa HUKAKNM BHIOOPOM CHCTEMBI OTCYETA; BMECTE C HIUM OCTAIOTCST
B cuie m ypaBHenus Jlarpamka
d 0L _ oL
dt ov ~ or’
Onnako dbynknus Jlarpanxka yxe e numeer suzga (39.1), n ays ee
HAXOXKJIEHUsT HEOOXOINMO TPOU3BECTH COOTBETCTBYIOIIEe mpeobpa-
3oBanme yakimn L.
970 npeobpa3oBaHre Mbl IPOU3BEIAEM B JIBa mpuema. Paccmor-
puM cHauaJa cuctemy orcuera K', KoTopas JBUKETCA OTHOCUTE Ib-

(39.2)
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HO MHEPIMAILHOM cucTeMbl K mocTynareabHo co cCKOpocThio V (t).
Cxopoctu v u v qactuisl oTHocuTenbHo cucteMm Ko u K/ ceasanb
APYT € APYTOM COOTHOLIEHHMEM

vo =V + V(t). (39.3)
[MozxcTraBus 310 Bhipaxkenue B (39.1), monyunm dbyakuumio Jlarpanxka
B cucteMe K’

12
L = m; +mv'V + %Vg —U.

Ho V2 (t) ecTs 3amanHas DYHKIMSA BPEMEHN; OHA MOXKeT ObITh TIPe]I-
CTaBJIeHa KakK TIOJTHAs IIPOU3BOIHAS 1T0 ¢ OT HEKOTOPOi APyroit hyHK-
IIMU, U TOTOMY TPETUil WJIeH B HATTNCAHHOM BBIPAYKEHUH MOYXKET OBITh
onymen. lanee, v/ = dr’/dt, rne v’ — paguyc-BeKTOp 9aCTUIBL B CU-
creme koopauHaT K'; mosromy
! dI" d !

mV(t)vi =m i %(mVr ) — mr o
[ToacraBuB 310 B (bymknmio Jlarpau:ka u CHOBa OIyCTUB IOJIHYIO
MIPOU3BOIHYIO TI0 BPEMEHU, TOTYINM OKOHYATETHHO:

W) - T, (30.4)

rne W = dV /dt — yckopeHme ToCTynaTeabHOrO JIBUKEHUST CUCTe-
MBI oTcueta K.
Cocrapnsig ¢ nomompio (39.4) ypasaenue Jlarpanxa, mosyaum
!
W= 0 W (). (39.5)

MBI BUMM, Y4TO B CMBIC/IE CBOETO BIMSHNS HA yPABHEHUS JIBUKE-
HUA 9aCTUIBI YCKOPEHHOE MOCTYNaTeJIbHOe JIBUYKEHUE CHCTEMbBI OT-
cueTa SKBUBAJIEHTHO TOABIEHUIO OJHOPOAHOTO CUJIOBOTO MOJIA, TIPHU-
YyeM JefiCTBYIOIIas B 3TOM TI0JIe CUJIa paBHA MPOU3BEJEHNIO0 MaCChI
yacTHILI HA ycKopeHne W 1 HampasjieHa B TPOTHBOTNOIOKHYIO 3TO-
MY YCKOPEHUIO CTOPOHY.

BBeznem Teneph ermmie onHy cucTemy orcueTa, K, KoTopasi nMeer
obmee ¢ cucremoit K' Hagano, HO BpamaeTcss OTHOCUTENHLHO Hee C
yryoBoit ckopocThbio €3(t); MO OTHOIMEHWIO YKe K WHEePIUATLHON CH-
creme Ky cucrema K coBepmaeT Kak MOCTyTaTeJIbHOE, TaK W Bpa-
maTeabHOe JBUYKEeHNe.

CKopoCTh v/ 9acTHITBI OTHOCUTEIBHO cucTeMbl K' cKIaabIBaeTca
U3 ee CKOPOCTH V OTHOCHTENbHO cucteMbl K m ckopoctu [Qr] ee
BpallleHus BMecTe ¢ cucTeMoil K:

v = v+ [Qr]

1dV

LI i muv’
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(pammyc-BekTopwl T u ' wacTunel B cucremax Ku K' conagaror).
IToacraBus 310 BRIpaykenne B pyukimio Jlarpanxka (39.4), momyanm
2
mv m
L=—=-+ mv|[Qr] + E[Qr]2 — mWr —U. (39.6)
910 ecth obmmit Buj (yHkiun Jlarpan:ka 4acTUIbl B MPOU3-
BOJILHOW HEMHEPIHAJIBHOI cucTteme orcdyera. OTmMeTnM, 9TO Bpalie-
HUE CUCTEMbI OTCYeTa ITPUBOJUT K MOsBJIeHNIO B DyHKImn Jlarpanxka
4JIeHa COBEPIIIEHHO 0COOOTO BUA — JIMHEHHOTO TI0 CKOPOCTU JACTHIIHI.
st BBIYMC/IEHNST TPOM3BOJHBIX, BXOJAINX B ypaBHeHue Jla-
rpaHzKa, 3aluIleM HOJHbIA quddeperna

dL = mv dv + mdv[Qr] + mv[Qdr] + m[Qr|[Qdr] —
— mWdr — %—(jdr =mvdv + mdv[Qr|+

+ mdr[vQ] + m[[Qr]Q] dr — mW dr — 36_U dr.
Cobupas 4aeHbl, comep:Kalue dv u dr, HaiigeMm
OL _ v +miQr], 2L = m[vQ] + m[[Qr]Q] — mW — 2
ov 7 Or or’

[MoxcraBus tn BbpaxkeHus B (39.2), MOIy9IMM HCKOMOE ypaBHEHUE

JIBUZKEHUA
W 7%_’]{ — mW + m[rQ] + 2m[vQ] + m[QrQ)].  (39.7)

MBI BUANM, 9TO «CUJIBI MHEPIIUW», 00YCIOBJIEHHBIE BPAIIEHTEM
CHCTEMBI OTCYeTa, cjaralTcsa u3 tpex dacreit. Cuia m(r{l] cesza-
HA C HEPABHOMEDHOCTBIO BPAIIEHNUS, & JIBE JAPYIHe MPUCYTCTBYIOT U
npu paBHoMepHOM Bpatenun. Cuma 2m[v Y] naseiBaerca cuaoti Ko-
PUOAUCA; B OTINYHE OT BCEX PAaHEe PaCCMATPUBABIIUXCS (HE JUCCHU-
NATUBHBIX) CUJI OHA 3aBUCAT OT ckopoctn gactunbl. Cua m[Q[rd]]
HasbIBaeTCst yewmpobescnoti. OHA HANPABIEHA B IJIOCKOCTH, IIPO-
xozgmieit gepe3 r u { mepHeHANKYISAPHO K OCHU BpalleHus (T.e. Ha-
npasienuio {2), B CTOPOHY OT OCH; [0 BEJIMIMHE [EHTPOOEKHAS CIIIA
pasrHa MmpS2%, TIe p — pPacCTOAHME YACTHIIBI OT OCH BDATICHHS.

PaccmoTrpum 0co6o cayvaii paBHOMEPHO BPAIIAIONIEHCS CUCTEMBI
KOOD/IMHAT, He UMEOIeli MOCTynaTeIbHOTO YCKOpeHus. 110/0KuB B
(39.6) u (39.7) @ = const, W = 0, nonyunm dyukuuio Jlarpanxa

2
L= "=+ mv[Qr] + Z[Qr]? —U (39.8)
U ypaBHEHWE JIBUKEHUS

m® = %0 om[vQ] + m[Q[rQ]]. (39.9)
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Brrancianv takske QHEPTUIO 9aCTUIblI B 3TOM CJIy4Yae. HO,Z[CT&BI/IB

p=5, =mv+ m[Qr] (39.10)

B F = pv — L, nonyaum
E = mT”z— SQr]? + U (39.11)
O6paTtnM BHUMaHWE HA TO, 9TO B SHEPIWM JUHEHHBINH MO0 CKOPOCTH
YIeH OTCYTCTBYeT. BinsHue BpalleHus CUCTEMbI OTCYETAa CBOIUTCS
K J00ABJIEHUIO B SHEPTUY YJIEHA, 3aBUCAIIETO TOJIHKO OT KOOPIMHAT
YaCTHUIBI W TPOTOPIMOHAIBHOTO KBAAPATy YTJIOBOH CKOPOCTH. IJTa
JIOTIONTHUTEThHAS TOTeHInaIbHas sreprus —(m,/2) [Qr]? nasbisaer-
ca yermpobescHot.
CKOpPOCTh V 9aCTHUII OTHOCUTENIHHO PABHOMEDHO BPAINAOIIET-
Csl CHCTEMBI OTCYETA CBA3aHA C €€ YK€ CKOPOCThIO V() OTHOCUTETHLHO
UHEPIUAILHON cucTembl K( COOTHOIIEHMEM
vp = v + [Qr]. (39.12)
[Tosromy ummysnse p (cm.(39.10)) gacruust B cucreme K cosna-
JaeT ¢ ee ¥Ke MMITYJILCOM pg = mvg B cucrteme K. Bmecte ¢ Humnm
COBIIAJIAIOT TaK»Ke MOMeHThI uMIysibcoB Mgy = [rpg] 1 M = [rp].

Oueprum xke gacTtuilsl B cucremax K n K pasnmmanst. [logcrasus v
u3 (39.12) B (39.11), nomyunm

2 2
E =72 —mvo[Qr] + U = T2 + U — mrvolQ.

IlepBbie nBa 4jieHa IpeACcTaBAAOT cOOOI sHepruio Ky B cucreme K.
BBong B mocimeaumii 4jgeH MOMEHT UMITYJIBCA, TTOJIYIUM
E = Ey — MQQ. (39.13)
OToit HOpMyYJIOit OTIpeIesIIeTcs 3aKOH MPeodpa30BaHUsT SHEPTUN
IIpU Iepexole K PaBHOMEPHO Bpalllaiolleiicsd cucTeMe KOOPIUHAT.
XOTd MBI BBIBEJIN €0 JJIs OJHOI YaCTUIIbI, HO OYEBIIHO, YTO BHIBOJL
MOKeT OBITh HEITOCPEeJICTBEHHO 0000IIeH Ha cydail 1000l cucTeMbl
YACTUII, 9TO TIPUBOIUT K TOi ke dhopmye (39.13).

agaumn

1. HaiiTn oTk0HEHNE CBOOOIHO MAJAIOIIETO TeJa OT BEPTUKAIN, 00YCIOB-
sierHOe BpamenneM 3emun. (YTIJIOBYIO CKOPOCTH BPAIIEHUSI CYATATH MAJIOi. )

Pemenmne B nome taxecrn U = —mgr, rie g — BEKTOD yCKOPEHWUs
cBOGOIHOTO MajieHns; peHeOperas B ypasHeHun (39.9) 1eHTPOGEKHON CHIION,
comepxkameil kBagapar {2, moJyYuM ypaBHEHHE IBUKEHUAS B BHJIE

v =2[vQ]+g. (1)
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Pemaem 310 ypaBHeHMe nociaegoBaTesibHbIMU TPUOaMkeHusiMu. st aToro
rmojiaraeM: Vv = vi + Va2, I'Zle V1 — DeIllleHNe ypaBHeHusi Vi = g, T.e. V1 = g+ Vo
(vo — mauanbuas ckopocts). Ilogcrasisas v = vi + ve B (1) u octaBisis cupasa
TOJIBKO V1, IOJIYyYAM yPaBHEHUE IJIs Va:

\'/2 =2 [Vlﬂ} = 2t [gQ] + 2 [VUQ].
WNurerpupys, nomyaunm 2 43
r:h+v0t+%+§[g9]+t2[voﬂ], (2)
rae h — BeKTOp HAYaJIBLHOTO MOJIOYKEHNUS YaCTUIIHI.

BriGepeM och z 110 BEPTUKAIN BBEPX, & OCh T — 110 MEPUIUAHY K IOJIKOCY; TOLIA

8 =8,=0, g, =-g Q=%QcosA, =0, Q.=QsinA,
rae A — mupoTa (KOTOPYIO JJIsl ONPEAESeHHOCTH TIPEIoaaraeM cesepHoii). Ilo-
aoxuB B (2) vo = 0, Haiinem 3
t
z=0, y= —EgQ cos A.

IToncraBuB croma Bpems maaeHus t x 2h/ g, HailleM OKOHYaTeJIbHO:

r=0, y= fé(%)?’/zgﬂcos%

(oTpunmaTesbHbIE 3HAYEHUS i COOTBETCTBYIOT OTKJIOHEHUIO HA BOCTOK ).

2. OmpeenTh OTKJIOHEHNE OT TIJIOCKOCTH JIJIs Tejia, OPOIIEHHOTO C TTOBEPX-
HOCTH 3eMJIU ¢ HaYaJIbHON CKOPOCTHIO V(.

Pemenue Bpibupaem miockocTs £z Tak, 4T00bI Vo JezKaJsia Ha Heil. Ha-

wanbHas Bbicora h = 0. s 60xoBoro orkionenus nosyudum u3 (2) (3azaqa 1):
3

t
Yy = —ggQT + tQ(vaﬂz - QZUO.’I))’

WJIH, IOACTABUE BpeMs noyeTa t & 2vg, /g:

2
Yy = 41}% (EUOZQE - vOzQz>~
g 3

3. Onpenenurs BINAHNE, OKA3BIBAEMOE BPallleHuneM 3eMJIM Ha MaJible KOJe-
Gannst MasTHHKA (Tak HasbiBaeMblil maamuurx PyYxo).

P €I eHne. HpeHe6peI‘a${ BEPTUKAJBHBIM CMEIIEHNEM MadTHUKA KaK Ma-
JIOH BEJIMYUHOI BTOPOrO TMOPSIKA, MOXKHO CYUTATDH JBUYKEHUE TEJIa MPOUCXOIs-
UM B TOPU30HTAILHON mockoctu xy. Omyckas diiensl, comepxxamme 22, Ha-
nUIeM YpPpaBHEHUA ABUXKEHUA B BUOE

. 2 L 2 .
T4+ wx =207y, y+wy=-2Q,z,

e (W — JacToTa KojiebaHuii MasgTHUKA 6e3 yueTa BpAIeHUs 3eMJIU. Y MHOXKUB
BTOPOE yPaBHEHWE HA ¢ U CJIOKUB C IEPBBIM, MOJIyINM OJIHO yPABHEHUE

o o )

E+ 208+ W E=0
JJIsi KOMILJIEKCHOW BesmunHbl & = ¢ + 4y. [Ipn 2, < w pemenune 31oro ypasHe-
HUSI UMEET BUJ, ot ot o

—1 xes) —rw
E=ce€ z (Ale + Ase )
nJIm 9t
. —i .
z+iy=e " (zo + iyo),

rae dyskmun z0(t), yo(t) AAIOT TpaeKTOPHWIO MasTHUKa 0e3 ydeTa BpAINEHUs
Semsn. Bimanwe sToro BpameHns CBOAUTCS, CIEIOBATENHHO, K IIOBOPOTY TPa-
€KTOPUU BOKPYT BEPTUKAJH C YyTJIOBOI CKOPOCTBHIO (2.



FIABA VI

KAHOHNYECKUNE YPABHEHU A

§ 40. YpaBuenns l'ammiabToHA

DopmyIupoBaHUE 3aKOHOB MEXAHUKHU C MIOMOIIBIO pyHKIUT Jla-
rpaHka (UM BBIBOJAMMBIX U3 Hee ypaBHeHnitl Jlarpan:ka) mpesmosara-
eT ONMMCaHne MEXAaHUIECKOTO COCTOSTHUS CUCTEMBI IyTeM 3aIaHUS ee
0000IIIeHHBIX KOOPAUHAT U CKOpocTeil. Takoe omucanme, 0JIHAKO, He
SIBJISIETCSI €IMHCTBEHHO BO3MOXKHBIM. P/l MpemMyIecTs, B 0COOEH-
HOCTHU TIPU UCCIEIOBAHUU PAITUIHBIX OOINUX BOMPOCOB MEXAHUKM,
MIPECTABIIAET OMMCAHUE ¢ TIOMOIILIO OOOOIIEHHBIX KOOPANHAT U MM-
MyJbCOB CUCTEMBI. B CBA3W € 3TUM BOZHUKAET BOTIPOC O HAXOXKICHUN
yPaBHEHUT JIBUKEHNsI, OTBEYAIONINX TAKON (POPMYJIMPOBKE MEXaHUKM.

[Tepexom oT omHOrOo HabGOpa HE3ABUCUMBIX MEPEMEHHBIX K JIPY-
rOMY MOKHO COBEPIIUTH ITyTeM Mpeodpa3oBaHusi, U3BECTHOTO B Ma-
TeMaTuKe M0/ Ha3BaHWeM npeobpasosanus Jlescandpa. B manrOM
caydae OHO CBOJUTCS K CJIEIYIOIIEMY.

[Tonubiit nudbdepentuan dpyukmun Jlarpanxa kak GYHKIUNT KO-
OpAWHAT W CKOPOCTU PaBEH

Rl oL .
9TO BbIpazkKeHnue MOXKHO HallCaTb B BHUIE
dL =3 pidg; + 3 pi ddi, (40.1)

MOCKOJIbKY TTPOU3BOHbIE 0L /0Q; ABISIOTCS, TIO OIIPeIeIeHNI0, 0000~
IIEHHBIME UMITyJIbcamu, a 0L/0q; = p; B cuiy ypaBrenuit Jlarpamxka.

[Tepenncar reneps Bropoit unen B (40.1) B Buge
Yopidai = d(Y pidi) — Y 4 dpi,

nepenecst monubiii anddepenmnan d(Y p;¢;) B 1eByI0 acTh paBeH-
CTBa W W3MEHWB Bce 3HaKkW, noayunm u3 (40.1):

d(X pigi — L) = =X pidg; + Y Gi dp;.
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Benmunna, crosmas mon 3uakom anddepeHnmaia, mpeacTaB-
Jsier coboit sHepruto cucrembl (M. § 6); BhIpaXkeHHasi dyepe3 KOOp-
JIUHATBI U UMITYJIbChI, OHA HA3BIBAETCS 2aMUADMOH0B0T dyHnKyuet
CUCTEMBI

H(p,q,t) = Y pigi — L. (40.2)
N3 muddepenimainaoro paBeHCTBZa
dH = =) pidg; + 3 i dpi, (40.3)
CJIeIyIOT YpaBHEHUS
g=2 p=-2H (40.4)

_8])1;’ pz*_aqi-
DTO — UCKOMbIe YPABHEHUsI IBUKEHNsT B TEPEMEHHBIX P U ¢, TAK
Ha3bIBaeMble ypashenus [amusvmona. OHI COCTABIAIOT CUCTEMY 28
nuddepeHmanbHbIX YPaBHEHU IIEPBOTO MOPAIKA 1 28 HEM3BECT-
HbIX GyHKIwmii p(t) u ¢(t), 3ameHsomux coboil § ypaBHEHUIT BTOPOTO
HOpSIKa JarpaHzKeBoro MeToja. Beumay ux ¢popMaabHONR IPOCTOTHI
U CUMMETPUN 9TU YPABHEHNs HA3BIBAIOT TAKIKE KAHOHUUECKUMU.
[Tonnag npoussogHas oT ¢GpyHKIUKM [aMUIBTOHA IO BpeMeHN

dH _ 8H OH . 8H .
T T a—q,wza—mm-

[Tpu noacranoske croga ¢; u p; u3 ypasaenuii (40.4) nocnenaue asa
4JIeHa B3aMMHO COKPAIAIOTCsl, TaK 4TO
dH _ 8H
dt ot
B wactHOCTH, ecmu dyHKINg [aMuUIbTOHA HE 3aBUCUT OT BpeMeHU
aBHO, TO dH /dt = 0, T.e. MBI CHOBA IPUXOJUM K 3aKOHY COXPAHEHUsI
SHEPTUM.

Hapsiay ¢ aunamudeckumu nepeMeHHbIMY ¢, ¢ Wid ¢, p GyHKIUN
Jlarpamxka n l'amuiabToHa COZEpsKaT pa3/IMIHbIE TTapaMETPhl — Be-
JMYWHBI, XapaKTePU3yIolye CBOUCTBA CaMO MeXaHWYeCKON cucre-
Mbl WA JEHCTBYIONIEr0 Ha Hee BHemHero nojsd. [lycts A — Takoii
napamerp. PaccmarpuBasi ero Kak IepeMeHHYI0 BeJIMYuHy, Oy1em
umers BMecto (40.1) BeIparkeHue BuIA

dL =Y >p; dg; + Y pi d; +
nocsie gero BMecto (40.3) mosydaum
. . oL
dH = =3 pi dgi +24i dpi — Z2dA.

OTcroma HaxXOIUM COOTHOIIICHUE

(40.5)

oL

ﬁdk,
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OH _ (oL
(ﬁ>p,q_ <a—7\)t’1,q’ (406)

CBSI3BIBAIOINEE YACTHBIE TPOU3BOIHBIE TI0 TapaMeTpy A oT (yHKImii
Jlarpamxka m [aMuibTOHA; WHIEKCHI Y TPOU3BOIHBIX YKA3BIBAIOT,
aro auddepeHImpoBanie JOIKHO TPOU3BOAUTHCSA B OJHOM CIIydae
[IPU OCTOSHHBIX P U ¢, & B JIPYyTrOM — HPU HOCTOSIHHBIX ¢ U (.

DTOT pe3yJIbTAT MOXKET ObITH IIPEJICTABIIEH U B APYTOM ACIEKTe.
[Tyctr dynkums Jlarpanska umeer sun L = Lo+ L', toe L' npen-
cTaByseT coboii Maayio mo0aBky K ocHOBHOW dyukimn Lg. Torma
cooTBeTcTRyIomas nobapka B pynkuun Lamunsrona H = Hy + H'
cesizana ¢ L' coorHomenunem

(H)pg=—(L)s4- (40.7)

Bamerum, uto B npeobpazosarun ot (40.1) k (40.3) mMbl He nH-
cayn 4jeHa ¢ dt, yINTHIBAIOIIETO BO3MOXKHYIO SIBHYIO 3aBUCHMOCTh
dbyukuun Jlarpanka oT BpeMeHH, MOCKOIBKY MOCJIEIHEe UIPAJIO ObI
B IAHHOM aCIeKTe JIUIIb POJIb MapaMeTpPa, He UMEIOIIEro OTHOIIEHUS
K TIpou3BOAUMOMY npeobpasoBanuto. Anamorundno dopmyse (40.6)
9aCTHBIE POM3BOJHBIE 110 BpeMeHn or L u or H CBsI3aHBI COOTHO-

IIeHneM
OH\ _ (0L
(W)p,q a < ot )iz,q. (40.8)

amgaumn

1. Haittu pyukmuo 'amMmuabrona mid ogHO MaTepuaabHON TOYKY B AeKap-
TOBBIX, IUJINHJIPUYIECKUX U CHEPUIECKUX KOOPAUHATAX.
O TBe T B mekapToBbIX KOOPAWHATAX X, Y, 2:

1
H=_—p2+p;+p2)+U(z,y,2);

2m
B IWJINHIPUIECKUX KOOPAWHATAX T, @, 2!
1 p?
1= g (04 28 4 ) + Ul 2)
m r

B cpepuueckux KoopauHartax r, 0, @:
L (5 pd P
H=— + =4+ =—2—)4+U(06 .
2m <pr r? " r2sin’@ (.6, ¢)
2. Haiitu ¢dysknuio [aMuibToHa 9acTUIBI B PABHOMEPHO BpalllaloIeics

CHCTeMEe OTCUeTa.
Pemenue U3 (39.11) u (39.10) monyuum

2
D
== _-Q U.
H 5 [rp] +
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3. Haiirn dynkuno [amMuiproHa CHCTEMBI M3 OHOW YaCTHUIHI C MACCON
M w n wactuin ¢ MaccaMu M, C UCKJIIOYEHHBIM JIBUXKEHUEM LEHTPA WHEPIUU
(cm. 3amaqy x § 13).

Pemenue Dueprusa E nonydaercd u3 HaiileHHON B 3a1a4e K § 13 pyHK-
unu Jlarpan»xka namenenunem 3uaka nepes U. OGoOLIEHHBIE NMITYJIHCHI:

oL m?
Pa = =mv, — — Va.
2.

Orcrona nmeem

Seo=my v v =" S,
Va %+%Zpa

Iloncrasus B F, Haiigem

1 , 1 2
H=— 2 —( ,,) .
9m 2«Pa T 557 > pa) +U

§ 41. ®ynkmua Payca

B HEekOTOpBIX caydasdx MOMKET OKa3aThCdA IE1eCO00pPa3HBIM TPH
repexoae K HOBBIM IMEPEMEHHBIM 3aMEHUTHh Ha WMITYJIbChl HE BCe
00O0DIIEHHBIE CKOPOCTH, & TOJBKO HEKOTOphle m3 HuX. CooTBETCT-
ByIOIllee TIpeoOpa30BaHME BITOJHE AHAJOTMYHO TPOM3BEIEHHOMY B
npeabIayemM maparpade.

Mg yrmporennst 3anucn (poOpMyJsT TPEANOIOKUM CHadasa, 9To
MMEIOTCS BCETO IBe KOOPAWHATHI, KOTOPHIE MBI 0003HAYNM, KaK ¢
n &, m mpomsBeneM mMpeoOpa30BaHWE OT TEepeMeHHbIX ¢, &, ¢, & K
nepeMeHHbIM ¢, &, p, &, e p — ODOOOIIEHHBIH UMITyJIbC, COOTBET-
CTBYIOIINI KOOPAUHATE q. )

Huddepennnan dyuxmun Jlarpanxka L(q, &, q, &) paBen

dL = g+ %Lag+ L ag + 2 ag =
1 o4 o8 0% oL oL ;;
=pdq+pdq+ FrdE + FrdE,
OTKY/Ia TIOJIyYIaeM
. . . oL oL ,;
d(L = pg) = pdq — qdp + Z7d&+ ~-dE.
0¢&

Beenem dynkumio (Tak HazbiBaemyto gynryuto Payca)

R(q.,p. &, &) =pq— L, (41.1)

B KOTOPO# CKOPOCTH § BBIPAYKEHA Yepe3 UMIIYJIbC P TPU TTOMOIIN
pasernctsa p = 0L/0q. Inddepenunan

. . oL OL ;;
dR = — — %2 e — - de, 41.2
bdq+qdp — Frde — Zrdt (41.2)
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OTkynma caemyer, 94TO
. _OR . _ OR
q= %7 p= _a_qa
oL _ _orR 8L _ OR
ot 98 g8 pi
[ToxcraBasis mociiegHMEe paBeHCTBA B ypaBHeHMe JlarpaHka [t KO-
opanHATHI §, IOy InM

(41.3)
(41.4)

d OR _ OR
—— = . 41.
dt 9g 0¢ (41.5)

Takum obpazom, dyukiuga Payca aBigeTcd raMUIBTOHOBOM TI0
OTHOIIEHNIO K KoopauHare ¢ (ypasuenns (41.3)) u jarpanxkeBoii mo
OTHOIIEHNIO K KoopauHate § (ypasuenue (41.5)).

CoryiacHO 00IIEMY OIPEIeIeHUIO0 SHEPIUs CUCTEMbI
.OL | :0L . 0L
E=¢g—+&—~—-L=pi+ &= — L.
9q dE ]

Fe Bouipaxkenne uepes dpyuknnio Payca mogydaercss myTeM TOCTa-
HOBKH crofa (41.1) u (41.4)

E=R- {22 (41.6)
o

Ob0061enne moyueHHbIX (hOpMyIT Ha CIydail, KOTJa HMEeTCs 10
HECKOJIBKY KOOPJAWHAT ¢ U &, OYeBUIHO.

[Tpumenenne dpynknnu Payca MoxKeT OBITH 1e1€cO00pa3HbIM, B
YaCTHOCTH, IPYU HAJIMYWH [UKJINIeCKNX KoopauHat. Ecim koopanHa-
ThI ¢ — IUKJINIECKHUE, TO OHU HEe BXOIAT sIBHBIM 00pa3oM B (DYHKITHAIO
Jlarpanzxa, a noromy u B dyHknuio Payca, Tak 4ro nocsemass Oy-
Jet dyHKIueit ToabKo ot p, &, &. Ho mMITyIbChl p, COOTBETCTBYOIIITE
[UKJIMYECKIM KOODJAWHATAM, MOCTOSHHBI (3TO CJIEIYeT W U3 BTOPO-
ro u3 ypasHeHnii (41.3), KOTOpOe B 5TOM CMBICJIE€ HE JAeT HUYETO
HOBOrO). [locie 3aMeHbI UMITYJIBCOB P UX 33JaHHBIMU TOCTOSTHHBIMU
3HavYeHuAMH ypaBHeHus (41.5)

d 9R(p, &,&) _ OR(p, &, &)

dt aé o0&
MIPEBPATATCS B YPABHEHMUS, COJIEPIKAIINE TOJIBKO KOOPAUHATHI &, TaK
9TO IMUKINYECKHe KOOPJAWHATHI TE€M CAMbIM HCKJIOYAIOTCSA TOJTHO-
crbio. Ecm i ypaBHeHns pemiensl n GyHkimn &(t) HaliIeHbl, TO,
MOJICTABUB UX B MPaBYIO 9acTh ypaBHEHUIt

Op ’

MbI HafiieM npsaMbIM uHTerpupoBanueM (ynakumu q(t).
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3agaua

Haititn dynknuio Payca cuMmMmerpmyeckoro BOJYKA BO BHEIIHEM IIOJIE
U(,0), nckmouns mukandeckyio koopauaaty P (U, ¢, 0 — 3iinepossr yrubr).
Pemenue. chHKIII/IH Jlarpanxa

(62 + ¢?sin 0) + —3(1])2 + ¢ cos0)’ —U(e,0)
Oyuknua Payca

L_

vw|u\

(cp. 3amauy 1 § 35).

e
R= pu,lb L—2 pw(pcose——(62+(p sin 6)—|—U(q),9),

I3
[EePBbIN YJIEH B 3TOM BbIPDAXKEHUU IPeJCTaBsAeT COOO MOCTOSIHHYI0, KOTOpasi
MOKeT OBITh OTNyIIEeHa.

§ 42. Ckobkm Ilyaccona

[Tycrs f(p,q,t) — HEKOTOpasi (DYHKIMST KOOPAWHAT, MMITYJIHCOB
u Bpemenn. CocTaBuM ee TOJTHYIO TTPOU3BOIHYIO TI0 BPEMEHU
O SN (O 0y
i ot T a1k T 5p p’“

ITozmcraBuB croma BMECTO (i W P, WX BBIpAYKEHWS U3 ypaBHeHUit [ a-
muibToHa (40.4), mosmydnm

V-0 gy, (42.1)

rlie BBEIEHO 0D03HAYEHUE

=Y (8_@ oi o1} w22
k

dpr g, Oqi, Ops

Beipaxkenne (42.2) maszwiBator ckobkamu Ilyaccona nns BemmdamH
Huf.

Takue DyHKIUU OT JUHAMUIECKUX TIEPEMEHHBIX, KOTOPbIE OCTa-
IOTCsl TIOCTOSTHHBIMHU TIPY JIBU?KEHUM CUCTEMbI, HA3bIBAIOTCS, KAK MBI
3HAEM, uHmMezpasamy dsusrcerus. Mul Bugaum u3 (42.1), aro yciaosue
TOro, 4Tobbl BesmunHa f ObLia naTerpasom asmxkenus (df /dt = 0),
MOKHO HAIUCAThH B BUJE

O {1y =0. (42.3)
EC.TH/I 2Ke MHTerpaJl ABU2KEHNA HE 3aBUCHUT OT BPpEMEHHU ABHO, TO
{Hf} =0, (42.4)

T.e. ero ckoOku [lyaccona ¢ dynknueii ['amMunprona momkebl 06pa-
IIATHCA B HYJIb.

st mro6oit maper Bemmuann f n g ckobku Ilyaccona ompemes-
I0TCsT aHAJIOTUYIHO (42.2):
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S (2 55 01 o) 105

{8} zk: (8pk Oqr  Oqi Opr )~ (42.5)

Ckobku Ilyaccora o6s1amaroT CaeayommuMu CBONCTBAMU, JIETKO BbI-
BOJMMBIMUM N3 OHpe,He.HeHI/IH.

Ecimm mepectaBuTh (byHKINU, TO CKOOKM IepEMEHAT 3HAK; €CJIN
oana u3 yHKIuit — nocrosiHHas (¢), TO CKOOKA paBHA HYJIIO:

{fe} = —{sf}, (

{fc}=0. (4
(
(

Hauee,

{fi+ fo, 8} = {fig} + {fa8},
{f1f2, 8} = filfag} + folf1g}-

BasiB wacrayo npousBoanyio ot (42.5) mo BpemeHu, nojryaum

9 _[of } { 3_!%}
/8= {8tg A (42.10)
Ecin ogna w3 dbyukumit f mim g coBnamaer ¢ OJHUM U3 UM-

MyJIbCOB MJIM KOOpAMHAT, TO CKOOKM [lyaccona cBomsiTcss mpocTo K
YaCTHOW MTPON3BOIHOM:

{far} = g—i, (42.11)

{foi} = 5L (42.12)

@opmyny (42.11), manpumep, moayuanm, moaoxus B (42.5) g = qg;

BCS CyMMa CBEJIETCS TIPU 3TOM K OJHOMY HWJIEHY, TaK KaK g—(;’; = B,

a (?9% = 0. ITonoxwus B (42.11) u (42.12) dyukuuo f pasHOit ¢; u p;,
[OJTy9nM, B 9ACTHOCTH,

{aiart =0, {pipk} =0, {pigr} = dir. (42.13)

Mexny ckobkamnu [lyaccona, cocraBiieHHBIMET U3 Tpex (DYHKITHIA,
CYIIECTBYET COOTHOIIIEHE

{f{gh}} +{g{hf}} + {r{f8}} =0; (42.14)
OHO HA3BIBAETCHA Mmootcdecmeom HArxobu.

Jlns ero mokasarenbcTra 3aMernm cieayomee. CoracHo onpe-
nenernio (42.5) ckobkm Ilyaccona {fg} asnsitorcs Gunmneiinoit ox-
HOPOAHO# (DyHKIMEH MPOU3BOAHBIX TIEPBOTO MOPSIKA OT BEJIMIUH f
u g. [Tosromy, manpumep, ckobka {h{fg}} npencrasnaser coboii -
HEHYTIO0 0THOPOIHYIO (DYHKIINIO TTPOU3BOJHBIX BTOPOTO TOPSIKA OT f
u g. Besi ke sieBasi gactb paBeHcrsa (42.14) B nesiom ecrb JuHelHAas
OHOPO/IHAs (DYHKIMS BTOPBIX MPOU3BOIHBIX OT BCEX TPex hyHKIuit
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f, g, h. Cobepem BMecTe HjIeHBI, COAEPIKAIINE BTOPHIE TTPOU3BOJI-
ubie or f. [lepBast ckoOka TakmxX WJI€HOB HE COIAEPKUT — B HEll eCTh
TOJBKO TepBble Tpou3BoaHble OoT f. CyMMmy 2Ke BTOPOW U TpeTbei
CKOOOK TIepenuineM B CUMBOJUIECKOM BUJE, BBeIs JUHEHHbIE aud-
depeHnmaIbLHBIE onepaTopbl D1 u Dy coriaacHo

- Di(@) ={ge}, Da(¢)={he}.
orma

{g{nf}} +{r{fg}} = {g{nf}} — {n{sf}} =
= D1(D2(f)) — D2(D1(f)) = (D1D2 — D2Dy) f.
JIerko BuieTh, 9YTO TaKas KOMOMHAIUS JUHEHHBIX quddepeHnaib-
HBIX OMEePaTOPOB HE MOYXKET COAEPYKATh BTOPHIX MPOU3BOAHBIX OT f.
B camom pmeme, obmrmit Bun IuHEHHBIX arddepeHuaabHbIX OIepa-

TOPOB €CTh
. 0 . 0
D = Ek &ka—zk, Dy = Ek :ﬂka—mk,

rae &g, M — TPOU3BOIBHbBIE (byHKuHI/I HepeMeHHI)IX ml, xa,... Torma

D1Dy = Z E’knl 8:3 ox; Z Er c%:k Bxl

o0&, 0
DyDy = anal 0z 0w + Z kawk oz’
a Pa3HOCTb 3THUX HpOH3BeﬂeHI/IH

. on 0&,; 0
DDy — DyDy = Z (5 696[ —ﬂk—amk) Ers
k,l

€CTh CHOBA OTIEPaTOp, COAEPIKAIINi TOJTHKO OJHOKpaTHBIE andde-
penrmpoBanus. Takum o0pa3oM, B JieBOil dacTtu paBeHcTBa (42.14)
B3aMMHO COKPAIIAITCS BCE WIEHBI CO BTOPBIME ITPOU3BOIHBIMU OT f,
a MOCKOJIBKY TO K€ CaMO€ OTHOCHTCS, OYEBUJIHO, U K (PYHKIUAM g
u h, TO U BCe BhIparKeHIe TOXKIECTBEHHO OOpAIaeTCs B HYJIb.

Basknoe croiictBo ckobok [lyaccomna cocrout B TOM, 9TO ecan f
U g — JIBa MHTerpaJia JBUKEHWUs, TO COCTABJIEHHbIE U3 HUX CKOOKU
TOXKE SIBJISAIOTCS MWHTEIPAJIOM JIBUYKEHUS

{fg} = const (42.15)

(tak HaswiBaemas meopema ITyaccona).
JlokazaTesbCTBO 3TOI TEOpPEMBI COBCEM TIPOCTO, eciau f U g He
3aBucAT OT BpeMenn siBHO. [lonoxkuB B ToxkectBe Axobu h = H,

Oy YUM
{H{fg}} +{f{gH}} + {g{Hf}} =0.
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Orcroma Bugno, uro ecin {Hg} = 0u{H f} =0,rou {H{fg}} =0,
9TO W CJIEJIOBAJIO JIOKA3ATh.

Ecim »ke nHTErpasbl ABuKeHnst f 1 g 3aBUCAT SIBHO OT BPEMEHH,
TO MOYKHO 3ammcarh Ha ocHoBaHuu (42.1)

a1ty = 2{rer +{H{fa}}

Bocnosnb3osasimcs dhopmyanoii (42.10) n 3amenns ckobky {H{ fg}}
JIByMs IDYTUMY TIPU TIOMOIIN TOXKIecTBa fko0u, mosryanm

cArey={Ze}+{rZ} {rlemtt {elHN =
_ {% + {Hf},g} + {f, g—f + {Hg}}

d _[df dg
et = {Eg} + {fa} : (42.16)
OTKY/Ia OYEBUIHO JI0KA3aTeIbCTBO TeopeMbI [ [yaccona B obrriem ciydae.
Pasywmeercst, npumensis reopemy [lyaccona, mbr He Bcerma Oyaem
MOJIy9aTh HOBbIE WHTEIPAJIHI JBUKEHNS, TaK KaK WX YHUCJI0 BOOOIIE
orparnveno (2s—1, rae s — aucsio creneneit cBo6omapl ). B HEKOTOPHIX
CIydasix Mbl MOXKEM TOJY9UTh TPUBUAJIBHBIN PE3yJIbTaT — CKOOKU
[Tyaccona cenmyTcst K moctodguHO#M. B Apyrnx ciaydasax BHOBB IOJY-
YeHHBI WHTErpajl MOXKET OKa3aThCs MPOCTO (PYHKIMENH MCXOTHBIX
unaterpasioB ot f u g. Eciu ke He mmeer mMecta HU TOT, HU JIPYTOi
caydait, To ckooku Ilyaccona maioT HOBBIN MHTErpasl JIBUKEHUS.

Bagaumn

1. Onpenennts ckobku IlyaccoHa, COCTABJIEHHBIE M3 JIEKAPTOBBIX KOMIIO-
HEHT MMIyJIbCa P W MOMEHTa MMIysbca VI = [rp] MaTepnabHON YaCTHUIIBL.
Pemenwue C nomompio dopmymsr (42.12) maxomum

oM, @ o
{M.py} = — oy 6,y(ypz 2py) = —Dp-

¥ aHAJIOTUYHBIM 00pa3oM ere e (hopMyJIbl

{Mzps} =0, {Map.}=py.

OcranbHbIe CKOOKU MOIYYAIOTCS OTCIOA IUKJINIECKON NEePEeCTAHOBKON WMHIEK-
COB Z, Y, 2.

2. Onpenenntsb ckoOku Ilyaccona, cocraBieHHBbIE U3 KOMIOHEHT M.

Pem e nne. Ilpavoe Beraucienne no dbopmyne (42.5) maer

{MaMy} = —M., {MyM.}=-M,, {M.M.}=—-M,.

ITockonbKy UMIYJIBCHI U KOOPAUHATHI PA3IUIHBIX UACTHUI] ABJISIOTCS HE 3a-

BHUCHUMBIMHU JIPYT OT APYra IepPeMEeHHBIMH, TO JIETKO BUJIETb, YTO IIOJIYYE€HHBIE

B 3a7ma4ax 1 u 2 popMyJIbl CIPABEIIUBELI U [ IIOJHBIX HMILYJIbCA U MOMEHTA
J1I000# CUCTEMBI YACTHII.
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3. Tlokazars, uaro
{(pMZ} = 05
rae @ — a0bad ckaasgpHasd GYHKIUS KOOPAUHAT U UMIYJIHCA YaCTHIHL.
Pemenue Crangpaag GyHKIUA MOXKET 3aBUCETH OT KOMIIOHEHT BEK-
TOPOB T' U P TOIBKO B KOMOuHamusx r2, p2, rp. Tlosromy
o9 _ 99, , O¢
- _ 2r+ ——p
or  9(r)? d(pr)
u anagoruguo gy O@/Op. VIckomoe COOTHOIIEHNE TPOBEPAETCA TPAMBIM BbI-
uynciaenneM no ¢opmyse (42.5) ¢ yueToM yKazaHHBIX TpaBui anddepeHmpo-
BaHUS.
4. Tlokazatb, 9TO

{fM.} = {fn},
roe f — BekTOpHasa QYHKINS KOOPAWHAT M UMIYIbCa YACTUIBI, & N — €INHUY-
HBIII BEKTOD B HallpaBJIEHUU OCH Z.
P em e nne. Ilpomssosbusiii Bektop f(r,p) moxker GbITH HAMCAH B BU-

me f =r@1 + pe2 + [rples, Toe @1, P2, 3 — craagpHble GyHKIWME. VIcKoMoe
COOTHOIIIEHUE MPOBEPAETCA MPSAMBIM BBIYUCIEHUEM € TOMOMBIO dopmya (42.9),
(42.11), (42.12) u dopmynsl, yKazaHHON B 3amade 3.

§ 43. [leiictBue Kak (GhyHKIHUS KOOPIUHAT

[Tpu hopmypoBKe TPUHIINTIA HAMMEHBITTETO JeHCTBUS MBI Pac-
CcMaTpUBaJIM UHTErpaJl

tg
S:/Ldt, (43.1)
t1

B3ATHIA MO TPAEKTOPUU MeXKIY ABYMS 3aJaHHBIMU IOJOXKEHUIMU
q(l) u q(Q), KOTOpBIE CHCTEMAa 3aHUMAET B 3a/laHHBbIE MOMEHTHI Bpe-
Menu t1 u to. [Ipu BapbupoBaHUM XKe JNefCTBUSA CPAaBHUBAJINCH 3HA-
YeHUs 3TOTO WHTerpaJa Jjas OJTU3KUX TPAeKTOPHil ¢ OMHUMU U TEMHU
ke 3HadeHnamu ¢(t1) u g(t2). Jlums ogHa m3 ITHMX TpaeKTOpHil OT-
BeYaeT MUHUMAJILHOMY JABUKEHWIO — Ta, JJIsi KOTOPOil mHTerpaJ S
MUHUMAaJIEH.

PaccmoTpuMm Teneps noHgaTHE JIeficTBUA B APYyroM acriekTe. VImveH-
HO, OyZ1eM paccMaTpuBaTh S KaK BEJIMYNHY, XapaKTePU3yIOILyIO IBHU-
JKEHHe 110 UCTUHHBIM TPAEKTOPUAM, U CPDABHUM 3HAUYEHUs, KOTOPbIE
OHa IMeeT JjIsl TPAeKTOpHii, mMeromux obmee Hauamo q(t;) = ¢l
HO TIPOXOJSAIINX B MOMEHT t9 HUepe3 pa3udHble mojoxkeHus. JIpy-
UMY CJIOBaM#, OyJeM pacCMaTpUBATh WHTErpaJs JeWCTBUS s UC-
TUHHBIX TPAEKTOPUI KaK (PYHKIIMIO 3HAYEHNI KOOPIMHAT B BEPXHEM
npeneJsie THTETPUPOBAHNUS.

N3menenne meiicTBusi 1pW Tepexoyie OT OJHOW TPAEKTOPUU K
OM3KOM K Hell APYTOil TPAEKTOPUN JAETCS (HpI/I OJHOM CTEeINeHu CBO-
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60/161) BBIpakenueM (2.5)

to
oL

t2 dL  d L
% 5 t1+/(3_q_ dtaq)é dt.
t1

[TocKOJIbKY TPAeKTOPHH JAEHCTBUTEIHHOTO JBUKEHNS YI0BIETBOPSI-
0T ypaBHeHusiM JlarpaH»Kka, TO CTOSIIMI 37€Ch WHTErpaJ obpaiia-
ercsi B HyJib. B MepBOM »Ke dJieHe ToJiaraeM Ha HUYKHEM TIpejieJie
dq(t1) = 0, a 3nagenue dq(ty) obo3HAUMM MPOCTO, KAk dg. 3aMeHUB
takxke OL/0q ua p, momyunm okoHUaTeabHO: S = p &g nam B 0b1mEem
cirydae Jir000ro Ynciia creneHeii cBo6o bl

58 = Zpif)q,-. (43.2)

M3 3TOr0 COOTHOIIEHNS CJIeIyeT, YTO YACTHBIE TTPON3BOJIHBIE OT
,ZLefICTBHH IO KOOpAWHATaM PaBHBI COOTBETCTBYIOIMNM UMITYJIBCaM
oS
70, (43.3)
AnagornyHbiM o6pa30M ﬂeﬁCTBHe MOXKHO TIOHUMATDh KaK ABHYIO
GYHKIINIO BpeMeHU, PACCMATPUBAd TPAEKTOPUHU, HAYUHAIONINECT B

SaﬂaHHI)II;'I MOMEHT BPEMEHU tl B 3aJaHHOM IIOJIO?KEHHNN q(l), HO

3aKAHYIMBAIOIIIECS B 3aJaHHOM mooxennn ¢(2) B pasmmdsble Mo-
MeHTHI Bpemenu ty = t. [loHmMaeMyio B 3TOM CMBICTIE YACTHYIO
npousBogHy0 0S/0t MOXKHO HalTH IyTeM COOTBETCTBYIOIIEIO Ba-
phUpOBaHUs WHTETpaja. IIpoire, 0aHaKO, BOCTIONB30BATHCI YKE N3-
BeCcTHON HaM opmysioii (43.3), MOCTYIUB CIEAYIONIAM 00Pa30M.
[To camomy ompeesreHnto AefCTBUS €ro TTOJTHAsT TPOU3BOIHAS 110
BpPEMeHU BIO0JIb TPAEKTOPUN PaBHA
ds
o= L. (43.4)
C nmpyroit cToponbl, paccmMaTpuBasg S Kak (DYHKIINIO KOODAUHAT U
BPEMEHH B OICAHHOM BBIIIIE CMBICJIE U UCIONB3ysi opmyry (43.3),

nMeeM s o
e Y = 4 T
1
CpasuuBasi 06a Bblpa)KeHHH, HaXOJIUM

dS .
a L— sz‘%'
i

as _
o =—H. (43.5)

S =

NJIM OKOHYAaTEJIbHO
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®opmyaer (43.3) u (43.5) BMecTe MOYKHO 3amVCaTh B BUJE BbI-
parkeHust

dsS = Zpi dqi — Hdt (43.6)

Juist osiHOTO audbdpepentinaa IecTBrust Kak (QYHKIINNA KOOPAWHAT
U BPEMEHW B BepxHeM Tipejiesie wHTerpupoanus B (43.1). ITpeamo-
JIOXKVM TeTeph, YTO M3MEHAIOTCS KOOPAMHATHI (1 BPEMsi) HE TOJbKO
KOHI[a, HO W HadaJja jBvkeHusd. QUeBHUIHO, 9TO COOTBETCTBYIOIIEE
u3MeneHne S 6y/1eT 1aBaThCs PA3HOCTHIO BhIpaykeHwuii (43.6) Ha 060-
UX KOHIIAX, T.e.

dS =3 pPdg® — H?at@ — 3 pMag™ + HWae® . (43.7)

OTO COOTHOIIIEHNE yKe CaMO IO cebe MOKA3BIBAET, UTO, KAKOBO
Ob! HE OBLJIO BHEINTHEe BO3IeHCTBIE HA CUCTEMY BO BpeMs JIBUYKEHUS,
ee KOHEYHOe COCTOSTHUE He MOYKEeT OBITh MPOU3BOJbHON (DyHKIIHEH
HaAYaJIbHOTO, — BO3MOXKHBI TOJBKO TaKWe JIBUKEHWS, TIPU KOTOPBIX
BbIpazkKeHHe B MpaBoil 4acTu paBeHcTBa (43.7) sBisieTcs MOJTHBIM
muddepennnaiom. Taknm obpa3oM, yxKe cambliii (paKT CYIIECTBO-
BaHWs [IPUHIMIIA HAMMEHBIIIETO JIeHCTBUS, HE3aBUCUMO OT KOHKDEeT-
HOoro Buaa ¢yuknun Jlarpanxka, HaKJIaIbIBaeT Ha COBOKYITHOCTH
BO3MOXKHBIX JIBUXKE€HUI OIpeIe/IeHHbIe OrpaHndeHus. B qacTHOCTH,
OKa3bIBAETCS BO3MOYKHBIM YCTAHOBUTD PsiJT OOIINX 3aKOHOMEPHOCTEI
(He 3aBHCAIINX OT BUJA MMEIOIIUXCs BHEIIHUX TOJIEf) I MyYKOB
YACTUIL, PA3JIETAIONINXC U3 3aJaHHBIX TOYEK MpocTpaHcTBa. M3y-
JeHUe ITUX 3aKOHOMEPHOCTEH COCTaBJIsIeT TPeaMeT TaK Ha3bIBAEMOi
eeomempueckotli onmuruy *).

NuaTepecHo oTMeTHTDh, 9TO ypaBHEHUsT [ aMUJIBTOHA MOTYT OBITH
BBIBEIeHBI (DOPMATBHBIM 00Pa30M U3 YCJIOBUS MUHUMAJIBHOCTH Jeii-
CTBWsI, €CJIM HAMCATh TOCAeIHee, Ha ocHoBaHuu (43.6), B BUIE UH-
TerpaJa

S = /(Zp dg; — Hdt) (43.8)

1 paccMaTpUBaTh KOOPANHATHI U UMITYJIHChI KaK HE3aBUCUMO BapbhU-
pyemble BeqmauHbl. [Ipegmonaras cHOBA M1t KPATKOCTH, UTO NMEET-
sl BCETO OJIHA KOODJWMHATA (M OIWH MMIIYJIbC), 3aMUIIEM BaPUAIIIO
JIeiicTBUA B BHJE

652/{6pdq+pd6q— %_Zzsth— %_fapdt}.

) Cwm. «Teopus monsa», ra. VIL
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ITpeo6pazoBanne BTOpOro 4ieHa (MHTErPUPOBAHME TIO YaCTAM) JAeT

55:/5p(dq—%_f;’dt)+p5q—/5q(dp+%—fjdt).

Ha rpanumax nHTErpupoBaHusi MbI JOJKHBI TTOJIOXKUTE 0q = 0, Tak
YTO MIPOUMHTETPUPOBAHHBIN wieH BhinamaeT. Qcrarorneecs ke BbIpa-
JKEeHIe MOXKET OBITh PaBHBIM HYJIIO IIPpHX IIPOM3BOJIbHBIX HE3aBUCHU-
MBIX Op U &g JUIIB IIPU YCIOBUM OOPAIEHUs B HYJIb HOIBIHTEIPAJIb-
HBIX BI)Ipa}KeHI/Iﬁ B KazKJIOM U3 ABYX UHTETPaJIOB:

dg =% dt, dp=-dt,
T.€. MbI TIOJIy9a€M TIOCJ/IE OEJIEHUA Ha dt YpaBHEHUA TammipToHA.

§ 44. lIpuamun Moneprtion

[IpuHIIUTIOM HAUMEHBINETO JeWCTBUS JIBUKEHNE MeXaHUIEeCKO
CUCTEMBI OIPEJIEJIAeTCA TIOJHOCTHIO: TIyTEeM PeIIeHus CJIeIyIOIIX
73 9TOrO MPUHIIATIA yPAaBHEHUN ABUKEHUS MOXKHO HaiiTu Kak op-
My TPAeKTOPWH, TaK W 3aBUCUMOCTH TIOJIOYKEHUST HA TPAEKTOPUHU OT
BPEMEHT.

Ecmm orparmuanTbes 6osee y3KUM BOTPOCOM 00 OIpeaeieHnr
JIMIIL CaMO TpaekTopuu (OCTaB/sgs B CTOPOHE BPEMEHHYIO YaCThb
3a/1a9M), TO OKA3bIBAETCS BO3MOXKHBIM yCTAHOBHUTH JJisi STOM Iie/u
YIPOIIEHHYIO (OPMY NPUHITUIIA HANMEHBINIErO AefiCTBUS.

[Tpeanonoxkum, aro dyuknus Jlarpanxka, a ¢ Hel0 u HYHKIN
lamunbToHA He comeprKaT BPEMEHU SIBHO, TaK UTO SHEPTHS CUCTEMBI
COXPAaHSIEeTCS:

H(p,q) = E = const.

CorylacHO IPUHINITY HAUMEHBIIEro JeifiCTBUS Bapualyda JIeicT-
BHdA JIJIA 3aJaHHBIX HAYaIbHBIX U KOHEYHBIX 3HAYEHUI KOODIMHAT
1 MOMEHTOB BpemeHu (ckaxem, to u t) pasaa Hymo. Ecin xe 10-
IyCKaTh BAPbUPOBAHNE KOHEYHOIO MOMEHTa BpeMeHHU t npu (PUKCH-
POBaHHBIX IO-IIPEKHEMY HAYaJIbHBIX M KOHEYHBIX KOOPAMHATAX, TO
umeeM (cp. (43.7)):

0S = —Hbt. (44.1)

Bynem Temeph cpaBHUBATH He BCe BUPTYaJbHBIE JBUXKEHUS CU-
CTEeMBI, a JIUIIb Te, KOTOPBIE YIOBJIETBOPAIOT 3aKOHY COXPAHEHUS
suepruu. /g Takux TpaekTopuii Mbl MOkeM 3aMeHuTh H B (44.1)
MMOCTOAHHON F, 94TO maer

55 + E 5t = 0. (44.2)
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Hanmcas geitcreue B Buge (43.8) u cHoBa 3amensisi H Ha E, nMmeem

S = / Zpi dqi *E(t*to). (44.3)

IlepBrIit 4yieH B 9TOM BBIPaXKEHUN

SOZ/Zpiin (44.4)

MHOI/Ia HA3bIBAIOT YyKkopouenHvim deticmeuem. IToxcrasus (44.3) B
(44.2), naiinem
3Sp =0. (44.5)

Takum 06pa3oM, YKOPOYEHHOE JeiiCTBIe NMeeT MUHIMYM I10 OT-
HOIIEHUIO KO BCEM TPAGKTOPHUAM, YAOBIETBOPAIONIMM 3aKOHY COXpa-
HEHNs SHEPTUU U HOPOXOAANIMM 4Yepe3 KOHEYHYI0 TOYKY B TPOM3-
BOJIBHBII MOMEHT BpeMeHHu. JIjis TOoro 4ToObl MOJIb30BATHCA TAKHM
BapUAIMOHHLIM I[IPUHIUIOM, HEOOXOIMMO IIPEIBAPHUTE]IHHO BbIpa-
3UTH UMITYJIbCHI, a C HUMHW U BCE MOILIHTErPAJbHOE BLIPAYKEHUE B
(44.4) wepe3 koopauuaThl ¢ n ux muddepenmmnansr dg. s 3Toro
HAJI0 BOCTIOJIB30BATHCA PABEHCTBAMNI

0 dq
N ( _) A4,
pi= g l\@ ) (44.6)
IIPEACTABIAIOIIIME COOOM Ompeie/ieHne UMITYJILCOB, U YPaBHEHIEM
3aKOHa COXpaHeHI/IH 3HepFI/II/I

E(q %) =E. (44.7)
Bripazus n3 mocneanero ypasuenns anddepentuan di aepe3 Koop-
quHATH ¢ 1 ux auddepernmanst dg u noactaBus B hopmysibt (44.6),
MbI BBIpa3UM UMITYJIbChI Yepe3 q u dq, npudem 3ueprus F Oyaer ur-
path poab mapamerpa. [lomyuarormuiicss Takum oOpa3oM BapuaIli-
OHHBIN PUHIAI OMPEAELSIET TPAEKTOPUIO CUCTEMBI; TOT MTPUHIINTI
HA3BIBAIOT 00BIYHO npunyunom Monepmiou (xorsi ero Tounasi dhop-
MyJIMpOBKa ObL1a gana Ditrepom u Jlarpamxkem).
[TpousBenem ykazaHHbIE JEHCTBUSA B siBHOM BHJE JJjisi OOBIYHOI
dbopmbr dysknun Jlarpanxka (5.5) Kak pasHOCTH KUHETUIECKON 1
NOTEHIINAJbHON dHEPTUIA:

1 ..
L=3 > ain(@)didr — Ulg).
ik

HpI/I 9TOM MMITYJIBCHI

oL )
Di = EE = ;az‘k(Q)Qk,
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a dHepTUd
1 .o
E= > ai(@)aiar + Ula).
ik
s II0CJI€eJHEI'O paBE€HCTBa UMeEeM

> airdgidgk
dt = 4/ SE-0) (44.8)

U, IOJCTABJIASA ITO BbIpakeHUE B
dqr,
E pidg; = E aik—,- dgi,
HaliileM YKOPO4YEeHHOe JIeIiCTBUE B BUJE
So = / V2(E — U)Y ay, dg; dgy. (44.9)
i,k
B wactHOCTH, 4715 OZHON MaTePHUAJIBHON TOUYKN KHHETHYIECKAas

3Heprud
-5 (%)
o2 \dt)

TIe m — Macca JacTHUIbI, a dl — 3JIeMeHT JIIUHBI TPAeKTOPUU, U
BAPUAITMOHHBIN TPUHITUTI JIJIs1 OTIpeIesieHnst (POPMbI TPAEKTOPUN

5 / V2m(E —U)dl =0, (44.10)

rJe WHTerpaja Oepercs MeXKIy ABYyMs 3aJaHHBIMH TOYKAME IIPO-
crpaHcTBa. B TakoM Buze oH OBLT IpeacTaBieH ZKoOm.
[Tpu cBoGoaHOM mBuzkenun vactunbl U = 0, u (44.10) maer Tpu-

BHAJIBHBINA PE3yJIbTAT
d / dl =0,

T.e. YACTHUIA JBNYKETCA TI0 KpaTdalmieMy TyTH — TI0 TTPSAMOiT.
Bepremcs cHOBa K BbIpaxkeHUto jyist jgeiictBus (44.3) u mpous-
BeJIeM Ha 9TOT pa3 ero BapbUPOBaHUE TaKKe U M0 Tapametrpy F:

55 = 9058 — (t — to)oF — Fbt.
[Toxcrasus 310 B (44.2), HaAXOAUM

S
8—]; =t —to. (44.11)

Huns ykopouennoro neiictust B popme (44.9) 910 paBeHCTBO mpu-
BOJUT K COOTHOIIIEHWIO

Yaindgidg _ ,
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KOTOPOE MPeJCTaBIAeT CoDOM He 9TO NHOE, KAaK MHTErPAJ yPABHEHUS
(44.8). Bmecte ¢ ypaBHEHHEM TPAEKTOPUM OHO MOJTHOCTHIO OTPE/Ie-
JIsleT JIBUYKEHUE.

3apgaua

U3 Bapnanumonnoro npuanuna (44.10) nonyunts quddepernnaabHOoe ypas-
HEHME TPAEKTOPUU.

P em e nue. IIpoussoms BappbupoBaHue, NMEEM

—_— oU or ———dr

Bo Bropom uiene yureno, uro di? = dr? u noromy dl ddl = dr ddr; npoussems
B 9TOM YJIeHe MHTETPUPOBAHUE TIO YaCTIM W TPUPABHSIB 3aTeM HYJIO KO3 du-
IUEHT npu O B MOJABIHTErPAJIHLHOM BBIPAXKEHUU, MOyInM auddepeHmanibHoe
yPaBHEHUE TPAEKTOPUU

d dr ou
2\/E—Ua <\/E— Uﬁ> =—5

PacKpbIB IPOM3BO/IHYIO B JIEBO 9acTH paBeHCTBa 1 BBOAA cuty F' = —9U/Or,

MOXKHO IPEJCTABUTH STO YPABHEHUE B BUIE

d’r F — (Ft)t

a2z 2(E-U)’
rne t = dr/dl — egwHUYHBIN BeKTOp KacaTelabHON K TpaekTopmu. PasnocTb
F — (Ft)t ectb HOpMaJIbHas K TPAEKTOPUN KOMIOHeHTa cuiibl F,, . [IponsBognas
xe d’r/dl* = dt/dl, xkak nssectHo 3 muddepeHIIAILHON TeOMeTPHI, PAaBHA
n/R, rne R — paanyc KpUBU3HBI TPAEKTOPWUH, a N — €INHUYHBIH BEKTOD TJIaB-
HO# HOpMas K Hell. amenus taxke E — U ma mv? /2, momyanm

muv?
R

B COOTBETCTBUM C U3BECTHBIM BBbIpArKEHUEM 11 HOPMAJBLHOTO YCKOPEHUS MpPU
JBU2KEHUU 110 UCKPUBJIEHHON TPAEKTOPUN.

n = Fn

§ 45. Kanonndeckne npeobpa3oBaHus

Bwi6op 0000111eHHBIX KOOPJAWHAT ¢ HE OTPAHUYEH HUKAKUMHU yC-
JIOBUSIMU — UMH MOTYT OBITDH JIIOOBbIE § BEJUYNH, OJJHO3HAYHO OIpe-
JIEJISTIONINE TIOJIOYKEHHE CUCTEMbI B TTpocTpaHcTBe. DopMasIbHBIN BU
ypasHenuii Jlarpanska (2.6) He 3aBUCHT OT 3TOr0 BBIGOPA, U B 3TOM
CMBICJIE MOYKHO CKa3aTh, UTO ypaBHeHUs JlarpaHyka WHBapUAHTHBI
[0 OTHOIIEHUIO K MPeoOpPa30BaHUI0 OT KOOPJAWHAT (1, (2, ... K JIO-
OBIM JIpYIUM HE3aBHCUMBIM BesmauHaM (1, (2, ... Hosble koopan-
HATHI () ABJIAIOTCA DYHKIMAMEI CTAPbIX KOOPAWHAT ¢, TPUYEM JOITy-
CTUM ¥ TaKOI WX BBIOOP, IPU KOTOPOM 3Ta CBA3b COJEPKUT B sIBHOM
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BUJIE TaK>K€ W BPEMSI, T.€. P€Ib MJET O MPpeoOpa30BAHUSIX BUIA

Qi = Qi(g,t) (45.1)
(MX HA3BIBAIOT WHOTIA MOYEUHBLMU NPEOOPAZ0BAHUAMU).

Hapsiny ¢ ypaBaenusmu Jlarpamxka mpu npeobpasobanun (45.1)
COXpaHSIOT, pasyMeercs:, cBoio (opmy (40.4) u ypasHenus ['aMuinb-
toHa. [locnegaue, oiHAKO, TOMYCKAIOT B I€HCTBUTEILHOCTH TOPA3I0
foJree MMUPOKHUil KJIACC Npeodpa3oBanuii. dT0 0OCTOATEALCTBO €CTe-
CTBEHHBIM 00PA30M CB#A3aHO C T€M, YTO B TAMUJBTOHOBOM METOJIE
AMITYJIbCHI P UTPAIOT HAPSIIY C KOOPAUHATAMU ¢ POJIH PABHOTIPABHBIX
HE3aBUCUMBbIX iepemeHHbix. [[oaToMy moHsaTHe mpeobpa3oBaHms MO-
2KeT OBITH PACIIUPEHO TaK, YTOOBI BKJIIOUNTD B ce0s1 TpeodbpasoBaHue
BCeX 2§ HEe3aBUCUMBIX MEPEMEHHBIX P U ¢ K HOBBIM T€peMeHHBIM P
u () mo popmyram

Qi = Qi(p’qat)a P = Pi(pa q, t)' (452)
Takoe paciupenne KJjacca JOMYCTUMBIX MpeoOpa30BaHUM ABJISIE€T-
Cs OTHUM U3 CYIIEeCTBEHHBIX MPEUMYIIECTB TaMUJIBTOHOBOTO METOIa
MeXaHWKH.

OHaKO OTHIO[B HE TIPU TPOU3BOJIBHBIX MPE0OPA30BAHMAX BUJIA
(45.2) ypaBHeHUs1 IBUXKEHWsS COXPAHSAIOT CBOW KAHOHUYECKUI BUJL.
Brisesiem Temnepn ycioBusi, KOTOPHIM JIOJ?KHO Y/IOBJIETBOPSATDH IIPe-
obpaszoBaHme, Jisi TOTO 9TOOBI YpaBHEHUs JIBUYKEHUSI B HOBBIX II€-
pemennbix P, (Q umenu Buj

. ! . !

Q=9 p,=_ o1 (45.3)
¢ mekoTopoii oot dynkimeit Famunbrona H' (P, Q). Cpenn Takux
npeobpa3oBanuii 0COOEHHO BAXKHBI TaK HA3bIBAEMbIE KAHOHUYECKUE.

K dopmynam mj1g KaHOHIIECKUX TpeoOpa3oBaHmii MOXKHO TTPUTi-
TH caeayfomuM myteM. B konme § 43 ObLI10 MOKa3aHO, 9TO ypaBHE-
Hus [aMuIbTOHA MOTYT OBITH MTOJTY YeHbI M3 TPUHITAIIA HAUMEHBIITErO
JeiCTBUS, TTPEJCTAaBIEHHOTO B (hopme

5/(2}% dg; — Hdt) =0 (45.4)

(mpuuemM BapbUPYIOTCS HE3ABUCUMO BCE KOOPIMHATHI M MMITYJIHCHI ).
st Toro 4Tobbl HOBBIE TlepeMeHHbie P u () ToXKe yI0BJIETBOPSIN
ypaBHeHUAM ['aMUJIbTOHA, JIJI HUX TOYKE JTOJYKEH OBITH CITPaBEIJINB
OPUHIUI HAMMEHbIEro JieficTBug

5 / (5 PdQ; — H'dt) =0, (45.5)
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Ho na npunuma (45.4) u (45.5) 9KBUBaJIEHTHBI APYT APYTY TOIBKO
MPU YCJIOBUM, UTO WX TOJBIHTEIDAJIBHBIE BHIPAYKEHUST OTINYAIOTCS
JINIIIh HA TOJHBIN auddepeHIuan Tpou3BoIbHON GyHKIUN F KO-
OpWHAT, UMITyJIbCOB M BPEMEHHU; TOTJa PA3HOCTh MEXKIy O0DOUMMU
UHTerpajaMu OyJAeT HeCyIIeCTBEeHHOW IpU BapbUPOBAHUU MTOCTOSH-
HOI1 (pasHOoCTh 3HaueHUi F' Ha mpesenax MHTerpupoBaHus). Takum
00pa3oM, TMOTOKIM

Epidch' —Hdtzzpiin—H,dt—i—dF.

[IpeoGpazoBanus, yI0BIETBOPSIONINE TAKOMY TPEOOBAHWIO, 1 HA3bI-
BaIOT KanoHnuveckumu ). Beskoe kanoHmdeckoe mpeobpa3oBaHue Xa-
pakTepusyercsi cBoeit pyHkmmeit F', KOTOPYIO HA3BIBAIOT NPOU3EO-
daweti pynxyueti TpeodPa3OBAHUI.

[lepenucaB moayd4eHHOE COOTHOIIIEHUE B BUIE

dF =Y pidg; — Y, P;dQ; + (H' — H)dt, (45.6)
MBI BUJAUM, 9TO
_OF 0P g g OF
bi = 8_%" PZ - 8Qz’ H = H+ ot ’ (457)

MPU 3TOM TPETIOIATAETCs, ITO TPOU3BOAAIIAA (DYHKIWSA 3a/1aHa KaK
dbyHKIMSs cTaphIX U HOBBIX KoopauHAT (u Bpemenu): F' = F(q, Q,1).
[Tpu 3amannoit dyskmuu F dopmysst (45.7) ycTaHABIUBAIOT CBS3b
MexIy crapeiMu (p,q) u HOBBIMHU (P, ()) mepeMeHHBIME, a TaKiKe
JTAl0T BBIpaKEHUE JIJIsi HOBOM TaMUJIBTOHOBOMN (DYHKITUN.

MokeT okazaTbCd yIAOOHBIM BBHIPAXKATh IPOU3BOALAILYIO (DYHK-
IO HE Yepe3 IepeMeHHble q u (@, a 4epe3 crapble KOOPIUHATHI ¢
1 HOBble uMITyIbchbl P. JIna BeiBoga OpMYT KAHOHUYECKHUX IPeod-
pa30BaHWUN B 9TOM CJIydae HAJO Hpom3BecTH B coorTHOmeHun (45.6)
COOTBETCTBYIOIIee peobpa3oanue Jlexkanapa. VIMeHHO, epenuchbl-
BaeM €ro B BHUJE

dF+Y.P,Q;)=Y.pidg + > Q;dP;+ (H' — H) dt.
Bripazkenue, crogmiee 1o 3HakoM quddepennuaia B JIeBOi dacTh
pPaBeHCTBa, BLIPasKeHHOE Yepe3 IepeMeHHbIe ¢, P, 1 aBgeTcd HOBO

!) Bamerum, 4TO KPOME KAHOHIYIECKHX TPEOBPA3OBAHMIT, COXDAHSIOT KAHOHM-
9ecKUil BUJ| ypAaBHEHUI JBUKEHNS U NPEOOPA30BAHUS, IPU KOTOPBIX MOJLIHTE-
rpajbHble Boipakenus B (45.4) u (45.5) 0TIM9aioTCs HOCTOSHHBIM MHOXKHUTEJIEM.
IIpuMepoM MOXKeT CIyKHTh IpeobpazoBanue Buga: P = api, Qi = qi, H = aH
C IPOM3BOJILHOIT MOCTOAHHON a.
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nponssozsieit dynkuneit. O6o3nauns ee wepe3 O(q, P, t), nmeem )

AnanornunabiM 06pa30M MOYXKHO TepeiT K (hopMyIaM KaHOHU-
YeCKUX MpeodPa30BaHmii, BRIPAYKEHHBIX Yepe3 MPOU3BOIAIINe (DyHK-
[N, 3aBUCSIINE OT TIEPeMeHHbIX p n () nan p u P.

OtmeTuM, 9TO CBA3b MEXKIY HOBOI M CTapoll raMUJIbTOHOBBIMU
dyHKIUAME BCerja BbIPAyKaeTCs OJMHAKOBBIM 00pa30M: Pa3HOCTH
H' — H naercsa 9acTHOI IPOM3BOIHOI 110 BpEMeHHU OT IPOU3BOIAIIei
dyuknuu. B gactHOCTH, eciiu TOCTIETHSAS He 3aBUCUT OT BDEMEHU, TO
H' = H. [Ipyrumu caoBaMu, B 3TOM CIydae JJid IOJy9eHus HOBOIA
dbyukimn [aMuabToHa JOCTATOYHO TTOACTAaBUTH B H BeJIMYuHbI P, ¢,
BbIpayKeHHbIE Yepe3 HOBbIE mepeMeHHbie P, ().

[MInpora kaHOHWYECKUX TPe0OPA30OBAHUIT B 3HAUNTEIHHON CTere-
HU JINIIaeT B TAMUJIBTOHOBOM METOJIe TOHATHE OOOOIIEHHBIX KOOD-
JWHAT ¥ UMIIYJIbCOB UX IePBOHAYAIBLHOTO cMbIcaa. [lockonbky mpe-
obpasoBanusi (45.2) cBA3BIBAIOT Kaxkayio u3 BequmduH P, Q) Kak ¢
KOODJWHATAMHU ¢, TaK U C UMIIYJIbCAMH P, TO IepeMeHHble () yiKe
HE UMEIOT CMBICJIA YUCTO MPOCTPAHCTBEHHBIX KoopawHAT. Pazimmndane
MeKIy 00eMMU TPYIIIaMU IePEMEHHBIX CTAHOBUTCSA B OCHOBHOM BO-
MTPOCOM HOMEHKJIATYPHBIM. JTO ODCTOSATETHCTBO BEChMa HATJISIIHO
NMPOSIBJIAETCS, HAPUMeEp, B nipeobpaszosannu Q; = p;, P = —¢; ),
SIBHO HE MEHHAIONEM KAHOHWYECKWil BUJ YPABHEHUN W CBOJAIIEMCS
IIPOCTO KO B3ANMHOMY MEPEMMEHOBAHUIO KOODJIWHAT U MUMITYJIHCOB.

BBuay 310it ycJI0BHOCTU TEPMUHOJIOTUH TIEPEMEHHBIE P U ¢ B ra-
MIJIBTOHOBOM METOJ[e 9aCTO HA3BIBAIOT MMPOCTO KAHOHUYECKYU CONPSA-
AHCEHHDLMU BEAUYUHAMU.

YcenoBue KaHOHUYIECKON COMPSKEHHOCTH MOYKHO BBIPA3UTH C TI0-
Motibio ckobok Ilyaccona. [ljist aToro M0KaKeM mpeaBapuTebHO 00-
IIYI0 TeOpeMy 00 nHBapuaHTHOCTH CKOOOK Ilyaccona mo oTHOmIEHMIO
K KAHOHUYECKUM IIPe0OPA30BAHUAM.

1) BameTnM, 9TO, B3AB IPOU3BOIAINLYI0 (DYHKIIUIO B BUIE
® =3 fila, )P,
2

(rme f; — mpomsBonbHBIE DYHKINN), MBI TIOJIy9nM NTPeoOpa3oBaHue, TP KOTO-
pPOM HOBBbIe KoopauHaThl Q; = fi(g,t), T.e. BBIpAXKaIOTCA TOJIBKO Uepe3 cTapble
KOOPAUHATHI (HO HE MMITYJILCBI). DTO — TOYEYHBbIE TPe0OpPa30BaHMsl, KOTOPbIE
€CTEeCTBEHHBIM 00pa30M OKA3BbIBAIOTCS YACTHBLIM CJIy<IaeM KaHOHHIECKUX IPeod-
pa3oBaHUii.

2) Emy orseuaer nponssogsmas dyukuus F = 3q:Q;.
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IIycte {fg}pq — cxobra Ilyaccoma memmumn f u g, B KOTO-
poit nuddepeHITpPOBaHe MPOU3BOAUTCS IO TEPEMEHHBIM P, q, a
{fg}p,o — ckobka Ilyaccona rex xe Beau4ns, quddepeHnupyeMprx
10 KaHOHMYecKuM mepeMeHHbBIM P, (). Torma

{fg}p,q = {fg}P,Q- (45-9)

B cnpaBeamuBocTH 3TOTO COOTHOIIEHUS MOYKHO yO€IUThCS ps-
MBIM BBIUHCIEHUEM C UCIIOIH30BaHuEM (hOPMYJT KAHOHUIECKOTO TIpe-
obpazoBanung. MoxKHO, OTHAKO, OOOUTUCH U 0e3 BBIYUCIEHUI C I0-
MOIIBIO CJIEIYIOIIETO PACCY KIEHUS.

[Ipex e Bcero 3amedaem, YTO B KAHOHUIECKUX MTPe0OpPa30BaHM-
sx (45.7) wim (45.8) Bpemst urpaer posib napamverpa. [loaromy, ecian
MBI JIOKaXKeM Teopemy (45.9) 1yist Bem9uH, He 3aBUCSIINX SIBHO OT
BpeMeHu, TO OHa OyJeT BepHa m B o0Iem ciaydae. PaccMorpum Te-
nepb 9ncTo (GOpMATBHBIM 00Pa30M BEJIUYNHY g KaK TaMUJILTOHOBY
QGYHKIMIO HEKOTOPOI (PUKTHBHON cuCTeMBI. Torga coriacuHo op-
myne (42.1) {fg}p,q = —df/dt. Ho npoussonnas df /dt ects Benn-
YMHA, KOTOPast MOXKET 3aBHCETh JIUIIL OT CBOWCTB IBUKeHUs (Ha-
et PUKTUBHOMN CI/ICTeMbI) KaK TakKOBOI'O, a He OT TOI'O WJIU MHOTO
BBIOOpa nepemenHbix. [lostomy n ckobka Ilyaccona {fg} me moxer
U3MEHUThCS TIPU TePEX0e OT OJHUX KAHOHWYECKUX MEPEMEHHBIX K
JIDYTUM.

"3 dopmyn (42.13) u reopembr (45.9) momyuanm

{QiQk}p,q =0, {PiPk}p,q =0, {PiQk}p,q = dik- (45-10)
9T0 — 3ammcaHHbIE C MOMOIBIO CKOOOK Ilyaccoma ycmoBusi, KOTO-
PBIM JOJI2KHBI YAOBJIETBOPATH HOBBIE TIEDEMEHHBIE, IJId TOTO ‘-ITO6]':)I
npeobpazosanne p,q — P, () 6bLJI0 KAHOHUIECKIIM.

NHTepecHo oTMETUTH, 9TO U3MEHEHUE BEJIUYUH P, TIPU CAMOM
JIBUKEHNN MOXKHO PAacCMaTPUBATh KaK KAHOHWYECKUE TPeodpaso-
BaHUAA. CMBICJI 9TOTO YTBEPXKAEHUA COCTOUT B CJACAYIOIIEM. HyCTb
qt, P+ — 3HAUEHUd KaHOHUYECKUX MEPEMEHHBIX B MOMEHT BPEMEHU
t, a qiit, Pirt — UX 3HaYeHUd B Apyroit moment t + T. [locmemaue
ABJIAIOTC HEKOTOPBIMU (DYHKIUSAMH OT TEPBBIX (M OT BEJUYIHMHBI
UHTEpBaa T KaK OT MapamMerpa):

G+ = q(q, P, t,T), Degr = pae, 0t T, 7).
Ecmm paccmarpuBarh 3T OpMyabl KakK Ipeobpa3oBaHHE OT IIe-
PEMEHHBIX @¢, Pt K TIEPEMEHHBIM (i it, Pi+r, TO ITO IIPeodpaszo-
BaHUE 6yILeT KaHOHHNYECKNM. 9TO OY9€BUJHO U3 BBIpa}KeHI/Iﬂ

dS =Y (pt4rdgrir — prdg) — (Hipr — Hy) dt
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st nudbdepennnana geiicrsust S(gi4x, G, t), B3ATOTO BIOJIb NCTHH-
HOIl TPAEKTOPUHU, NPOXOLAIIEA 9epe3 TOYKU ¢; U (it B 3aJaHHBIC
MOMeHTHI BpeMenu ¢ u t+ T (cp. (43.7)). CpaBrenue 310it hopMyJIbI
c (45.6) mokaseiBaer, 9T0 —S €CTh NPOU3BOAAIIAS (DYHKIUS TIPEOD-
pa3soBaHUS.

§ 46. Teopema JInyBusuisa

JL71s1 reoMeTpPUYIECKON WHTEPIPETAIINN MEXaHUIECKUX SBJICHUI
JacTO MOJB3YIOTCS MOHATHEM O TaK HA3BIBAEMOM (Ha3080M NPOCM-
parcmee Kak O MPOCTPAHCTBE 25 U3MEPEHNUil, Ha KOOPAUHATHBIX OCSIX
KOTOPOT'O OTKJIAJIBIBAIOTCS 3HAYEHUs S 000OIEHHBIX KOOPAUHAT U S
UMITYJIbCOB JIAHHON MeXaHW4ecKoi cucreMbl. KaxKkgass Touka 3TOro
IIPOCTPAHCTBA OTBEYAET OMPEIeTEHHOMY COCTOSHUIO cucTeMbl. [Ipu
JBUYKEHUN CUCTEMBI n300parkarormas ee pa3oBast TOYKA OTMCHIBAET
B (ha30BOM MPOCTPAHCTBE COOTBETCTBYIOIIYIO JIMHUIO, HA3ZBIBAEMYIO
dasosoti mpaexmopueti. Ilponssenenne muddepeHInaIonB

dl'=dq ...dgsdpy ... dps

MOYKHO PacCMaTpuBaTh KaK «3dJeMeHT oObemay (ha3oBOTO MPOCT-
pancrBa. Paccmorpum teneps maTerpan [ dIf, B3aTHIM MO HEKOTO-
poii obnactu GpazoBOr0 MPOCTPAHCTBA M M300pazKarommii coboit ee
obbem. [lokarkem, 9T0 3Ta BesmanHa 00/1a/1a€T CBOWCTBOM MHBAPU-
AHTHOCTH 10 OTHOIIEHUIO K KAHOHUYECKUM TPEOOPA30BAHUSIM: €CJIN
POM3BECTH KAHOHUYECKOE MPeobpa30BaHUE OT MEPEMEHHBIX P, K
niepeMeHHBIM P, (), TO 00beMBbI COOTBETCTBYIOIMINX JPYT APYTY 00-
JlacTeil TpOCTPaHCTB P, q U P, () oqnHaKOBbI:

/./dql...dqsdpl...dps:/./dQl...dQsdpl...dPS. (461)

Kax msBectHO, mpeobpa3oBaHme MepeMEeHHBIX B KPATHOM WHTE-
rpaJjie Tpou3BOAUTCS TI0 (hOpMYyJIe

//dQldQsdpldP :/../qul...dqsdpl...dps,

riue
p=9@Q1,..,Qs P, P) (46.2)
O(q1, - 3qsyP1y- -, Ds)
eCTh TaK Ha3bIBaeMbIl sAkobuan npeobpasosanus. IlodTomy moka-
3aTEJIbCTBO TEOPEMbI (461) CBOIUTCA K JOKA3aTEJIbCTBY TOT'O, 9TO
AKOOMAH BCAKOTO KAHOHMYIECKOTO MpeoOpa3OBaHNd PaBeH €INHAIE:

D=1. (46.3)
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Bocmonns3yemcest m3BeCTHBIM CBOMCTBOM TKOOMAHOB, KOTOPOE T03-
BOJISIET 00PAIIATHCST ¢ HUMW B OTIPEIESIEHHOM CMBIC/IE, KaK C JIPOOSIMI.

«Paznenus yncauresns u 3namenaresnby Ha 0(qi, ..., qs, P1,..., Ps),
HOJTY YAM
D — a(Qla"'aQSapla“'aPS) 8(q15"'7q57p17"'5p5) (464)

8((]1,...,(13,131,...,133) 8(q1,...,qs,P1,...,Ps)'

CorsiacHO ApPYroMy M3BECTHOMY IpPaBUJLy siKOOMaH, y KOTOPOTO B
«IUCTUTEJIE> W «3HAMEHATe e» (PUrypupyroT OANHAKOBLIE BEJIMYN-
HBI, CBOJUTCA K AKOOMAHY OT MEHBIIIEr0O YNCJIa TIEPEMEHHBIX, TTPUIEM
pu Bcex andepeHITnpoBaHugX B HEM BBITIABINIE OJMHAKOBBIE Be-
JIMIUHBI JOJIYKHBI CANTATHCA TTOCTOTHHBIME. [ToaTOMY

_ ) 9@Q,...,Qs) AP, ..., ps)
b= (a1, -- -+ qs) 3(Pr,..., P.) . (46.5)

PacemoTrpum sikobmraH, CTOAIIUN B YUCINTENE STOTO BHIPAYKEHUSI.
CornacHo ompeaeIeHuIo 9TO eCTh ONPEeIeINTENb PAHTa §, COCTABJIEH-
HBII U3 51eMeHTOB 0Q); /0 (371eMeHT Ha TepecedeHnn i-if CTPOKHU U
k-ro cronbra). [IpemcraBuB KaHOHHYIECKOE MTPEOOPA3OBAHKE € TIOMO-
mbio npousBomsieii dyakmun O (g, P) B dopme (45.8), momyanm

8Q; 80
dqr  OqOP;
Takum ke obpazoM Haiimem, 49TO 2, k-l 3JIeMeHT ONpeIeuTess B

P=const g=const

3HaMeHaTesie Bbipaxkenus (46.5) pasen DTO 3HAYUT, UYTO

0q:0P;
0b6a ompemeauTeas OTIMYAIOTCA TOJIBKO 3aq1\4eH01?1 CTPOK Ha, CTOJO-
bl 1 obpatHo. [ToaToMy OHU paBHBI APYT APYTY, TaK 9TO OTHOIIE-
uue (46.5) paBHO eauHHUIE, 9TO U TPEOOBAIOCH JTOKA3ATh.

[IpencraBum cebe Temepb, 4TO KaxKIasd TOYKA JAHHOIO yYaCT-
Ka (HazoBOro MpOCTPAHCTBA IEPEMEIIAETCS CO BPEMEHEM COIJIACHO
yPaBHEHHSM JBUKEHUsI PACCMATPUBAEMON MEXaHUIECKON CHCTEMBI.
Tem cambIM OyzeT mepeMeriarbcsg W Bech ydacTok. [Ipm aTom ero
00'beM OCTaeTCsI HEM3MEHHBIM:

/dr: const . (46.6)

910 yTBepxkIeHue (Tak Ha3biBaeMas meopema JIuyeusns) Hero-
CPEICTBEHHO CJIeIyeT N3 MHBAPUAHTHOCTHU (pa30BOTO OO'beMa IMpH Ka-
HOHUYECKUX HpeO6pa3OBaHI/IHX n U3 TOro, 9TO CaMO€ USMEHEHUE P "
¢ IPU JBUKEHUU MOYKHO PACCMATPUBAThH (KaK OBLIO yKa3aHO B KOH-
e mpeabiaymero naparpada) Kak KaHOHMYECKOe Mpeo0pa3oBaHue.
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COBepH_IeHHO aHAJIOTMTYHBIM O6p8,30M MOXKHO JOKa3aTh MHBapPU-

AHTHOCTH I/IHTeraJIOB
/ / Z dg; dp;,
1

/// >~ dgi dp; dgy. dp,
iZh

B KOTOPBIX NHTEIPUPOBAHNE TPOU3BOINUTCS TI0 3aJaHHBIM JIBYX-, Ue-
THIPEX- W T.JI. -MePHBIM MHOT000pa3nsiM B (pa30BOM TTPOCTPAHCTBE.

§ 47. YpaBuenne l'avuiabprona—fAkoou

B § 43 6110 BBejIeHO MOHSATHE O JEHCTBUN KaK (DYyHKIMK KOOP-
IUHAT W BpPeMeHU. BbLIO TOKa3aHO, 9TO YacTHAasl TMPOU3BOIHAA TIO
Bpemenu ot 1ol byuknuu S(q,t) ceazana ¢ dpyuxnueit lamuibrona
COOTHOIIIEHIEM e

E + H(qapat) = 07

a ee JaCTHhIE TPOU3BOIHBIE 110 KOOPAMHATAM COBIAJIAIOT C UMITYJ/Ib-
camMu. 3aMEHUB B COOTBETCTBUHU C ITUM UMIYJbCHI p B (DYHKINN
FammiabTona nponsBogabiMu 05/, MbI TIOTyYnM ypaBHEHTE

%—‘jJrH(ql,---,qs;g—i,---,g—i;t)20, (47.1)
KOTOPOMY JIOJIKHA YIOBJIeTBOPATH byHKuusa S(g,t). 910 ypaBHe-
HI€ B YACTHBIX MPOU3BOJHBIX IMEPBOTO MOPSAMIKA; OHO HA3BIBAETCH
ypasrernuem Iamusvmona—drobu.

Hapsany ¢ ypaBHerusamu Jlarpam:ka M KaHOHUYECKUMU ypaBHe-
HusgMu ypaBaenne avmuibrona—kobu TakKe ABISETCA OCHOBOI He-
KOTOPOTO OOIIET0 METO/Ia WHTETPUPOBAHNSA yPABHEHUIl IBUKEHU.

[Tepexosmsi K W3JI0XKEHWIO 3TOTO MeETOJ/ia, HATIOMHUM TIpe/IBa-
pUTENIBHO, 9TO BCsikoe auddepeHiinaabHoe ypaBHEHNE B JaCTHBIX
MIPOM3BOIHBIX TIEPBOTO TOPSIKA MMeeT PellleHne, 3aBUCHIIee OT IIPO-
M3BOJIbHOW (DYHKIINW; TaKOe peIlleHre Ha3bIBAIOT OOIMM WHTerpa-
JIOM ypaBHeHUs. B MexaHn4IecKnx NpUMeHEHNsIX, OJTHAKO, OCHOBHYIO
pOab WrpaeT He OOmMMi WHTEerpaJ ypaBHenus | ammibToHa—AKOOM,
a TaK Ha3bIBAEMBIN NOAHBIT UHME2PAL; TAK HA3BIBAETCS peIeHe
nnddepeHImaabHOT0 ypaBHEHNST B 9aCTHBIX MTPOM3BOIHBIX, COJIEP-
JKallee CTOIhKO HE3aBUCUMBbIX MTPOU3BOILHBIX TTOCTOSHHBIX, CKOJTHKO
MMeeTCs He3aBUCUMBIX TIePEMEHHBIX.
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B ypaBaenun lamuiabrona—kobOn He3aBUCHMBIMU TI€PEMEHHBI-
MU SBJAIOTCA BpPeMs W KOOPAWHATHI. [lo3TOMy /75 CUCTEMBI C S
cTeneHaMu cBOOOIBI TIOTHOM MHTEIPAJI TOTO YPABHEHUS TOJIZKEH CO-
epzKaTh S + 1 TpPOW3BONBHBIX MOCTOAHHBIX. [Ipm 3TOM, mOCKOIBKY
dyuknusa S BXOAUT B ypaBHEHNE TOJIHKO U€pe3 CBOU IIPOU3BOJIHBIE,
TO OJIHA U3 MPOU3BOIBHBIX IMOCTOSHHBIX COJEPIKATCA B IIOJHOM WH-
Terpaje aIUTUBHBIM 00pa30M, T.e. TIOJTHBIN WHTErpaJl ypaBHEHUS
Tamunaprona—Skobu mMmeeT Bu

SZf(t,q1,..-,qs;061,...,065)—I—A, (472)

rje &i,...,&s 1 A — IpPOU3BOIbHBIE IOCTOSHHBIE '),

Boisichum Temeph CBS3b MEXKJy TOJHBIM WHTErPAJIOM ypaBHE-
ausa lamuiabroHa—koOn m MHTEpPECYIONINM HAC PEIeHreM ypaBHe-
Huit aBvkenus. J[ist 9TOr0 mponsBeseM KaHOHMYECKOE MTPeodpas3o-
BaHWE OT BEJWYUH ¢, K HOBHIM TIEPEMEHHBIM, MpUYeM QYHKIIIIO
f(t,q, «) BRIGEPEM B KavdecTBe Mpou3BOAsIIel (DyHKIMU, a BeJIUYU-
HBI &, X3, ..., Xs — B KadeCTBE HOBBHIX MMITyJIhCOB. HOBBIE KOOP-
AHATHI 00o3HaYMM dYepe3 By, B, ..., B, Tak kak npousBomsIIas
GYHKIINA 3aBUCUT OT CTAPHIX KOOPAWHAT W HOBBIX UMITYJIbCOB, MBI
JIOTIZKHBI TIOJIb30BaThess (popmystamn (45.8):

T )
! 8qi ’ v 80@ ’ ot )

Ho nockombky dbyukius f yaosiaerBopsier ypaBHeHuto [avuib-
ToHa—SKOOM, TO MBI BUANM, 94TO HOBas dyakimsa [amMmiabrona 006-
palaercs TOXK/IECTBEHHO B HYJIb:

1) Xors obmumii naTerpas ypasuenus lamuisrona—Ikobu HAM He TOHALOGHT-
Csl, HO yKayKeM, 4TO OH MOXKET ObITh HaWIEH, €CJIM U3BECTEH TOJHBIA NHTErPAJI.
s sToro 6ymeM cunTaTh BeMWUWHY A TPOM3BOJBHON (QDYHKIMEH OCTAJIBHBIX
[IOCTOSHHBIX:

S=Ff(t q1, -y qs; X1,y .oy &Xs)+A(X1,y 00, &)
3aMeHUB 3[eCh BEJIMYUHBI X; (DYHKIUSIMU KOOPAMHAT ¥ BPEMEHU, KOTOPbIE Ha-
XOIIUM U3 S yCJIOBU

oS

_— = 0’

8067;
mojlyunM OGNt WHTerpaj, 3aBUCAINNWI OT BHAA TPOU3BOILHON (DYHK-
unn A(o, ..., &s). JdelcTBUTeIBHO, AJIs TOLYYeHHONR TaKuM croco6oM (yHK-

mun S mMeeM

oS (088 0S5\ O (0S
dai (8Qi)a +zk:(8ock)q oai (aqi)a'
Ho sesmuunnsr (05/0qi)« ynoBneTBopsaoT ypapaeHno [ammibrona—dkobu, mo-

ckonbKy dyukmua S(t, ¢; ®) €CTh MO MPEANONOKEHHIO TIOJHBIA HHTETPAJ TOTO
ypaBHeHus. [109TOMy yIOBIETBOPSIOT €My W MPOU3BoaHble 0.S5/0q;.
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g O g 9S
H_H+8t_H+8t_O'

[Tosromy KaHOHWYECKWE YPABHEHUS JJIs HOBBIX MEPEMEHHBIX UMEOT
Bug &; = 0, 3; = 0, oTKyma cieayer, 4To
«; = const, f3; = const. (47.3)

C nmpyroit cTOPOHBI, S ypaBHEHMIt
of _
Tm - B’L

JAIOT BO3MOXKHOCTH BBIPA3UTh S KOOPJWHAT ¢ 4Yepe3 BpeMs U 2S
MMOCTOAHHBIX & ¥ [3. Tem camMbIM MBI HaiijleM OOIIUi UHTErpaJ ypas-
HEHUM JTBUKEHHS.

Takum o6pazoM, perenue 3aJaun O ABWKEHUN MeXaHUIeCKOH
cucTeMbl MeTOIOM ['aMuIbToOHA—AKOOU CBOANTCA K CJIEIYIOITNAM OTTe-
paImsaM.

ITo dpyskmmm lNamuabToHa cocTaBiasieTca ypaBHeHne [ amMuiIbTO-
Ha—¢Ko6u u HaxoAUTCs MONIHBIN nHTErpas (47.2) 3Toro ypaBHeHUsI.
Huddepenmupyst ero mo mpou3BOJIbHBIM MTOCTOTHHBIM X W TIPUPAB-
HUBasi HOBBIM TIOCTOSTHHBIM [3, TIOJIy9aeM CUCTEMY S aJIreOpanvIecKux

ypaBHEHUH
95 _

% _p, (47.4)

pertast KOTOpyIo, HaifleM KOOPANHATHI ¢ KaK (DYHKIINNA BPEMEHN 1 25
MTPOM3BOILHBIX TTOCTOSTHHBIX. 3aBUCUMOCTH UMITYJILCOB OT BPEMEHU
MOYKHO HaiiTm 3aTem 1o ypasHenusMm p; = 0S5/0q;.

Ecnu Mbl nMeeM HemosIHBIN MHTETpa ypaBHeHHs ['aMuUIbTOHA—
Akobu, 3aBUCAIINIT OT MEHBIIETO YeM § UUC/Ia MPOU3BOIBHBIX II0-
CTOSIHHBIX, TO XOT$ C €r0 TOMOIIBIO HeJIb3sd HafTH 00muii MHTerpaJ
yPaBHEHU JBUKEHUsI, HO MOXKHO HECKOJIBKO YIIPOCTUTDH 33/1a9y €ro
HaxoxkaeHus. Tak, ecnn m3BecTHa DYHKIWMS S, comepsKaiast OIHY
TIPOM3BOJILHYIO TTOCTOSTHHYIO (X, TO COOTHOIIIEHNE

6_5 = const
dx
JaeT OJHO ypaBHEHWE, CBA3bIBAIOIIEE (1, ...,(Qs 1 L.

Ypasuenne lamuiabrona-KoOM TpUHUMAaET HECKOJBKO 0Oosee
npoctyio hopMy B TOM ciaydae, Korga ¢GpyHKIus H He 3aBUCHUT OT
BPEMEHH sIBHO, T.€. CUCTeMa KOHCEePBATUBHA. 3aBUCUMOCTD JE€HCTBUSA
OT BPEMEHU CBOJUTCS IPHU 3TOM K ciaraeMomy — FEt:

S = So(q) — Et (47.5)

(cm. § 44), n moncranoBkoii B (47.1) MBI MoTy9aeM s yKOPOYEH-
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HOTO JeiicTust So(q) ypauenne [ammibrona—fkobu B Buje

a8 aS
H(Qh.“’qs;a—qf"”’aqj) =

(47.6)

§ 48. Pazmenenne mepeMeHHBIX

B psijie BaxKHBIX CIydaeB HAXOXKIEHME MOJTHOIO UHTErPaJsia ypas-
Herus [amuabrona—KoOu MOKeT OBbITh JOCTUTHYTO IIyTEM TaK Ha-
3BIBAEMOTO PA30eAEHUS NEPEMEHHDIT, CYIIHOCTH KOTOPOTO COCTOUT
B CJIE/LyIOIIIEM.

Jonyctum, aro Kakas-1ub0 KoopauHaTa — 0O03HAYUM ee Yepe3
@1 — ¥ cooTBeTCTBYyIOmAs eif mpoussoguas 0S/0q) BXOmAT B ypas-
Herne [amuibToHa—IKOOM TONBKO B BUIE HEKOTOPOH KOMOWHAIUY
©(q1,05/0q1), He conepxkaiieil HUKAKUX APYIUX KOOpAMHAT (MJiu
BDEMEHM) U NPOM3BOJHBIX, T.€. YDABHEHUE MMEET BUJ

(D{Qiatvg_iaaa_fa(p (‘hag_qsl)} :07 (481)
rjie ¢; 0003HAYAeT COBOKYITHOCTH BCEX KOOP/IMHAT 33 UCKJIIOUEHUEM (] .
Byzem uckath B 3TOM Ciiydae peIleHue B BUJE CYMMbI

S = Sl(qi,t) + S1(q1). (48.2)
[MoxcraBue 310 BhIpakenue B ypasHenue (48.1), momydunm
¢ 05 85 51\ _
) {qlata 9g; "ot ® (Qh dqr )} =0. (483)

[Tpeanonoxkum, aro pemenne (48.2) maiineno. Tormga moce mos-
CTAHOBKH €ro B ypaBHeHue (48.3) mocieHee TOIKHO 0OPATUTHCS B
TOXKIECTBO, CIIpaBeJINBOe, B YACTHOCTH, NIPH JIOOOM 3HAYEHUU KO-
opauHaThI 1. Ho Ipn m3MeHeHnn ¢ MOXKET MEHATHCSA TOJBKO (PYHK-
st (Q; MOTOMY TOXKJIECTBEHHOCTH paBeHCTBa (48.3) Tpebyert, 4To-
Ob1 U (PyHKIUA @ cama 1o cebe ObLIA TOCTOIHHONE. TakuM oOpa3om,
ypaBuenue (48.3) pacnagaercst Ha JBa yPABHEHUSI:

ds
® <q1, dTll) _ (48.4)
as' as’ B
Q{QZatafmaW’ocl} _07 (485)

re & — MPOW3BOJIbHAs mocTosiHHAsA. [lepBoe n3 HUX ecTh OOBIKHO-
BeHHOe anddepeHIpanibLHoe ypaBHeHne, n3 Koroporo dyHKiwmst S1(q;)
MOXKeT OBITh OmpejiesieHa MPOCThIM WHTerpupoBanueMm. llocie sTo-
ro ocraercs auddepeHImaIbHOe yPaBHEHNE B YaCTHBIX MTPOU3BOJI-
HBIX (48.5), HO y2Ke C MEHbIIMM YUCIOM HE3aBUCUMBIX IEPEMEHHbBIX.
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Ecnu Takum crioco6oM MOYKHO TIOC/IEI0BATEHLHO OTIEIUTH BCE S
KOOpAMHAT W BPEMs, TO HAXOXKJEHUe IOJHOTO MHTerpaja ypaBHe-
Husg [amunbroHa—fKoOU 1MeTMKOM CBOAUTCS K KBajparypam. [l
KOHCEPBATUBHOI CHCTEMBI pedb (PaKTUIECKU UIET JIAIIL O Pa3Iese-
HUU S TIEPEMEHHBIX (KOOpIMHAT) B ypaBHeHuu (47.6), u npu moaHoM
pasjeleHnu UCKOMBIN MHTEerpaJj ypaBHEHUs MMeeT BT

SzZSk(qk;oq,...,ocs)—E(oq,...,ocs)t, (48.6)
k

re Kaxkaad u3 pyHKImit Sy, 3aBUCUT JIMIITH OT OJHOW M3 KOOPANHAT,
a sreprusgd F kak (yHKINSA TPOU3BOJBHBIX ITOCTOAHHBIX X1, ..., Xs
NOJTy9aeTcd TOACTaHOBKOM Sy = Y Sk B ypasHenue (47.6).

YacTHbIM CIydaeM pas3jieJIeHus ABJIAETCH Cydail IUKJIMIecKOi
nepemenHoii. [lukimmyeckast KoopauHaTa ¢ BOBCE HE BXOJUT B IBHOM
Buse B dyskmuoo [amMuipTroHa, a MOTOMY W B ypaBHeHUE [aMmib-
roHa—Ako6u. Pyuximsa @(qi,dS/0q1) cBOAUTCS TPU 3TOM TMPOCTO K
0S/0q1, n u3 ypaBuenus (48.4) mmeem mpocto S1 = ®1q1, TaK YTO

S = Sl(qi,t) + x1q1. (48.7)
[TocTosguHas ®; €CTh MPHU STOM HE UTO WHOE, KaK MOCTOsTHHOE 3Ha-
YeHne MMIyJabca p; = 05/0q1, OTBEYAOIIEro MUKINIECKON KOOD-
nuaare. OTMeTHM, 9TO OT/IeJIEHNe BpeMeHU B Buie WieHa — Bt maisa
KOHCEPBATUBHOM CUCTEMBI TOXKE COOTBETCTBYET METOJY Pa3/Ie/IeHUs
MMepeMEHHBIX JIJI «ITUKJINIeCKOil TepeMeHHOi» t.

Taxkum obpasoM, Bce pacCcMaTPUBABINMECs pPaHee CIydanl yIpo-
[IEHUsT MHTErPUPOBAaHKs YPABHEHWI JIBUXKEHUsI, OCHOBaHHbIE Ha UC-
[OJIb30BAHUU LUKJIMYECKUX EPEMEHHbBIX, OXBATHIBAIOTCA METOIOM
pazesieHnst TepeMeHHbIX B ypaBHennn [ amuiabrona—Akoou. K aum
JI0OABJISIETCS €I11e PsiJL CIy9aeB, KOrJa Pa3/ie/IeHue IEPEMEHHBIX BO3-
MOYKHO, XOTsl KOODJWHATHI HE SABJSIOTCA IUKJINYeCKUMU. Bce 310
NPUBOAUT K TOMY, 9TO MeToJ lamuiabroHa—¢kobu siBiasiercss Hau-
00J1e€ MOTYIIECTBEHHBIM METOJ0M HaXOXKIEHUsl OOIIEro MHTerpaJsa
YPaBHEHUN NBUKCHUSL.

s pa3iesnenus mepeMeHHBIX B ypaBHeHuu ['amuibroHa—AK0OM
CYIIECTBEH YIA4YHBIA BBIOOp KoopamHAT. PaccMoTpuMm HEKOTOpPHIE
IIpUMEpBI pa3/Ie/ieHus TIEPEMEHHBIX B PA3/IMIHBIX KOOPAMHATAX, KOTO-
pble MOT'YT IIPE/ICTABUTH (PU3NIECKUIT MHTEPEC B CBA3U C 3aIa9aMU
O JIBUKEHUW MaTepUaIbHOW TOYKW B Pa3INYHBIX BHENTHUX IOJISAX.

1. Cdhepuueckune koopauHaTel. B srux koopaunarax (r, 0, @)
dyukiua amuabrona

2 2
H= (g4 2+ o) + U8, )

r2sin® 0
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1 pasjiesieHre TIePEMEHHBIX BO3MOXKHO, eCJIn
— b(6) ()
U= a(r) - r?2 + r2sin%20’
rue a(r), b(0), ¢(¢) — npoussonbuble dyukmu. [Tocrennuii ien B

9TOM BBIPAYKEHUU BPSAJ JIU MOXKET MPEICTABUTH (DU3NIECKUN HHTE-
pec, U MOTOMY MBI PACCMOTPUM IIOJI€ BUIA
b(6)
U=a(r)+ =t (48.8)
B srom ciiyuae ypasuenune l'amusibrona—Akobu st pyskimn Sy

1 350)2 1 (aso>2
2m < or + a(r) T 2mr?2 |: 00 + me(e) +
1 850)2
1 (90 _ g
+ 2mr2 sin? 0 < 1920
qu/ITI)IBaﬂ OTUKJINIHOCTh KOOPAMWMHATBI (p, HIIEM PEIIEHNE B BHUIE

S() =DPe®P + 51(7') + 52(9)
u qis byuknuit S1(r) u S2(0) nmomyuaem ypaBHeHUs

(@)2+2mb(e)+ Py _p,

do sin? 0
1 dS, 2 8 _
e (B +an+ 5 =B

Nurerpupys nx, MOaydInM OKOHIATEIHHO:

2
S:—Et+p(p(p+/\/[3—2mb(9)— Lo 0 +

sin

+ /\/2m[E —a(r)] - B ar. (48.9)

[Tpon3BOMBHBIMI TOCTOAHHBIME 3€Ch ABIAIOTCA Do, B, B; mud-
depeHIUPYS MO0 HUM U TPUPABHUBAsS pe3yabrar anddepeHInpoBa-
HUS HOBBIM TIOCTOSAHHBIM, HaligeM obIlee perenne ypaBHEHWH IBU-
SKEHWS.

2. ITapabosmyeckne KoopauHATHI. [lepexon Kk mapabomnde-
CKUM KOOpamHaTaM &,T1], @ COBEPINAETCA OT IWJINHIPUIECKUX KO-
opaunat (KoTOpBIE B 3TOM maparpade Mbl Oygem 0603HAYATH, KAk

ps @, z) 1o hopmy.Tam
2=3(E-n), p=Ven (48.10)

KoopanuaTs! & u 1 mpoberatoT 3HaYEeHNSA OT HYJIA 10 OC; TTOBEPXHO-
CTH TIOCTOSTHHBIX & U 1] TIPEICTABIAIOT cO0O0i, KaK JIETKO yOeanThes,
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JBa ceMeiicTBa mapaboIonI0B BpalleHnst (C OChIO Z B KAYECTBE OCH
cuvmmerpun). Cesasb (48.10) MOXKHO TIPEJCTABUTH €lle W B JIPYroii
dopwme, BBeIsd paanyc

r=\22+p = (£+n). (48.11)

E=r+2, n=r-z (48.12)

CocraBum dynknuio Jlarpanxka marepuajbHON TOYKUA B KOOP-

nuHartax &M, @. JAuddepenunpys Bripaskenns (48.10) mo Bpemenn
U TOJICTABJIAS B

L=2(0" 400"+ ) = Ulp, 0,2)

(byskus Jlarpanxka B IIINHAPAIECKAX KOOPIMHATAX ), TOJIYIUM

=2 (S + 1)+ Pne? - UEm 0. (48.13)

Torma

Nmmysibebl paBHBI
pe= e (E+ME  py=(E+TN, pe =ming

n dyskius lamunbsrona
2 &pi +np; P
H = L © U 48.14
mexn T ame TUEM @), (48.14)
Quanyueckn WHTEPECHbIE Caydan pas3jeseHusl MePeMeHHbIX B
9TUX KOOPJMHATAX COOTBETCTBYIOT MOTEHIIMAJIHHON SHEPTUN BHUIA
U = a(&) +b(n) — a(r—}—z)—l—b(rfz). (4815)
E+1 2r

Nmeem YpaBHEHUE

w25 0 (3) ]+ amen (5) + 0

ITukindeckast KOOPAMHATA (Q OTIEISETCS B BULE Po@. YMHOXKUB
3areMm ypasHeHne Ha m(&+1) ¥ meperpynnupoBaB UieHbl, 0Ly IUM

2&(850) +ma(&)— mEE—i—p“’ +2n (830) —i—mb(n)—mEn—i—% =0.

on
TTomoxus

So = pe@ + S1(&) + S2(n),

MOJIyYUM JIBa ypaBHEHUs

25(”’51) + ma(&) — mE£+p“’ B,

ds
2n (d—;) +mb(n) — mEn + Z—:’] =-f
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1, THTETPUPYH UX, HallJleM OKOHYATEeJIbHO:

o [5 _ ma(i) _ P2
S = Et+p<p(p+ \/ = % —45’2 d& +
- mb(n)  py

C IIPOU3BOJIbHBIMU TOCTOAHHBIMU Py, [5,

3. DamunTuydecKne KOOPJIWHATBI. DTH KOOPAWHATHI &,1], @
BBOISITCS COTJIACHO (bopMyIam

p=o\/(E2-1)1-72), == otn. (48.17)

[Tocrosirmas o aBasgeTcs mapamerpom mpeobpasoBanns. Koopanaa-
Ta & npoberaer 3HAYEHWS OT €IMHUIIHI JI0 OO0, a KOOpAnHATa 1 oT —1
10 +1. eomerpuuaeckn OoJiee HATJIsAIHBIE COOTHOIIEHUS TTOJLY Yai0T-
Csl, €CJIM BBECTU PACCTOSTHUS 71 W T9 10 Toyek A1 m Ao Ha ocu z ¢
KOODJIMHATAMHA 2 = O U 2 = —0 '):

r1=4+(2—0)2+4p% ro=+(2+0)+p%
[Toxncrasus croga Boipaxkenus (48.17), nosyaum

ri=0(§-m), r2=o0(&+m),
£ = ro + 71 n= T2 —T1 (48'18)
20’ 20
[Ipeobpasysa dyukimo Jlarpanxa OT MUIHHIPAIECKUAX KOOP/IH-
HaAT K SJIJII/IHTI/IquKI/IM, Haﬁ,ﬂeM

_ ma’ 2_2(52 T'lQ)
L==-(E-m) 21 tiogp) Tt

+IE )10’ UlEme). (48.19)

Orcroga s dysknun ['aMuibToHa MOy 9UM

1) JIunun nocrosiHHbIX & PEJCTABJAIOT COOOM CEMENCTBO JLJIUTICOUI0B

2 2
z P

_|_
2 2
02§ 02(&° —1)
¢ doxycamu B Toukax A; m Az, a IMHMM MOCTOAHHBIX 1] — ceMeicTBO cOdOKyC-
HBIX C HUM TUNepOOIOnI0B

=1

52 - p .,
o'n? o2 (1-n?)
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_ 1 2 2 2y, 2
H= 2mo?(£2 —n?) [(E ll)p‘i + (11 no)py +
2
+ (m + m)ﬁp] +U(Em, @) (48.20)
Qusnueckn MHTEPECHBIE CIIyYan Pa3IeIeHns TIEPEMEHHBIX COOT-
BETCTBYIOT MOTEHIUATBHON IHEPrUn
_a(£)+b(n)_c_2{ (r2+r1> (TQ*T’l)}
U=tGtt = 2 da (Bt ) o (B ) . (s
rie a(&) n b(n) — npoussosnbHble dyHKINN. Pesynbrar pasmenenust
MepeMeHHbIX B ypaBHeHur | amuibrona—Akobu riacut:

_ 9 B —2moa(£) _ Do
S = Et+p<p(p+/\/2mcrE+ e (5271)2da+

+2 b z
/\/2m02E—|— B+ 2mobn) _ e dn. (48.22)

amgaumn

1. Haiitu nonubiii uHTErpas ypapaenus [aMuabroHa—KOOU /115 JBUXKEHUS
YaCTHIBI B TIOJIE

Uzg—Fz
r

(HamOXKeHNe KyJOHOBCKOTO W OJHOPOIHOTO MOJIeil); HaliTn cnenuduaeckyo s
TAKOTO JBUKEHUS COXPAHAIOIIYIOCA (QPYyHKIIUIO KOOPAWHAT W UMITYJIHCOB.
Pemenue. J[annoe nmone orHOCHTCA K Tumy (48.15), mpuaem

F F
a(a):“—EEQa b(n) = a+ 5112-
Tlonubiit  wHTErpanm ypaBHeHus |amumiabrToHa—AK0OM gaercs  opmysoit

(48.16) ¢ srumu pyuknuamu a(&) u b(n).

J1Jisi BBISICHEHUSI CMBIC/IA TIOCTOSIHHON [3 MuIlleM ypaBHEHUs!
2 p(p
2&pe +ma(E) —mEE+ T = B,

2np12~, +mb(n) — mEn + ﬁ = —B.
Bbrarst ogHO M3 3TMX ypaBHEHWH W3 APYTrOr0 W BBIPA3UB WUMILYJIBCHI Pi =

= 0S/0& n py, = 0S/0n uwepe3 mmmysbcht p, = 0S/0p m p, = 0S/0z B uM-

JIUHAPUYIECKUX KOOpAWHATAX, IIOJYYUM IIOCJIE€ IIPOCTOr0 MPpUBEAEHUA:

xz p
B=-m|—=+ "(zpo —pp:

m 2
— —Fp~.
2 P

BolparkeHne B KBaJPATHBIX CKOOKAX NPeJCTaBJsAeT co00ii HHTerpas ABUYKEHUs,
cienprIeCKuii I 9UCTO KyJIOHOBCKOTO 1O (2-KOMIOHeHTa Bekropa (15.17)).

2. To ke B mouse o o
U= —+ —
T1 T2
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(KyJIOHOBCKOE TOJe JBYX HEMOABWIKHBIX IEHTPOB Ha PACCTOAHNU 20 JAPYT

oT apyra).
Pemenue Jlannoe mome orHocuTCa K ro 1
Ty (48.21), npuuem
o1+ & X — &
a(&) = %E” b(n) = %n 02 01
Heiicteue S(&,M; @,t) momydaercs MOACTAHOB- (o 20 1

KOii srux BelpaxkeHuit B (48.22). Cmblca mocro- P
STHHOW {3 BBISICHSIETCSI AaHAJIOTUYHO TOMY, KaK 9TO uc. 55
OBbLIO CHeNaHO B 33jade 1; OHA BBIparkaeT COBOil B TAHHOM Cilydae COXPAHEHHE
ClieTytonIel BeTUYHHbB:
p 2
B=o (pp + =% ) = M” +2mo(au cos 1 + x2 cos 02),
p?
rae

r’py

*=[rp)* = pp2° +pip’ + e —=2 — 22pp.p,,

a 01 u 02 — yrubl, yKazaHHbIE HA pUC. b5.

§ 49. AqnabaTmyeckve WHBAPWAHTHI

Paccmorpum MexaHWMYIECKYIO CHCTEMY, COBEPIIAOIILYIO OJHOMED-
HOoe (PUHUTHOE JIBUKEHUE W XapaKTEePU3YIOIIYIOCs HEKOTOPHIM TTapa-
METPOM A, OTIPEIEISIONINM CBOMCTBA CaMO CUCTEMBI MJIN BHEIITHETO
10JI1s, B KOTOPOM OHa HaXOJUTCH ).

[Ipeanonoxkum, 49To mapamerp A MOJ BJIUAHUEM KaKUX-JIOO
BHEITHUX NPUYUH MEJJIEHHO (KaK TOBOPAT, aduabamMuyuecku) MeHs-
ercs co BpemeneM. llomg MemIeHHBIM TTOAPA3yMeBAETCST TAKOE M3Me-
HEeHUe, TIPU KOTOPOM A MAJIO MEHSIETCS 3a BpeMs TIepUo/ia IBUKEHU ST

cucremsl 1
T << A (49.1)

[Ipu mocrosHHOM A crcTeMa 6bma OBl 3aMKHYTOIl 1 COBEpIIa-
J1a OBl CTPOTO MEPUOAMIECKOe JBUKEHNE C IMOCTOSHHON dHeprueit F
u BHOIHE onpezeneHHbIM neprogoMm T'(E). IIpu nepemennom mapa-
MeTpe A CrCcTeMa He siBJISIETCsl 3AMKHYTOI M ee SHEPIUsl He COXPaHsI-
erca. Ho B cuimy mpemosoKeHHON MeJIeHHOCTH U3MEHEeHUsT A CKO-
poctb E m3MeHeHus: sHeprum Oyzer Toxke masoil. Ecau ycpennuTsb
9Ty CKOPOCTH IO mepuogy 1 W TeM caMbIM CIJIAIUTh <«OBICTPBIE»
KoJIeOaHWsl B €e BeJUYNHE, TO TOJIyJalolleecss TaKUM 00pa3oM 3Ha-
genne E ompenesuT CKOPOCTh CHCTEMATHYECKOrO MEIJIEHHOIO W3-
MEHEHWsI SHEPTUN CUCTEMBI; 00 9TO CKOPOCTH MOXKHO YTBEPXKIATh,

D) st kpaTkocTu 3anucu GOPMyJT MbI IPEIANOJIATAeM, 9TO UMEETCs BCErO
OJIVH TAKOIl mapaMmeTp, HO BCE Pe3yJIbThIThl OCTAIOTCS B CUJIE U IIPU JIIOOOM YHCIIe
ImapaMeTpOB.
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9TO OHa OyIeT MPOTOPIIMOHAIBHA CKOPOCTH A M3MEHEHWs TTapaMeTr-
pa A. DTo 3HAUNT, IPYTUMU CIOBAMU, ITO TTOHUMAEMast B YKA3aHHOM
CMBIC/IE MEJIJIEHHO MeHsomasicsa Bennduna F Oyaer BecTu cebs Kak
HeKoTOpasi GYHKIHUS OT A. 3aBUCUMOCTh F OT A MOXKHO TIpejcTa-
BUTH B BHJE IIOCTOSHCTBA HEKOTOpOM KombumHamun u3 F um A. Ta-
KYIO BEJIUYUNHY, OCTAIOILYIOCA TOCTOSHHON TIpU ABUXKEHUN CUCTEMBI
¢ MeJJIEHHO MEHSIIOIMUMUCS TTapaMeTpaMu, Ha3bIBAIOT aduabamuye-
CKUM UHBAPUAHIMOM.

[Tycts H(g,p;A\) — raMmiabTOHOBa (DYHKIWSI CHCTEMBI, 3aBUCS-
mias ot mapamerpa A. Corsacuo (40.5) ckopocTh M3MeHeHUsT IHEP-

' CUCTEMBbI
dE _ OH _ 9H d\

dt 8t oA dt
Bripakenue B mpaBoit 9acTu 3TOH (HOPMYJIBI 3aBUCUT HE TOJIHKO OT
MeJIJIEHHO MEHATOIIeHcd TTepeMeHHOM A, HO U OT OBICTPO MEHATOIITNAX-
csl IepeMeHHbIX ¢ u p. 151 BbijiesIeHNs MHTEPECYIONero HacC CUcTe-
MaTUYEeCKOI'0 XOJIa U3MEHEHUsI SHEPIUU HAJI0, COIVIACHO CKA3aHHOMY
BbIIIE, yCPenHUTh paBeHcTBO (49.2) no nepuomy apuzkenusi. [Ipu
9TOM BBUJY MeJJIEHHOCTH M3MeHeHus A (a ¢ HUM U A) MOYKHO BbI-
HECTH A 3a 3HAK yCPe/IHEeHUS:
dE _ d\NOH
dt ~ dt O\’
a B ycpenugemoit dyukunn 0H/ON paccMaTpuBaTh KakK U3MEHSIO-
ImMuecs BEJMYUHBI UMb ¢ U P, HO He A. pyrumu cioBamu, ycpe-
HEeHUe TPOU3BOIUTCS TI0 TAKOMY JIBUKEHUIO CUCTEMBI, KAKOE MMEJIO
OB MeCTO TPU 33JAHHOM MOCTOTHHOM 3HAYEHUN A.

SannmeM yCpeaHEHNE B ABHOM BUIE KaK
T

OH 1 [ 0H
T / a

0
Cornacuo ypasuenuto ['avunbrona ¢ = OH /Op umeem

d
dt = %1
OH/0p
C moMOmIBIO 3TOr0 PABEHCTBA, 3aMEHSIEM UHTEIPUPOBAHUE 110 BPEMe-
HU HA MHTErPUPOBAHNE O KOOPAMHATE, HpudeM u mepuoja 1’ 3amm-

CbIBa€M B BI/IILG T
_ _ dg |
T—/dt_?{—aH/ap, (49.4)
0

(49.2)

(49.3)
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3HAKOM § 37€ech 0603HATAETCS WHTETPUPOBAHUE TIO TIOJTHOMY H3Me-
HEHUIO KOODAMHATHI («BIEpel» ¥ «Ha3al») 3a BPeMsl Mepuoja b).
Takum obpaszom, dopmyna (49.3) npuHIMaeT Bu

OH/ON
4B _ d\ ) oH/5p™ (49.5)
dt dt dq )
OH/dp

Kax yxke O6b1JI0 yKa3aHO, HHTETPUPOBAHUS B 3TOH hopMyJie J0J1-
JKHBI TIPOU3BOTUTHCS TI0 TPAEKTOPUHN JIBUKEHUS TIPU JTAHHOM MOCTO-
auHOM 3HadYeHUn A. Broab Takoit TpaekTopun GyHKIUS [aMUIBTO-
Ha COXpaHseT MOCTOHHOEe 3HadeHrne F, a UMIyJIbC ABJISETCS OIMpe-
JeJIeHHON (DYHKIEH TepeMeHHON KOOPAWHATHI ¢ U JBYX TOCTOSIH-
HBIX He3aBUCUMBIX TapamerpoB F m A. Ilonmmast mmmysibc nmeH-
HO Kak Takyio dynkmuio p(q; E,A) nu muddepennupys pasencTso
H(p,q;\) = E 1o napamerpy A, TOJIy4uM

on 8—H@:0 uan 8H/8)\:—8—p.
an " Bp oA 9H/dp N

[ToxcraBus 510 B BepxHuit nuarerpan B (49.5) u HaNUCaB B HUK-

HEM TIOJIbIHTerpaabHyo dbyHKIuo B Buge 0p/0E, umeem

_ 9, _
aE__afa %(@@ a—p@>dq:0

dt E%@d OE dt = OAdt
o8
OTO PaBEHCTBO MOXKHO OKOHYATEILHO IEPEINCATH B BUIE
dr
— =0 49.6
T, (49.6)

rae I obo3HAYaeT MHTErpaJl

1
I= o % pdg, (49.7)

B34THIN 110 TPAEKTOPUU JIBUXKEHUS TPHU 33JaHHBIX F u A. DTOT pe-
3yJIbTAT MMOKA3BIBAET, IYTO BeJnduHa I OCTaeTCs B pacCMaTPUBAEMOM
NpUOINKEHNN TTOCTOTHHON TTPU N3MEHEHUN TTapaMeTpa A, T.e. siBJIs-
ercs aInabaTuIeCKUM HHBAPUAHTOM.

Besmuuna I siBisiercst byHKnumeli suepruu cucremb (1 mapaMer-
pa A). Ee wacTHas mpowsBOAHAS TIO YHEPIMU ONPEIEIAET MEePUOJ
JBUKeHns: cornacuo (49.4) mveem

1) Ecim 1BU2KeHHE CHCTEMBI npejcTaBiser coboil BpalieHue, a KOOPIHMHA-
TOW ¢ sIBJSI€TCsl HEKOTOPBIN YroJ IOBOPOTA (0, TO MHTErPUPOBAHUE 110 d(Q 101K~
HO TPOU3BOAUTHCSA TIO «IIOJTHOMY 0OOPOTY», T.€. OT HYJISA N0 27T
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ol Bp .
271?8—E = dq T, (49.8)

amss
57 = W (49.9)
rae w = 27t/T — gacToTa KosebaHuit CUCTEMBI.

Unrerpasy (49.7) MoKeT OBITH IPUITUCAH HATTISIHBINA T€OMETpPH-
9eCKUil CMBICII, €CJIM BOCIIOIB30BAThCs MOHATHEM O (Da30BOil TpaeK-
Topuu cucreMbl. B maHHOM citydae (omHA cTeneHb cBOGOIBI) (azo-
BO€ TIPOCTPAHCTBO CBOAUTCS K JIBYMEPHOM CUCTEMe KOOPJIUHAT P, ¢, 1
dazoBast TpaeKTOPUs CUCTEMBI, COBEPIAIOIIEH TIEPUOINIECKOE TBH-
JKeHUe, TPeJICTaBIsgeT co00i 3aMKHYTYIO KPUBYIO B 9TOI IIJIOCKOCTH.
Wnrerpasn (49.7), B34ThIil BIOJIb 3TOM KPUBOIi, IPeCTABISET COOO
3aKJII0YEHHYI0 BHYTpHU Hee TIom@aab. OH MoXKeT ObITh HAIUCAH U
KaK JIByMEPHBIN MHTErpaJl MO ILIOIIA/IN:

1
= — ) 49.1
I= / dpdq (49.10)
B kauecTBe TpmMepa ONpeeNnM aauabaTHIecKuil MHBaPUAHT
JIUIST OJTHOMEPHOTO ocummsn"opa Ero (byHKuHﬂ TaMuibToHA

H= p — + m“;q : (49.11)

rae W — cobOCTBeHHAs qaCTOTa ocumﬂnﬂTopa. Ypasuenue dha3oBoit
TPAEKTOPHUH JAETCS 3aKOHOM COXPAHEHUs] SHEPTHUH

H(p,q) = E.

Do ecth smmmTc ¢ mosyocsvu v/ 2mE u \/2E /mw? u ero miomam
(menennas Ha 27)

I=FE/w. (49.12)
AILHa6aTI/IquKaH MHBAapUAaHTHOCTDb 9TOI BEJUYUHBI O3Ha4daeT, 9TO
IIpu MEeIJIEHHOM M3MEHEHHNHU IIapaMeTPOB OCHUJIJIATOPA €ro S9HEePIrud
MEHAETCA IIPONIOPIHUOHAJIBHO 9aCTOTE.

§ 50. Kanonndeckmne mepemMeHHbIE

[TycTs Temeph mapaMeTp A MOCTOSIHEH, TaK YTO pacCcMaTpUBae-
Masi CUCTeMa 3aMKHYTa.

[IpoussesemM KaHOHMUYECKOE Mpeobpa3OBaHUe MEPEMEHHBIX (, P,
BbIOpaB BesqnunHy I B Ka4ecTBEe HOBOI'O «HMITYJIbCay. PoJb mpomns-
BOJdAIIEH (DYHKIIUU OJKHO MPU ITOM HUIPATh «yKOPOUYEHHOEe Jeii-
crBue» Sg, BeIpaxkeHHoe B pyHKIuu or g u I. Jleficreuresnnro, Sy
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OHpe,Zl;eJIHeTCH KaK I/IHTeraJI
Sola, Es\) = / p(a, B:\) da, (50.1)

B3ATHI Py 3aJaHHOM 3Hauennu sHeprun F (m mapamerpa A). Ho
JIJIst 3aMKHYTOM cuctembl I siBasercs pyHKIMeH 0gHOM TOJTHKO SHEP-
I'MW; TTIO3TOMY S() MOYKHO C TEM >Ke TIPABOM BBIPA3UTh B Buje (hyHK-
mun So(q, I;A), a wacraas npomssognas (0Sg/dq)p = p cosnamaer
¢ npoussoanoit (0Sy/0q); npn nocrostarom I. ITosTomy mmeem
— 95la. iN), (50.2)
dq
9TO COOTBETCTBYET MepBOil n3 (hopMysT KAHOHUYECKOTO MTPeodpas3o-
Banus (45.8). Bropas e dhopmMysia onmpegesmT HOBYIO «KOODIWHA-
TY» , KOTOPYIO O0OO3HAYUM HYepe3 w:

w = S0, (50.3)

[Iepemennsbie I n w HA3BIBAIOT KAHOHUYECKUMU NEPEMEHHBLMAU, TIPH-
veM | Ha3BIBAaeTCS B 9TOM CBA3U nepemennoti deticmeus, a w — ye-
A0801 nepemerHot.

[Mockomnbky mpomssozsmast dyukuust So(q, I;A\) He 3aBUCHT IBHO
oT BpeMenu, To HoBas (ynkuus Famuabrona H' cosmamaer co cra-
poit H, BeIpaskKeHHOI depe3 HOBBIE IepeMeHHbIe. /I pyruvu ciioBamn,
H' ectb smeprus, BhIpaskeHHas B (DYHKIMN TTEPEMEHHON JIeficTRYA,
E(I). CoorBercTBeHHO ypaBHeHUS ['aMuiIbTOHA /IS KAHOHUIECKUX
TIepEMEHHBIX UMEIOT BU/I

dE(I)

7= p— ) 4
0, w 7 (50.4)
N3 meproro mmMeem, Kak u caemoBasio, I = const — Bmecrte ¢

SHeprueil MocTogHHa M Beaw4ynHa [. VI3 BTOpPOTO K€ BUINM, YTO
yTJIOBasi TIEpEMeHHas siBJIsSIeTCs JuHeiHoi (pyHKImei BpeMeHu:

w = %t + const = w(I)t + const; (50.5)
OHA IMIPEICTaBJIAgET coboi (haszy KomebaHmil.

Heticreue So(q, ) — meomnosnaunas dyHKnus xkoopamHart. 11o
UCTEUEHNN KayKJI0TO Teproja dta (PyHKINsS HE BO3BPAINAETCA K UC-
XOJIHOMY 3HAYEHUIO, & TOJIy9aeT MpupalleHue

ASo = 2nl, (50.6)
kak 910 oueBuHo u3 (50.1) u onpenesnenns I corsacuo (49.7). 3a
9TO K€ BPeMs yTJIOBas TEePEeMEHHasl MOJIydaeT MPUPAIIECHIE

oS 0
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O6paTtHo, ecin MBI BhIpa3nuM ¢ u p (Wam 00y WX OJHO3HAY-
uyio yukmmio F(g,p)) depe3 KaHOHWYIECKWE MEPEMEHHBIE, TO ITH
dysKIMM He 6yJAyT MEHATH CBOM 3HAYEHNMS IPU M3MEHEHUHM w HAa
27 (mpu 3amanHoM 3uadeHnu [). JIpyrumu cioBamu, BCSKas OHO-
snauynas byukuus F (g, p), Oyaydn BeIpaykeHa depe3 KAaHOHUIECKIEe
[epeMeHHbIe, SABJgeTCd IepuoandecKoil (pyHKIMel w ¢ IepuoIoM,
PaBHBIM 27T.

YpaBHEeHUS JIBUXKEHUS MOTYT OBITH CPOPMYIUPOBAHBI B KAHO-
HUYECKUX IePEMEHHBIX TaK>Ke U JIJI HE3aMKHYTOH CHCTEMBI C 3aBH-
cAIUM OT BpeMeHHn mapaMerpoM A. IIpeoGpasoBanue K 3TUM Iepe-
MEHHBIM OCYIIECTBIIsIeTCs mo-TipexkHemy dopmynamu (50.2),(50.3)
¢ npomsBogmieit dyukiueit Sp, onpenensgemoit uarerpamom (50.1)
U BBIPAXKEHHOH dYepe3 MepeMeHHyIo I, olpelessseMylo MHTEerPaIoM
(49.7). Heonpenemennsrit naterpas (50.1) u ompeeseHHbIil nHTE-
rpas (49.7) BBIYUCISIOTCS TIPU 9TOM TaK, KAK €CJaU Obl mapaMerp
A(t) wMmesn 3amaHHOE MOCTOSIHHOE 3HAYEHWE; JAPYTUME CJIOBAMH,
So(q, I; A(t)) — mpexHsis DyHKINSA, BEIYUCTEHHAS IPHU TTIOCTOSHHOM
A, 3aMeHEeHHOM 3aTeM 3aaHHoN dyHKImen A(t) ).

[MockombKy mpousBosiimast (GyHKIUs OKa3bIBAETCS Terephb (BMe-
CcTe ¢ TapaMeTpoM A) siBHOI (byHKIHell BpeMeHH, To HoBast (QOyHKIHs
Fanmisrona H' y»xe He OymeT coBIagaTh CO CTapOii, T.e. ¢ SHEPruei
E(I). Cormacuo oburmm hopMysiaM KAaHOHIYIECKOTO TPeobpa3oBaHust

(45.8) mmeem 950 _

=0 = B(IN) + AN, (50.8)

H' = E(I;\) +
rJe BBeIeHO 0003HaYeHUe

_ (9%
A= (m )q,z’ (50.9)

npudem /A jgomkHa ObITh BhIpakeHa (nocje oCyliecTBieHust aud-
dbepennuposanus mo A) ¢ nomomsio (50.3) gepes I u w.
VYpasuenus ['amMuibrona NTPUHUMAIOT TEEPh BUJL

T _3H' _ oA :

1=-2T (_M)”A, (50.10)
) : R A\ 5
w =20 = w(I;A) + (WXM A, (50.11)

rae w = (OE/0I))\ — 1acrora konebanuii (CHOBa BbIMUC/IEHHAS TAK,
KaK ecd ObI A GBLIO MMOCTOSTHHBIM).

1) TlomaepKHEM, OTHAKO, YTO OIPE/IeIeHHAs TAKIM 06pa3oM dbyukuus Sy yxe
HE COBIAJIAET C HCTHHHBIM YKOPOYEHHBIM JIeHCTBUEM /Il CUCTEMBI C 3aBUCAIIEH
OT BpPEMEHU raMUJIbTOHOBOMN (QpyHKIHET!
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3agaua

HaHI/IC&Tb YpaBHEHNA NBUKEHUA B KAHOHUYIECKUX NMEPEMEHHbIX JJId rapMoO-
Hu4eckoro ocnusiaropa (dyuknus Pammibrona (49.11)) ¢ wacroroit, 3aBucs-
meil OT BpeMeHU.

Pemenne. Ilockoneky B (50.1)—(50.3) BCe meiicTBusT coBepIIAIOTCS PN
HOCTOAHHOM A (POJIb KOTOPOTO MFPAeT B JAHHOM CJIydae caMa 4acToTa W), TO
CBA3b ¢ U p C W MMEET TOT XK€ BHJ, 9TO U IPU MOCTOSHHON udacrore (Korza

w = wt):
| 2E [ 21
q= 5 sinw =4/—— sinw, p=+V2Iwm cosw.
mw mw
Otciona
dq 2
So= [ pdg= | p| =— dw =2I | cos” wdw
ow Lo
7 3aTeM

(350) (85()) <8w> I .

A= |—— == — | = —— sin 2w.
ow /), ow J \ow/, 2w
Ypasuemnsa (50.10), (50.11) npuAIMAiOT Tenmeps BUJ

i=-1% cos2w, w=w+ L sin2w.
w 2w

§ 51. TounocTh coxpaHeHHMs AIMAOATUIECKOTO MHBAPUAHTA

Ypasuenue npuxkenusi B ¢opme (50.10) mosBosisier cHOBa ybe-
JAUThCA B a1uabaTudecKoil MHBAPUAHTHOCTHU IIEPEMEHHON 1efiCTBUS.

®yukrus So(q, [;\) — HeomHO3HAUHAS (DYHKIWS ¢; TIPU BO3BPa-
IIIEHNN KOOPANHATHI K TTEPBOHAYAIBHOMY 3HAUYEHUIO K S TpUOaBJIs-
etcs tesioe kpatHoe ot 27t . [IpousBonnas xe (50.9) — onHO3HAYHAS
dyHKIMA, Tak Kak anddepermpoBane TPOU3BOANTCS TTPU TTOCTO-
suHOM [ w mpubaBisiomuecss K Sy TpUpAIEHUs [IPU STOM HUCUe-
zaroT. Kak u Besikas ogHo3HauHas yHKIMs, GyHKIuS /A, Oympyan
BBbIpayke€Ha Yepe3 yIJIOBYIO MEPEMEHHYIO w, Oy/IeT MepUuoIuIecKOi
dbyukmeit sroii nepemennoii. Cpegraee ke (Mo mepuoiy) 3HaAYEHHE
npousBogHoit OA/Ow oT mepuoamyueckoil (byHKIHM oOpalaeTcs B
Hysb. [losTomy, yepenuss ypasaerne (50.10) u BbIHOCS TIPH 3TOM A
(mpu MeJIJIeHHOM M3MEHEeHUH A) U3-TI0J] 3HAKA CPEJIHEro, IOJIYIiM

- AN
I= —(8_w)l7\_o, (51.1)
91O U TPebOBAJIOCH.

VYpasuenus gemkenns (50.10), (50.11) nossomsitor paccMoTperhb
7 BOTIPOC O TOYHOCTH, C KOTOPOH COXpaHseTcs aanabaTuaecKuii mH-
BapuaHT. [locTaBuM 3TOT BOMpOC CJleyIommuM 00pa3oM: MyCTh Ia-

pamerp A(t) crpemurcs mpu t — —00 U t — 400 K TOCTOSTHHBIM
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npezesaM A_ 7 A4 ; 3aJaHO HadayubHOe (mpu t = —00) 3HadeHne [_
amabaTuvecKkoro NHBApPUaHTa, 1 TPeOyeTC st HAllTH ero mpupalieHmne
AI =1, — I ko BpeMmeHnu t = +00.

U3 (50.10) mmeem

o
B AN
Al = / a—w)\dt. (51.2)
— 0o
Kak yxke 0bLI0 yKa3aHO, BeJimduHa /A — mepuoandeckas (¢ mepuo-
oM 271) bYHKINS TIepEeMeHHON w; pa3iokuM ee B psan Pypoe:

A=) elvp (51.3)
l=—cc

(B cumy BemiecTBeHHOCTH /A KOI(DDUIMEHTH PA3IOKEHHUs CBI3aHBI
npu sToM cootHomenusmu A_; = AJ). OTciona Iy Tpon3BoJHOMN
0N /0w mmeem
oo o0
oA g g
— = E ile™A; = 2Re E ile™ A (51.4)
ow
l=—o00 =1
[Ipu moctaTovHO MajoOM A NPOM3BOAHAS W MOJIOKATEIbHA (ee
3HAK COBIAJaeT O 3HAKOM W, cM. (50.11)), T.e. w — MOHOTOHHAs
dbyukuus spemenn t. [Ipu nepexone B (51.2) or uHTErpUpoOBaHUs 11O
dl K MHTErpupOBAHMIO MO dw HPEeIesbl OCTAHYTCS HOITOMY IMIPEK-

HUMU:
o0

AT = —/ PRD L dw. (51.5)
— 00

[Moacrasum cioma (51.4) m nmpeobpasyem MHTErpaJ, pacCMaTpu-
Basi B HEM (pOpPMaJIbHBIM 00pa30M W KaK KOMILIEKCHYIO TTepeMeH-
Hyto. llpeamnonoxuB, 9T0 TMOIABIHTEr-
paJIbHOE BbIPAXKEHNE He UMEET 0COOBIX
TOYEK IPU BEMIECTBEHHBIX 3HAYEHUSIX
W, CMECTUM TyTh UHTEIPUPOBAHUS C @
BEII[ECTBEHHOI OCH W B BEPXHIOKO TIO-
JIYTIJIOCKOCTh 3TOU TiepeMeHHON. [Ipu wo
9TOM KOHTYD <3alleIlJIFeTCsI» 33 OCO-
Oble TOYKHU TOJABIHTErPAJIHHOTO BBIPA-
JKeHUs U, orudas nx, TPUHUMAET BUJ, Puc. 56
TTOKA3aHHBII CXeMaTHIeCcKN Ha puc. H6.
ITycTts wg — Gamkaiimass K BeIIeCTBEHHON OCu ocobas TodYKa, T.e.
TOYKA C HAWMEHbIIel 110 BeandnHe (M0JI0KUTEIbHON) MHUMOl da-
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creio. lnaBebiit Bryan B mHTerpas (51.5) BO3HMKAET OT OKpeCT-
HOCTH 9TOi TOYKM, TPUYEeM KaxKIblii n3 dieHoB psiga (51.4) maer
BKJIAJ], comepzKamuii MuoxkuTensb exp (—! Imwyp). Coxpansas onars-
TAKW JIAIIB “WIEH ¢ HANMEHBIINM 110 abCOTIOTHOM BeIUINHe OTPUIa-
TeJIbHBIM TOKa3aTesneM (T.e. aieH ¢ | = 1), Haiimem, arto ).

AT » exp (— Imwy). (51.6)
ITycrb tg — «MOMEHT BpeMeHH» (KOMIUIEKCHOe 4nciiol), orBevaro-
mmit ocoboit Touke wg: w(tg) = wp. Ilo mopsinky BesmamHbr |t

COBMAJAET, BOOOIIE TOBOPS, C XapaKTEPHBIM BPEMEHEM W3MEHEHUsl
napaMeTpoB CHCTEMBI; 0003HAYMM 3TO BpeMs udepes T 2). Topsamok
JKe BeJIMYUHBI oKasarens crenenn B (51.6) Oyzer
Imwy ~ wt ~ 1/T. (51.7)
[TocKOIbKY, TTO TPEONOKEHNIO, T 3> T, TO 3TOT TOKA3aTEh BEJINK.
Taxum obpazom, pazuocts [ — [ yObIBaeT KCIIOHEHIINAIBHO [IPH
YMEHBIIIEHUU CKOPOCTH U3MEHEHUs IIapaMeTpPOB CHCTEMBI °).
st onpeiesienust wo B nepsoM npubsmkenuu 1o 1'/T (1.e. ¢ cox-
paneruem jmrb wiena nopsaka (7/1) ™! B nokasarene) MoxkHO 0T6PO-
curh B ypasraenun (50.11) manbiii wien, comepxkammii A, T.e. mucaTh
dw

& — w1, A), (51.8)

npuuem apryment I dyskmum w(I,\) nomaraercs TOCTOSTHHBIM,

ckaxkeM, paBabIM [_. Torma
to

wgz/w(I,A(t))dt (51.9)

(B KauecTBe HMIKHETO Mpeesia MOKHO B3Th JH000E BeleCTBeHHOe
3HadYeHme t; MHTepecyolas HaC MHUMAs 9aCTh Wy OT ITOTO 3HATE-
HUs He 3aBUCUT) ).

1

) B crenmasbHbIX CIlydasix MOXKET OKas3arbCsd, 4To pasioxkenue (51.4) me
comepxkuT wiena ¢ | = 1 (cM., Hanpumep, 3agady K 3Tomy maparpady); BO BCex
CIydasx Hago OpaTh WieH ¢ HANMEHBIINM HMEIOUUMCS B DALY 3HAYeHHeM [.

2) Eciu MeUIeHHOCTh M3MEHEHHs! APAMETPA A BBIPAXKAETCS B TOM, 9TO OH
3aBUCHUT OT ¢ JUIIb B Buze oTHOWeHud & = t/T ¢ Gombmum T, TO tg = Tég, TIE
&y — He 3aBucaAmasn or T ocobas Touka dyuknum A(E).

3) OrMeruM, 9TO ecM HaUaJbLHOE W KOHEUHOE 3HAUEHHs (hyHKIIIN A(t) cos-
nagaor (A4 = A_), TO SKCIOHEHOUAIBHO MaJIoil OyAeT He TOJBKO pasHocTh Al
HO BMECTE€ C He Takxke u pasdHoctb AF = FEy — E_ KOHEYHOW U HAYAJIbHOI
sHeprum; coriacHo (49.9) 6yxem nmers AE = wAI.

4) Bosee nogpobHOe IOKA3ATENBCTBO CIENAHBIX YTBEPIKICHUH, & TAKIKE BbI-
YHCIEHNE TPEeAIKCIOHEeHINAIbHOr0 MHOKUTENA B (hopmyse (51.6), moxHO Hail-
tu B crarbe: Coynkua A.A.//2K9T®.—1963.—T. 45.—C. 978.
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Unrerpan xe (51.5) ¢ w n3 (51.8) (u ¢ ogHmM dieHOM Dpsiza
(51.4) B kauectBe O\ /Ow) NpUHUMAET BUL
A  Re / jetw Ndw_ (51.10)
w(I,N)
Orciona BUIHO, 9TO B Ka4eCTBe KOHKYpUPYIOIWX (mpu oTbope 6m-
JKalmel K BelleCTBEHHON ocn) 0COOBIX TOYEK (PUTYPUPYIOT OCO-
6ernHocTu (moIOCHI, TOYKM BeTBieHus) dyukumit A(t) u 1/w(t).
HanomunM B 9T0i CBsI3UM, 9TO 3aKji0UeHne 00 SKCIOHEHIMAIBHON
mastoctn Al cBsI3aHO C TIPETONIOKEHNEM, UTO YKa3aHHbIE (DYHKIINH
He VIMEIOT BEIIECTBEHHBIX OCOOBIX TOUYEK.

amgaumn

1. Ouennrs Al jUis TapMOHUYECKOTO OCHUJLISATOPA C 9aCTOTON, MEJIJIEHHO

MEHSIOIENCs 10 3aKOHY ) 5 14 ae™t
W' =wyg —+r
1+ ext
OT 3HAYeHUs W_ = Wy Npu t = —o0 10 W4 = y/a wo npu t = oo (a > 0,
x < (,Uo) 1).

P emenue. Ilonnmas noxg mapamerpoMm A camy 4acToTy (U, UMEEM

A_ef_a 1
w 2\ex4qg e 41/

ot

Dra byukug umeer nomocel mpu e ' = —1u e ** = —a. Beraucaus unrerpa

f wdt, maiimem, 94TO0 HaMMEHbIIEE 3HAYEHHEe Im wo NPOUCXOAUT OT OMHOTO W3
nomntocos oty = — In(—a) n pasnoO
WoTt/ npu a > 1,
Im wo =
woTy/a/o mpu a < 1.

s rapmorndeckoro ocmmuaaTopa A « sin2w (cm. 3amagy x §50), Tak uTo
pan (51.3) ceogurea k aeym wnenam ¢ (I = +2). TlosTomy ais TApMOHAYIECKOTO
OCLUJLIIATODA

Al © exp (—2Imwy).

2. YacTuma cosepmaeT KojebaHus B MOTEHIUAILHON ame. OnpenesnTs 3a-
KOH M3MEHEHWs €€ SHEPTUU TOJ, JefCTBUEM CHUJIbI TPEHUS frp, = —OXE C MAJIBIM
koaddunmenToM « (z — JeKapToBa KOODAWHATA).

Pemenue Ycpenunm ypasrenue (25.13) mo nmepnony kosebanuii, mpe-
HeOperasi B IepBOM NPUOIMKEHUN UX 3aTyxaHueM. MMeem

_ T

dE _2 04 .2 04 .2 P o g

e _ T, _ o« __x = T E

g7 o T/a:dt T]{a:dm mT()’
0

rae I(E) — agnabaTnyuecKnii BapuaHT, m — Macca JacTHUIbl. BhIpakas nepuos
kosieGannit T uepes I corsacuo (49.8), Haxogum

1
) TapMOHHYHOCTH OCHUILISTOPA IPOSBISETCH B HE3ABUCUMOCTH YACTOTHI KO-
JebaHuil OT SHEPIUN.
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dl dE ocI

dE dt = m
I(E) = I(Ey) exp(—%t).

®opmyaa (1) ompemenser B HesBHOM Bue 3aBucuMocTs E(t). s rapmonmde-
ckoro ocraTopa (1) mepexoaut B (25.5). Pentenne cnpasesinBo mpu yciIoBun
oT/m < 1.

WMuTerpupys, nonydaem

§ 52. YcioBHO-TIepHOAMYECKOE JBUXKEHNE

PaCCMOTpI/IM 3aMKHYTYIO CUCTEMY CO MHOIUMU CTEIEeHAMU CBO-
601p1, coBepriaonlylo (buHUTHOE (10 BCEM KOOPAMHATAM) JIBU-
>keHne. [IpenosioskuM 1pH 3TOM, 9TO 3ajada JIONMyCKaeT TOJIHOe
paszmesieHne TiepeMeHHBIX B Merone | amuiabrona—Axkobn. Dto 3HA-
YUT, 9TO NMPU COOTBETCTBYIOIIEM BBIOOPE KOODAMHAT yKOPOYEHHOE
JeiicTBre mpeacTaBasgeT coboi CyMmMy

So = Si(ai) (52.1)

yHKIMI, KaXKaas 13 KOTOPHIX 3aBUCAT TOJIBKO OT OJIHON U3 KOO IMHAT.
[TockosibKy 00ODIIEHHBIE UMITYJIbChI
- 8Sy _ dS;
bi = dg:  dgi’
TO KaXKgas n3 QyHKIW S; MoykeT ObIThH TTPeICTaBIEHA B BUIE

Si:/pidqi. (52.2)

Otn pyHKIUU HEOAHO3HAYHBI. B cmiy duauTHOCTH ABUKEHUS
KasK/1asi 13 KOOPJAMHAT MOYKET TTpo0eraTh 3Ha9eHNs JINIIh B OTIPeie-
JIEHHOM KOHEYHOM mHTepBaJie. [Ipu namenenun ¢; B 370M mHTEpBaIE
«BIIEPEI» U «HA3a/» JIEeWCTBUE MOJIydaeT MPUPAIIEHIe

I, = — j{pquz, (52.4)

B3ATHIN TTO YKa3aHHOMY U3MEHEHUIO QZ

riae I; ecrb mHTErpaJI

D) TloguepkueM, omHaKO, YTO 3/IECh UIET PeYb O (POPMATLHOM H3MEHEHUU
KOODJIMHATHI ¢; BO BCEM MOMyCTUMOM HWHTEPBaJie ee 3HAYEHWil, a He 00 m3me-
HEHUU 3a TMEPHUOJ PEaJbHOTO JBUXKeHudA (KaK 3TO OBLIO B CIydae OTHOMEPHOTO
nBuKeHNs). PeanbHoe (DUHNTHOE ABUYKEHNE CUCTEMBI ¢ HECKOJIBKUMHU CTETeHSI-
MH CBOOOIBI HE TOJILKO SIBJISIETCS B ODOIIEM CIydae MEePUOAUYECKUM B IIEJIOM,
HO Ja’Ke W3MEHEHHe CO BPeMeHeM KarKJOi M3 ee KOOPAWHAT B OTJETBHOCTH HE
SBJISIETCS TIEPUOAMYECKUM (CM. HUKe).
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[Tponseemem Tereph KAHOHWYECKOE TTpeoOpa3oBaHME aHAJIOTHAY-
HO TOMY, KaK 3TO OBLIO C/IeJIaHO B TPEIbIayIeM maparpade s
cydas OfHOI cTenern cBoOoabl. HOBbIMU TepeMeHHbIME OY/IyT «ITe-
peMeHHBIe eiicTBUA» I; M «yYTJIOBblEe ITIepEMEHHBIE»

9So(q, I OSk(qr, 1
w; = 7‘(’9(2 ) _ E 7’“({5% ), (52.5)

rIe TPON3BOAAIIEH (DYHKIINEH CHOBA SABJISIETCS AEHCTBYE, BHIPAYKEH-
HOe B (DYHKIINN KOOPAWHAT W BeJWYIWH [;; YpABHEHWS IBUKEHUS B
3TUX MePEMEeHHBIX

] . OE(I
A
JAr0T
I; = const, (52.6)
w; = 651(_])t + const . (52.7)

Msr Haiizem Takzke axasnormdso (50.7), 9TO HOJHOMY H3MEHe-
HUIO KOODAWHATHI ¢; («BIEpe» U <«HA3a/» ) OTBEYAET M3MEHEHUe
COOTBETCTBYIOIIETO wW; Ha 27T

Aw; = 27, (52.8)
Jpyrumu cioBamu, BequauHbl w;(q, I) SABASIOTCS HEOIHO3HAYHBIMU
byHKIMAME KOOPAUHAT, KOTOPHIE IIPU U3MEHEHUH IOCIEIHIX C BO3-
BpallleHneM K [IePBOHAYA/IbHBIM 3HAYEHUAM MOIYT U3MEHAThCS Ha
JII000€ IeJIoe KpaTHoe OT 27T. DTO CBONWCTBO MOYKHO CHOPMYINPO-
BaTh TaK¥Ke W Kak CBOHCTBO (yHkmu w;(p, ) (BpIpakeHHON |uepes
KOODJIMHATHI M MMITYJIHCHI) B (DA30BOM MPOCTPAHCTBE cucTeMbl. [1o-
CKOJTbKY CaMW BEJIMYUHBI [;, €CIM WX BBIPA3UTH 9epe3 P W (, ABJIA-
JOTCST OJJHO3HAYHBIMA (DYHKIUSME 3TUX IEPEMEHHBIX, TO, TIOJICTABUB
I;(p, q) B w;i(q, I), mbr nomyanm dyakmmio w;(p, q), KoTopas npu 06-
X0J1€ TI0 JIF000i 3aMKHYTO KPUBO# B (ha30BOM TTPOCTPAHCTBE MOYKET
U3MEHWTHCSA Ha [EJI0e KpaTHoe oT 271 (o Ha HyJIb).

OTtciona ciemyer, 9To BCAKasa ONHO3HAYHASA (DYHKIINA COCTOAHUS
cucrembl F'(p,q) '), Oyaydn BbIpaxKeHa depe3 KAHOHUIECKUE Iepe-
MEHHbBIE, ABJIAETCS MEPUOAUIECKON (DYHKIMEH yIJIOBBIX IepeMeH-

D) «Bpamarenpable KOOpAMHATEIY — yTiIbl @ (cM. mpuMed. Ha ¢. 204) — Heon-
HO3HAYHO CBA3AHBI C COCTOSHUEM CUCTEMBI, TAK KaK 3HAUYECHUA (P, OTJIHIAIOIIAECT
Ha I1eJI0e KPaTHOEe 27T, OTBEYAIOT OJHOMY M TOMY K€ MOJIOXKEHUI0 CucTeMbl. [1o-
3TOMY, €CJIU CPeIN KOOPJWMHAT ¢ UMEIOTCS TaKWe YIJIbl, TO OHU MOTYT BXOJUT B
dyuskmuio F(q,p) mumb B BUAE TAKAX BBIPAXKEHWI, KAK COS () WIH Sin @, CBA3b
KOTOPBIX C COCTOSTHUEM CUCTEMBI O/THO3HAUYHA.
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HBIX C TIEPUOJOM 27T TIO KayKJIOW M3 HUX. e MOXKHO MO3TOMY pasJio-
KUTh B KPATHBIN DA (Dypbe BUIA

o0
F = Z z Alllz exp[ (llwl + -+ lsws)]
l]_—*OO ls—*
(l1,1la,...,ls — menbie uncna). [logcraBup ke CIOIa yrIIOBBIE TI€Pe-

MeHHbIe KaK (DYHKIINW BPEMEHW, Hal/IeM, UTO BpeMeHHas 3aBUCH-
MocTh F' omnipejiesnisieTcss CcyMMOI BUJIa

F= i i Auyty.agexp {it (W oF +-+ 1,00 ) b (52.9)

l{=—0c0 Ils=—00
Kaxk b1t n3 91€HOB 9TOH CyMMBI €CTh TIepuondeckas (pyHKITN
BpeMeHU C 9acCTOTOMI

liw1 + -+ lswy, (52.10)

MTPEICTABIISIONIEH COOOM CyMMY IIEJIBIX KPATHBIX OT OCHOBHBIX YaCTOT
OF

w; = L (52.11)

Ho nockonbky Bee gacrorsr (52.10) He sBasoTcs, BooOIe roBOps,
HeJIbIMA KPATHBIMA (MJIM PAIMOHAJBHBIMU YaCTAMM) KAKOW-mb0
OJIHO#l W3 HUX, TO BCA CyMMa B II€JIOM He SBJISETCH CTPOrO IEPU-
onmYecKoit (pyHKIMeH. ITO OTHOCUTCS, B YACTHOCTH, U K CAMUM KO-
Op/IMHATAM ¢ W WIMITYJIhCAM P CUCTEMBI.

Takum 0bpa3oMm, JIBUKEHNE CUCTEMBI HE SBJISIETCS B OOIIEM CITy-
Yae CTPOro MEepUOAMYECKUM HU B IEJIOM, HU 10 KaKOH-JI1ub0 U3 KO-
OpIMHAT. DTO 3HAUHUT, YTO €CJIN CUCTEMA TIPOIILIa Yepe3 KaKkoe-Jmbo
COCTOsIHME, TO OHA HE MPOIJIeT Yepe3 Hero MOBTOPHO HU Yepe3 KaKoe
KOHEYHOe BpeMsi. MOXKHO, OJHAKO, yTBEPXKIaTh, 9TO M0 UCTEUEHUN
JIOCTATOYHO OOJIBIIIOTO TPOMEKYTKA BPEMEHU OHA MPOHIET CKOJIb
YTOJIHO OJIM3KO OT 3TOTO COCTOSIHUSI. DTO CBOWCTBO MMEIOT B BUILY,
Ha3bIBas TAKOE JBUKEHUE YCAOBHO-NEPUOOULECKUM.

B pasimvHbIX 9acTHBIX ciaydasx gase (mam 6ojee) M3 OCHOBHBIX
9aCTOT (W; MOTYT OKA3aThCsl COM3MEPUMBIME (ITPU MPOU3BOIHHBIX
3HaYeHnsAX BeauduH I;). B Takux ciiydasix rOBOpSIT O HAJINYUU 6bi-
POIHCOEHUSA, & €CTTU BCE § TACTOT COU3MEPUMBI, TO JIBUKEHUE CUCTEMBI
HA3bIBAIOT NOAHOCMBIO 8biPOdHCIeHbLM. B Tocieanem ciydae, ode-
BUJIHO, JIBUKEHUE CTPOrO MMEPUOJAMYHO U TEM CAMbIM TPAEKTOPUU
BCEX YACTHUIL 3aMKHYTHI.

Hanwune BBIpOXKI€HUST TTPUBOINUT, TPEXKJE BCETO, K yMEHbIIe-
HUIO 9NCJIa HE3aBUCUMBIX BesimdnH ([;), OT KOTOPBIX 3aBUCHT JHEP-
rusi cucTembl. [1ycTh JIBe 9acTOTHI (U1 U Wy CBII3AaHBI COOTHOIIIEHUEM
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n1 8—E = n28—E

ol oI’

e ny u ng — 1eable dnciaa. OTcioga cieayeT, 9To BeJUIUHb 1| 1
1> BXOOAT B 9HEPTHUIO JIUIIHL B BUIE CyMMbI Nl + nils.

BecbMa BarkHOI OCOOEHHOCTBIO BBIPOXKIEHHBIX JIBUXKEHUN SIB-
JISIETCS YBeJIUYeHNe YNCJIa OJHO3HAUHBIX WHTEIPAJIOB JBUXKEHUS 110
CPaBHEHWIO C WX YNCJIOM B OOIIEM CIydYae HEBBIPOKIECHHOW CHCTe-
MBI (C TeM Ke 9IMCJIOM CTeneHeit ¢cBoboanl). B mocieanem ciayuae us
nostHOTO vucsia (25 — 1) Bcex MHTErpasioB ABUKEHUS OJHO3HATHBIMU
ABJIAIOTCA BCETO S PYHKIIMI COCTOSTHNSA CUCTEMBI; WX TIOJTHBIH HAOOP
COCTaBJIAIOT, HaIpuMep, s BejuauH ;. Ocranbabie s — 1 uHTErpaJionB
MO2KHO TIPEJICTABUTH B BUJE PA3HOCTEI

wz-g—i - w’“?)_ﬁ (52.13)
[TocToAHCTBO 3TNX BEJIMYNH HETTOCPEICTBEHHO CIEIyeT 13 (pOPMYIIHI
(52.7), HO BBUIY HEOAHO3HAYHOCTH YTJIOBBIX TIEPEMEHHBIX OHU HE
SABJIAIOTCS OTHO3HAYHBIMI (DYHKIIMAMU COCTOSTHUS CUCTEMBL.

[Tpu Hanmmunm »Ke BRIPOKIEHUS TTOJIOYKEHNE MeHsieTCs1. Tak, BBI-
ny cBs3u (52.12) unTerpan

(52.12)

wing — wani (52.14)
XOTS W ABJIAETCS HEOJHOZHAYHBIM, HO €10 HEOJHO3HAYHOCTh CBOIUT-
cd K TPUOABJIEHUWIO JIFOOOTO meoro kpatHoro 27t. [losTomy mocta-
TOYHO B3ATh TPUTOHOMETPUYECKYIO (DYHKIIUIO 3TOI BEJUYUHBI, s
TOTO YTOOBI TIOJIyYUTh HOBBIA OJHO3HAYHBIA MHTErpaJl ABUKCHUS.

ITpuMepoM BBIPOXKIEHHOTO IBUKEHUS SABJISAETCA JIBUXKEHHUE B
note U = —oa/r (cm. 3amady K sromy maparpady). VimenHo 310
06CTOATENIHLCTBO MPUBOIUT K TOABJIECHUIO HOBOTO, CIENU(pUIECKOro
OJIHO3HAYHOTO WHTerpasa asumxkenns (15.17); momumo aByx (pac-
CMAaTPUBAEM JIBUKEHWE CPa3y KaK IIOCKOE) OOBITHBIX OIHO3HATHBIX
uHTErpasaoB, — MoMeHTa M u sHeprun E, — CBOHCTBEHHBIX IBUYKE-
HUIO B JIIOOOM IEHTPAJIBHOM IIOJIE.

OTMeTuM Tak»Ke, UTO MOSBJIEHHE JOINOJHUTEIbHBIX OJHO3HAY-
HBIX MHTErPAJIOB IPUBOAUT B CBOIO OYEPEIb eIle K OTHOMY CBOMi-
CTBY BBIPOXKIEHHBIX JIBUYKEHUI — OHM JIOMYCKAIOT TIOJHOE pa3Jiesie-
HUe TIepeMeHHBIX TPU Pa3JIMYHbBIX, a He P OJHOM OIPEeIeIeHHOM 1)
BBIOOpe KoopauHAT. JleficTBuTeIbHO, BeIMYnHbl I; B KOOpAMHATAX,
OCYIIECTBILAIONNX Pa3jie/ieHne IepEeMEHHbBIX, ABIAITCA OJHO3HAY-

1 .
) MbI OTBJIEKAEMCS IPH 9TOM OT TAKUX TPUBHAJIbHBIX H3MEHEHHT KOOPIUHAT,
! ! ! !
Kak TpeobpazoBanus Buaa q; = q1(q1), ¢ = ¢5(q1).
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HBIMU UHTETPAJIaMU JIBUZKEHUA. HO PN HAJINYUU BBIPDOXK AEHUA YUC-
JIO OAHO3HAYHBIX MHTETPAJIOB TPEBBIIMIAET S, 1 TOTOMY CTAHOBUTCHA
HEO/THO3HAYHBIM BBIOOD T€X W3 HUX, KOTOPBIE MbI XOTUM TOJYYIUTH
B Ka4YecTBe BeJIu4uH I;.

B Ka4deCTBe TpuMepa CHOBa YIIOMAHEM KEIJIEPOBO ABUXKEHUE, 10~
[yCKAIOIIee Pas3/ieJieHne MEPEMEHHBIX KaK B ChepUIeCcKux, TaK U B
mapaboJnIecKnX KOOPIMHATAX.

B npeapbiaymem nmaparpade 6bLI0 TOKA3aHO, YTO TPU OJHOMED-
HOM (PUHUTHOM JBUKEHUU TEPEMEHHAasl TeHCTBUs SIBJISETCS aIua-
baTuYeCKUM WHBApUAHTOM. DTO YTBEDKJIEHHE OCTAeTCS B CUJIE U
JIJIsE CUCTEM CO MHOTHMU cTereHsaMu cBoOoabl. OHO T0KA3BIBAETCS B
obIeM ciydae IpsaMBIM 0000IIeHneM Crocoba, M3JI0XKEHHOIO B Ha-
qage § 51.

Jlsi MHOTOMEDHO# CHCTEMBI C TIepeMeHHBIM napamerpoM A(t)
YpaBHEHUA ABUKEHUA B KAHOHNYECKUX MEPEMEHHBIX Jal0T IJIA CKO-
POCTHU M3MEHEHUS KazK/I0M U3 TIepeMEHHbBIX JelicTBUS [; BbIpaKeHue,

anasiornanoe (50.10): . N -
WA (52.15)
rae mo-npexxaemy A = (9Sp/ON);. Ycpenrenune 3TOro paBeHCTBA

HAJI0 MPOU3BOJNUTH IO TMPOMEXKYTKY BpPEMeHU, OOJIBIIIOMY I10 CpaB-
HEHUIO C OCHOBHBIMU II€PUOJIAMU CHCTEMbI, HO MaJIOMy TI0 CpaBHE-
HUIO CO BpeMeHeM m3MeHeHus: mapamverpa A(t). Ilpm srom A cHoBa
BBIHOCHUTCSI W3-TI0JT 3HAKA YCPEJIHEHWsI, a YCPEIHEHUE TPOU3BOIHBIX
O/ /Ow; NPOM3BOANTCS TaK, KAK €CJIM Obl JIBUYKEHWUE MTPOMCXOIMIIO
[P TIOCTOSHHOM A U TIOTOMY OBLJIO YCJIOBHO HEPUOAMYECKUM. 10-
raa /A Oyzer ogHO3HAYHON TepnoAnYecKoil (DyHKIMe yIIOBbIX Tie-
PEMEHHBIX W; U CPEJHME 3HAUEHWs ee MPon3BoaHbIX O\ /Jw; obpa-
[IAIOTCS B HYJIb.

B sakmiouenne cieiaeM HEKOTOPBIE 3aMEYaHUsl 110 TIOBOIY
CBO¥CTB (DUHUTHOTO JIBUKEHNST 3aMKHYTBIX CUCTEM CO MHOTHMU ()
CTeneHSIMU CBOOOIBI B Hambosee OOIIEeM caydae, He MPEeInoarao-
[eM pPa3/IeIMMOCTH TEPEMEHHBIX B COOTBETCTBYIONIEM yDABHEHUM
lamuabrona—Ko0m.

OCHOBHBIM CBOHCTBOM CHCTEM C PA3/IEISIONINMUCS T€PEeMEeHHbI-
MU SBJISIETCS OJIHO3HAYHOCTH WHTETPAJIOB JIBUXKEHUA [;, 9UCIIO0 KO-
TOPBIX PABHO YHUCIY CTerneHei cBoboabl. B obmem ke cirydae cucrtem
C HEPABIEISIONIMMUCS TIEPEMEHHBIMI HAOOP OJTHO3HAYHBIX WHTErPa-
JIOB JIBUKEHUs] OPPAHWYMBAETCS TEMU, TIOCTOTHCTBO KOTOPBIX €CTh
BBIPpAYKeHME CBOMCTB OJHOPOJHOCTH W M30TPONUN MPOCTPAHCTBA W
BPEMEHH, T.e. 3aKOHAMW COXPAHEHUsI SHEPTHH, NMITYJIbCA 1 MOMEHTA.
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dazoBasi TPAEKTOPUS CUCTEMBI TTPOXOJINT TI0 TeM 0b1acTsiM ha-
30BOTO TIPOCTPAHCTBA, KOTOPBIE OMPEIEISTIOTCS 3aJaHHBIMU TTOCTO-
SAHHBIMUA 3HAYEHUSIMU OJIHO3HAYHBIX WHTErpajoB JABUKeHud. g
CUCTEMBI C Pa3JIEISIONIMUCT TIePEMEHHBIMU C €€ § OJHO3HAYHBIMU
UHTerpajaMy 3TUMU YCJIOBUSIMU ONpPEESIeTCsa S-MepHOe MHOT000-
pasue (TuneprnoBepxHOCTH) B hba30BOM IpocTpaHcTBe. B Tedenue
JIOCTATOYHO JIOJTOT0 BPEMEHU TPAEKTOPUS CUCTEMBI TMOKPOET 3TY
TUTEPIOBEPXHOCTH CKOJIb YTOIHO TIJIOTHO.

VY cucteMbl 2Ke ¢ HEPa3/Ie/IA0NINMACS T€PEMEHHBIMU, C €€ MeHb-
muM (IpU TOM K€ §) YUCJIOM OJHO3HAYHBIX MHTErpajioB (hba3oBast
TpPaeKTOpHUsl 3amoyHsgeT co0oit B (Hha30BOM MPOCTPAHCTBE (TIOIHO-
CTBIO WM 9aCTUYHO) obacTu (MHOroo6pasus) GOIbIIOro Yuca u3-
MepeHnt.

Haxower, ykaykem, 9TO €C/I TAMUJIBTOHOBA (DYHKINS CUCTEMBI
OT/IMYaeTCs OT (PYHKINN, JOTYCKAIOIel pa3geeHne mepeMeHHbIX,
JINIIb MAJIBIMU YJ€HaMU, TO U CBONCTBA JABUXKEHUS OMU3KU K CBOIi-
CTBaM YCJIOBHO-TIEDUOIMYECKUX IBUKEHUl, IpUYeM CTeleHb 3TOU
6JIM30CTU TOPA3/I0 BBIIIE, Ye€M CTEIeHb MAJOCTH JOTOTHUTETbHBIX
4IeHOB B DYHKIMHN ['aMuibTOHA.

3agaua

BI)I‘-II/ICJII/ITL TIeEpeEMEHHbIE 'Hef/iCTBI/Iﬂ JJIA QJIIIUTNTUYECKOTO ABUXKEHUA B TI0JI€
U=—u«/r.

P emenue. B mnonsapubx kKoopauHarax r, (0 B IJIOCKOCTH JBUXKEHUS UMEEM
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Orcroma 3HEeprus, BhIpayKeHHAs Yepe3 MepeMeHHbIe J1efCTBUS:

mo?

20, + 1,7
Omna 3aBucut gumsb 0T CyMMBI I + [, 9TO 03HAYAET BBIPOXK/ICHUE TBUKEHUST —
06€e OCHOBHBIE 9aCTOTHI (IO () U IO 7) COBIANAIOT.

TTapamerpst opoutst p u e (cm. (15.4)) Bepaxatorcs wepes I, I, cornacho

p=do o1 (o)
mo’ I, + 1,

B cuny agmabatmdeckoit mHBapuanTHOCTH Beqwaud I, I,, TP MeIJIeHHOM u3-
MeHeHnn KO3 (MUIMEHTa ¢ WM MAacChl 1M IKCIEHTPUCUTET OPOUTHI OCTAETCS
HEM3MEHHBIM, & €€ Pa3MepPbl MEHAIOTCA 0OPATHO MPOMOPIMOHAIBHO M U X.
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